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1,  Introductio■

In our prcvious paper[9],WC haVe introduced the notion of as‐ anitc conectiOns which

is a generaHzation of locally anite c01lections,and studied their properties.  And now

as a continuation of thc study,we will bring in the notions of as― 1ヽ‐spaces ocSp. as_

Σ‐spaccs)dCIlncd in terms of as‐ anitc dosed covcrings,which are generЛ izatiOns of

M‐spaces tcSp.Σ ‐spaccs)intrOduced by K.刊 [orita[6](rcsp.K.Nagami[7]).And
wc will investigate scveral properties of thcsc spaces.

For a sequcncc{tr“ }Of Open(。r C10SCd)coverings of a topological spaccズ ,wc shall

considcr thc following conditions:
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DEFINITЮN l.1([9]).A scquence{χ打}°f pOints of χ is said to be an αc‐sθ T例ゼηθ9
if cach subsequencc of{X″ }haS a clustcr point inズ.A collcction J={Fα lα∈И}Of SubⅢ
scts of χ is,sジ冷,チ9 if and only if(α ∈ИI島∩S≠φ)iS anite for evcry ac‐ sequcncc{X,},
where S=(xИ lη∈N}.

Evidently, cvery locally anite c01lcction is as‐ Ilnitc and every as“anite c01lection is

point‐anitct

■ Laboratory of Mathcmatics,Facu■ y of Education,TottOtt University,Tottom,Japan.

1)St(″,u)=u(y∈執|″∈」},
2)C(″,壇 )=∩ (y∈ ulァ ∈」}.
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DEFINITION l。 2.  A spaccズ is an餌 _九ィ_dP,cι  if and Only if thcre cxists a scquence

(I"}Of as_nnite closed cOverings ofズ satisfying(M).

DEFINITION l.3,  A space 】r is an,s_メーsP,ど 9 if and only if therc exists a scqucncc

{tr“ }Of as_initc c10scd cOvcrings Of/satisfying(Σ ).

Obviously,as‐M_spaccs ocsp.as_Σ ―spaces)inClude all M_spaces andヽ 1*― spaces
(reSp. Σ‥Spaccs). In quasi― k‐ spaces, as― 1ヽ‐spaccs(rcsp.as_Σ ―spaccs)arC �f*―spaces
(rCSp.ガーSpaccs)[9,COr01lary 4.1].And cvcry closed subspacc Of an as‐ 出1-spacc(resp.
as‐Σ―spacc)is also an as‐ 1ヽ‐spacc(resp. as_Σ ispace)。

The main results Of this paper are as fOmows:

(I) If a spaccズ is a cOuntablc sum of closcd as_Σ _spaces,thcn χ is an as―Σ―space

(ThCOrem 2,6)

(ID If{ズα障∈Z}iS an as_anite closed cOvcring of χ and cachズα is an as‐M―spacc
(rCSp.as_Σ‐spacc),thCnズ is an as‐ Lf‐space(rCSp.as‐界 space)(TheOrcm 2.7).

(III)Lctズ be a regular as‐ Σ‐space with point― cOuntablc basc, If x has the propcrty

(ω
*)[9],thCn χ is a mctrizable spacc(TheOrcm 3.4).

(lV)Ifテ ズ→F iS a quasi_pcrfect mapping,血enズ is an asふ I‐ spacc(reSp.as‐Σ‐
space)if and only if r is an asふ I‐ spacc(rcSp.asヴーspacの (Cor01lary 4.5).
Throughout this paper, topological spaccs are assumcd tO bc Tl― spaces, and map‐
pings tO be continuous,  And N denotcs the sct Of positivc integcrs.  As fOr tcr14S and

symbols in gcneral topo10gy,sce[8]and[9,§ 2].

2.  Some properties of as‐ ふ■_spaces and as‐Σ‐spaces

ExAMPLE 2.1. Иη αs_九r_sPtrC9 rT9θ ′ηοチbθ αtt Ar*ぃ dP,cι .

PROOF.Letズ be a subspace N∪
{χ
*}OF StOne‐ Ccch's compactincation βN of

integers N,wherc x*is a point Of 
βN一N.Thcn/is a paracOmpact T2‐ SpaCe with

C}δ・diagonal which is nOt J■ etrizable.  Assume that ttξ is anヽT*_space.  Then云『 is an
�f‐space since it is paracOmpact.  ThcrcfOre互 てis lnctrizable;this contradicts thc abovc.

Hcnceズ is not an M*¨spacc.TO shOw thatズ is an as― M‐spacc,put g″ ={{X}|ズ∈χ}
for each η.Then(3μ}iS a Sequcncc Of c10sed covcrings of/satisfying(M).SinCe
{x″ lη∈N}is anite for cvcry ac‐ scqucnce伊

“}inズ
,税 iS aS‐anite.Thereforcズ is an

as‐ M[‐space.

PROPOSITЮ N 2.2,Lo/bθ  αη αs_》sP,cゼ・ TrT9η χ ヵ,s α s99"ゼ
“

θ{税}げ ,Sジ rtiサι
θιοsθtt cου?r,ησsげ /sα r'め ,Юクチ施力〕′οリテカσ cο湖 ,チテοns(→,(b),猾汀(の :
ω {E,7)S"テジθS(27)

(b)C(χぅJИ +1)⊂ C(χ ,をИ) 力′θ,c力 η αη冴/9″ ιαθ力χ∈χ.
(O C(X,翫 )∈ 3″  力 rι,C力 冷α猾冴ヵ ′θ,C力 χ∈ズ .

PROOF.Lct{tr.)bC a Sequencc Ofas‐anite closed coverings ofズ satisfying(ガ
)。
And



On Somc Gcncralizations Ofふ江―spaccs andガ ーspaccs

let tt be thc c01lcctiOn Of all nnite intcrsections Of clcments OF tt u"for cach猾 .Then
】=1

(8,}iS a sequcncc of as― anite cioscd cOverings Ofズ satisfying(a),(b)and(cl.

PROPOSITION 2.3.L9rズ うθ ,η ,s_ν d̈p,cθク,η冴
'9す

(g.)b9,虎 じ′θα∫肋σ dθαクθηじθ
(テ
カ チカι Sθηsθ げ r夢乃?/IT θ崩)げ ,sジ 4'サθじ′οd″ θου9r,ηヮs9√ ズ s"札秒脇σ (Σ )。 例修η
サカθjFi夕ι′οりIησs力οIと

'i
(1)S(χ )=ェ

光
S(χ
'3,)ね ,cο朗 勉b妙 じοttP'Cチ ιtts9∬ s分 ヵ rθ ,C力 pο筋チχ 肋

,(.

(2)Fο r θυゼrノ θp?η s"y17,チヵs(χ )⊂ y,r施′99瀬drs,Pο s,チデυ9,肪θ♂9′ ηdク CFl rFT"
Sサ(χ,翫)⊂ y.

PR00F。 (1)Let ttИ }be a sequcnce in S(x),Since xヵ ∈ St(X,3.)fOr cach η,by ttc
condttion(M),伊 ,}CluSters at somc pointノ inズ.For cach猾 ,

ノ∈{れ |'≧乃}⊂ St(χ,37)=St(χ ,3“ )。

∴   ノ∈S(χ)=ィヘ St(x,」
“
).

rt=1

ThcrefOrc S(χ )is a COuntably cOmpact closed set.

(2)If 40t,thcn tterc exists a point x“ ∈sサ(X,3か―y fOr each η∈No Sincc(を刀}
is dccreasing and satisnes(M),(χ

“}Clusters at some pointノ
∈S(X).ThiS cOntradicts

the fact hatノ ∈{χ
“
η∈Nテ⊂ズーy=χ―y.Thc prOOf is cOmplcte.

The proOf Of the fol10、 ving prOposition is sil■ ilar to that Of PropOsitiOn 2.3.

PROPoSITЮN 2.4.Lθ r χ bぞ ,,,,sヴーspβじぞ,βη′1'(34)bι ,Sι 9クθηじθげ
'Sジ
猾力θ

じ′οsθ′θου9rirtσ s Qデχs,す |もカデη,す力賀οηが,r,οηs(,),(b)βη′(θ)'η Prοフοs,r,οη 2.2.Tみθη
す/9θ /brrο 17'ησS力ο′♂:

(1)C(χ)=aC(χ ,3,)ね αじο朗 άbル じο
“

pα

"ε
わsガ sθチヵ θβθ力 Pο崩輸 加 χ .

(2)Fο′θυθrノ οptt d"υ I17,rFT C(χ )⊂ y,rF99′θ ι�drS,pο s,F'υθユ崩θσ9r,'Sク渤 チ乃
"C(X,翫1)⊂ y.

PROPOSITION 2.5.Lι すズ b9αЮ ,sれゲ‐sPαじθ,19す C bθ α cοクηチαbJノ じOttp,cチ d"bsθ チげ
フで,αη冴 ,"(3刀 }う ?α 冴

“

rθ,s,ヵク sθ?′ ?乃θθげ
'Sぅ
海ηテrθ θヶοsゼ冴 cου9′ ,乃σsげ ヲ【 s"テ

"崩

ク

(り,r/伊 ヵ}'S,Sθ c,9乃 Cι げ pο肋チs'ヵ Xs,c力 す力所 χ
“
∈ sチ(C,37)女〃 ゼαε力猾,す力9η {χ秘}

ダ Drdチθrs ,乃 ズ .

PROOF. For each η∈ N,therc cxist an elemcnt F“ ∈を,and a pOintノ 打°f/Such that
X,∈ 弓,andノ打∈′″∩C≠ φo SinCe c is a cOuntably compact sct,(ノ .)CluStCrs at sOme
poilltノ。OF C alld(F∈ 3〕 ′∩C≠ φ}iS flnite,by[9,COr01lary 3,2].Put

y,(ノ o)=メー∪{F∈ 3“ IF∩ C≠φ,ノ o～ F}.
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Then y,(ノ o)iS an Opcn nbd ofノ。, Now,

{F∈ 3“ IF∩ C≠ φ,ノo～ F}={F∈ 3“ |ノo～ F)― (F∈ 3引F∩ C=φ }.

Thcrcforc,put И,(ノ。)=χ―U(F∈ 3確 |ノo～ F},and thCn

Lち (ノ o)⊂Иヵ(ノ。)U[∪ {F∈ 3“ IF∩ C=φ }].

SinCCノ o iS a ctustcr point of{ノ Jl},thCrc cxists an incrcasing scqucnce{た Il}Of integers such

hatた
“
≧ η andノた流∈

y,(ノ o)fOr each η∈ N.Thcnノ ″砕
～
u{F∈ J“IF∩ C=φ },bCCausc

ノ々猾∈ C・  Conscqucntly,ノκη∈И
“
(ノo)fOr eachれ ,this implies thatノ o∈ F Whencvcr

ノ
“
.∈ F∈ 3..Therefore

xた附∈St(ノた.,3■ .)C St(ノ .々,32)⊂ St(ノ。,3.)。

By thc condition(M),(χ ″}CluStCrs inズ.This completcs thc prooA

THEOREM 2.6.Lθ す(χヵl・ ∈N}b9α  θο夕肪αb,9 81ο s9,cου?r,η♂げ α spαじ9ズ.丁
θ
“
FT 腱、,s,「T,s―Σ

‐sP,cι ,チカゼηズ ,s,η ,s‐メ‐spαθθ.

PROOF.Let{uげ }砕 l be a Sequence of as‐■�te closed coverings ofズ I satisfying(ガ )
(,=1,2,… )Put

utJ={χ}u lv and 翫弓,建“・
tJ・

ThCnを″iS an as‐ anite closed covering ofズ (η =1,2,… ).TO prOve that(g″ }satiSfying
(ヴ▼),let{x,}bC a Sequence of points of X such that x打 ∈C(χ O,tr,)for some point χo in
ズ and fo■ each η∈N,  Choosc an intcgcr たwith x。 ∈ズた, and then for each Pa≧ た

X"∈ C●。,g“)⊂ C(X。,tF,.)=C(χ。,trれ ).

Thereforc{X,η ≧た}Clusters in χ.The proof is complete.

THEOREM 2.7,Lす (ズ。lα ∈И}b9,η ,W崩 チ?θιοs?冴 cουθr,猾♂ げ α spαじ9ズ.了

θ,c乃 ズα,d,■ αd―ν
‐sフαじθ(rθsP.,Sヴ‐spαθ9),/た oみοα力 ,∫‐豚 ッαじθ(κν .α∫‐み dP,cθ )・

PROOF,For cach α∈И,let穫比 ,ヵ}杵 l be a sequence of as‐ n■ ite cIosed coverings

Of tt Satisfying(M)(reSp.(Σ )).Put 6“ =∪ 穫免 ,,lα ∈И}・ Then 6“ is an as‐ anite closcd

covcringo Sincc{χαlα∈И)iS pOint_inite,(6“ }Satistes the condition(M)(reSp.(グ )).       
→

The proof is complete.

COROLLARY 2.8. L"3=u3,bι ,σ‐〕θθαJ子ノカrt iチιθケοSθ冴じθυθrfηクげ α sP,Cθ  χ .
力=1

r/ιαθ力F∈き,s,■ ,S‐Σ‐spα c9,加θηズ
'sα

■,s‐Σ‐spαιι.

The following corollaries are der� ed immediatcly fl・ om Hodcl's sum theorcms E3;

I,II]and Thcorci4 2.7.
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COROLLARY 2,9.Lす し =∪ 6打 bι ♂ ト ケοθ,1ゥ デ猾力θ οPιη じουθr加♂ げ ,spα Cθ ズ

“

=1

s2cカ チカα何 力θ εttο dク rι げ ゼαれ 】ゼ印θ肪 げ 6お αれ ,s―ν ‐sPα cθ (r9Sp.α sヴ‐spαじの。 T/tθ附

ズ デs,η ,s―′レrぃsP,cθ (rθSP,,S‐ガ‐SP,cの。

COROLLARY 2.10. L"6=υ し,b9α σ‐lοじαケ′ノ ガη
'す

ぞ
″=1

X,9α cカ メ?陶ιが げ リカ,CFt,s,η ,s-7‐sP,c9(′θSP,α Sヴ‐dPαじθ)

rノ ,TFlθηズ ,s ,η ,s'r― dPα c9(rθSp,,sヴ“sP,どの.

θPθη θOυ 9′
'η

♂ げ Iv dP,Cθ

βη冴力trs cο狩IP,θチ bO"猾冴α…

3.  Metrization of as‐ 擾与‐SPaces

ln[10],T・ Shiraki provcd that cvcry Σ‐spacc、 vith a point‐ countable pseudo‐ basc3)

is a σ―space. By lnaking slight IInodincations of the proof of this theorcnl,wc can provc

the following theorem.

THEOREM 3.1. Eυθrノ ,sヴ‐SP'cθ ズ リカカ α pο ,肪‐cθ夕ηチαb'9 ps9ク冴ο―b,s?´ ,s ασい

,S丁虜す9 CIο Sθ冴 乃θサ4).

For the proof of this theorenュ 、ve need the following Lemma.

LEMMA 3.2(A.Mttenko[5]).L"tr b9 α フ。,■′
―εO"7Tr♭ bιθ εο〕,9εチわ猾 9′ sク bS'd9デ

α 財 ズ ,αηtt y α dクb財 げ χ .Trtθ膚 ヵ9rθ 解 ,す 陶 Osr t・ο
"所
,bル 陶αηノ デ崩 チι

“ 'η

ト

陶α,cουθr加♂s(丁 ybノ  ?ιθ陶ゼη体 てゾ tr,W力ιrι bノ α 附ザ■
'翻

αケθOυ9河η♂ ψθ
“

?αη α

cOυθr,ヵσ w力 ,c力  θοηサ,,脆 s 7TO PrOPθ r sク bじ Oυθr,ησ.

PROOF Of Theorem 3,1.Lct(J″ }bC a sCqucncc of as― n�te c10sed coverings ofズ

satisFying the conditions(a),(b)and(C)in PrOposition 2,2,and lct tr bc a pOint‐ count‐

able pseudo‐ basc forズ .Let us denote by 8子 =(C滋 lα∈И
'}thC SCt Of distinct ele‐

ments of tC(χ ,3.)IX∈χ)・ Then 3:⊂ &and
(1)3t iS an as‐ rlnite dosed cove� ng ofズ .

By Lc14ma 3.2,the collcction of anite lninimal covcttngs of cach C,α  by clements of u is

at most countablc,and it can be dcnoted by{ω kTEIた∈N).Then J滋 ={ylυ とω″,
た∈N)is countablc and hencc the collection魅 滋 Of all■ nite unions of sets of trtt is alsO

countable.  Thereforc wc can write

魅施={/F,レ
π
″,...,略α,・・・}・

Put Ofザ =(C)α∩(χ -7ヂ )lα∈И,}・  Then

(2) 島ゴis an as_flnite cioscJ coⅡ cctiOn ofズ .

ThereFore,by(1)and(2),

3)小 OollCCtiOn u of OpCn subscts of a spacc〆 is callcd a´ 影″わ ‐うαtt of χ  if{″ )=∩ てyl″ ∈ 1/∈ tt}fOr

cach″ ∈X
4)A cOllcctionお ofsubscts of a spacc χ is callcd a″¢ιfor χ r for cach″ ∈ズ and opcn nbd E/‐ of″ thcrc

cxists a B∈ 踏 such that″∈B⊂ L/.
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鋭=[こ税]∪ [ち
Xl£ 'デ

]

is σ‐as―anitc cIosed collectiOn of/.

That tt is a nct for χ is provcd in thc samc way asin thc prOOf Of[10,TheOrcm l.1],

by using Proposition 2.4.  This completcs thc proOi

COROLLARY 3,3.r/χ デd,狩 αs‐ゴぢpβθ?171rFT pο :η卜じθ夕ηサ,brゼ b,sθ ,ど力θηズ ,s,
デιυιlοフαb19 sP,cぞ・

PROOF.  SinCcズ  has a point― cOuntablc basc, χ  is a nrst countable spacc.  Thcrc‐
forc,by Thcorern 3.l and[9,TheOrcrn 4,6],χ  is a σ‐Space. By Ell,PropOsition 4],
ズ is a senli-1■ etrizablc space, since/is a nfst countablc σ‐spacc.  Consequcntly, by

E2,Thcorcm l],ズ iS dcvclopablc.Thc proOfis cOmplcte.

THEOREM 3.4.Loズ  bθ α rθクガ ,r,s‐メ‐dP,θι リユチカ pο ,豫チ‐θοク膚 ,blι brdθ.丁 ズ
カ,sォカ9P′οpθrrノ (ω

*)(宅た[9]),rヵθη χ
'sα

胞″ ,z,b!θ spαθι.

PROOF.  By COrollary 3.3, X is a developablc

compact spacc.  Hence,by[9,PrOposition 6.2],

is metrizablc, Thc proof is cOmpletc,

space, and therefOre X is a subpara―

ズ is paracompact,  Conscquentlyズ

COROLLARY 3.5.  Eυθrノ ιOIIθεチ,οηψ,sθ JTο′狩?α
' ,S‐

ΣttdP,θゼ χ w,サ rT P。 ,η r_θο,7Tチ
'う
'9bα sθ ,s ttT9rrテ Z,blθ .

4.  Attapping theorems

THEOREM 4.1.上,テ χ→ 7 bθ αクタ,s,‐Pθ町修cι 附,ppttσ ヵοtt χ οttο X

(→ 丁ズ
'S prT,s‐

νぃsP,cθ,ιルη SO ls I

(b)丁χ
'S,4,s‐
ガ“sフαθ?,rllθη∂ο,dI

PROOF.(a)Let(3刀 }be a dCCrcasing scquencc of as‐ n■ite closed cOverings ofズ

satisfying thc condition(M).Put tt.=穴 3″),and then,by[9,COr01lary 5.2],(£
“
}iS

a dCCFeaSing sequcnce of as‐ nnite closed cOverings of ンl  For each sequcncc{/Jl}With

ノヵ∈St(ノ,£И),therc cxists an elcment F.of 3“ fOr each η such that(ノ ,ノ.)⊂デgち).PiCk
up a point x,inデ

~1(ノ
秘)∩′
“
≠φ fbr each η,and thcn χИ∈St(/~1(ノ),3″). By Proposi‐

tion 2.5,{χИ}CIusters in X becauscデ
~1(ノ
)iS COuntably compacto Sinceデ is cOntinuous,

(ノヵ}alsO Clusters in I Hcnce r is an as_M―spacc.
(b)Lct(翫 }be a sequcnce Ofas― anitc closcd covcrings Ofズ which has bcen constructぃ
ed in the proof of Proposition 2.2.Put£

“
ェξ(翫),and then{£″}iS a SCqucnce of as‐

anitc dosed coveings of r by[9,cor。 1lary 5.2]. TO shOW that{£ 刀}SatiSncs(ガ ),lct
{ノ
“
}bC a Sequence of points Of ysuch thatノ 〕∈C(ノ,大翫1))fOr sOme pointノ in 7and for
each猾 , Put
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鳥 =(光 |'≧ η)・

Then LИ c C(ノ ,スを″))bCCauSC(C(ノ,大 J“ ))}iS dCCrcasing,Now iet x be a nxcd point
Ofデ
~1(ノ

)・  ThCn

(3)           デ~1●
“
)∩ C(X)≠ ψ,fOr cach η∈N.

Thc rcason is as follows: Assume thatデ ~1(Lぇ)∩ C(X)=φ fOr sOmcた∈N.Sincc
デ
~1(Ll)is a C10SCd sct,by Proposition 2.4,thcrc cxists an intcgcr'such thatデ ~1(工

.)∩

C(χ ,3,)=φ .Put陥 =max{た,'},and then

デ
~1(L加
)∩ C(X,を

")=φ
.

By Proposition 2.2(o,we Can put f7=C(χ ,8“)∈ 8“,and thercfore Lp∩ 天F)=φ . Since

ノ∈スr),

L"∩ C(ノ,X3"))=φ .

This contradicts the ttct that L“ ⊂C(ノ ,ス3.))fOr eaCh狩 .Hence(3)is valid,
From(3)and cOuntablc compactncss of C(つ ,We Obtain

[∩ デ
~1(比
)]∩ C(χ)≠φ.

“

=1

Thcrcおre a島≠φ・ThS imphcs that{ノ″}dustcrs in I Hence ris an as_Σ _space.
The proofis complcte.

Reccntly,J.ヽ 1,Atkins and F.G.SIaughtcr,Jr。 ([1],[12])establiShed pull‐ back thc‐

orems for scveral spaccs, such as metrizable spaces, ガ‐spaccs andふ江‐spaccs, ctc.  So,

in the same way,we shall estabLsh pull‐ back theorems for as‐ 1ヽ‐spaccs and as‐Σ‐spaccs,

According to J.�【.Atkins and F.G,Slaughter,Jr.[1],a cOntinuous mappingデ from
χ onto ris said tO bc′

“
οttpο s,b′ぞprovided that y=7。 ∪[∪ {恥 |ブ =1,2,… )]where

デ
~1(ノ
)iS COuntably compact forノ ∈7o and tt is diSCrctc as a sct of points in rfOrブ∈N,

and a ciosed mappingデ frOm χ Onto r is said to be αJttοdチ ¢
"α
s'‐μづιCチ ifデ iS decOm‐

posablc and alsO Bdryデ~1(メ)iS COuntably compact forノ in I It follows immediatcly

froni thc dcrlnitiOns that a quasi‐ pcrfcct IInapping is allnost quasi… pcrfcct,

THEOREM 4.2.L"弁 /→ y b9,η αrrTTθdr T,α s,_P9税 cサ 脇αpP'ησヵο用 ズ οttο I
丁 7,ヵ′,′ケサカθデbι′θSげ デ,rι αS‐νいdP,o9Sぅ サカιη X,s αη αs‐ν‐sP,cθ・

PROOF.SinCe r is an as_M‐space,thcrc is a dccreasing sequence{翫 }Of asttanitc
closed coverings of y satisfying(M).Lct y=yo u[u(7J・

|デ
∈N)]illuStrate thatデ is

decomposablc.Wc can assume without loss of gcnerality that yJ.'s are pairwisc

dittOint fOrブ≧O and htデ
~1(ン
)≠φ fOrノ∈yJ.(ブ≧1).And,forブ≧l andノ ∈恥,there

e�sts a dccreasing scqucncc{。
J,ノ ,た }を
≧1 0f as‐lnite closcd covcrings ofデ

~1(ノ
)SatiSfying
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(M),bCCauscデ
ー1(ノ
)iS an as_M‐ spacc.Now,set

R々 =χ―∪{Intデ
~1(ノ
)|ノ∈恥,1≦ブ≦た),

Cぇ =(R々 }∪ [∪ {。 J,ノ
'|ノ

∈yJ.,1≦ J≦ん}].

Thcn Cた is an as_anitc closed covering of χ,bccausc{デー

lection inズ。ThcrcfOrc,                1(の
ノ∈恥}iS a diSCrete col‐

6た =デ
~1(3∂
ACゎ

is an as_anite closed covettng Of x.

To show that(6.)satiSncs the condition(M),let(x猾
}be a scquence of points ofズ

such that x“∈St(x,し ,)fOr sOmc nxcd point χ in〆 and fOr cachれ∈N.Thcn,

(6)     χ
“
∈sto,プr~1(翫 ))∩ St(χ,C.) fOr caCh η∈N.

Case l: There is a subsequencc伊
“
た}Of{χ
“
}SuCh thatデ (メ

“
た)'S are distinct for distinct

た.  Thcrcfore,

天χ″た)∈デ[St(X,デ
~1(3刀
た))]=St(穴χ),3″た)

⊂Stσ(χ),3た)   (た =1,2,… ).

By the condition(M),{/(死
“
た)}has a Cluster point in I Sinccデ is c10Sed mapping and

デ(χ .た)'S are diStinct,(χ″ぇ}Clusters in X.Thcrcfore{x打 }has a clusteとゎointれ ズ.
Case 2: Case l does not hold,that is,there are a subsequcnce{x,た }Of{党打)and五
pointノ in 7 withデ(χ刀た)=ノ fOr eachた∈N.Ifノ ∈70,thcn{χ″た}haS a cluster point in
デ
~1(ノ
)bCCauSCデ

~1(ノ
)iS Cblllltably cOmpact,sO,let〉

～
7。.ThSnジ∈7y・ f°r some

ブ≧1.If〆″k∈ Bdryデ
~1(ガ
fOr inanitcly many integersた,thell{χ打々}haS n duster point

in Bdryデ ~1(ノ)bCCauSe Bdryデ
~1(ノ
)iS COuntably compactt ThcrefOre wc lnay assume

that

(7) x″たc lntデ
~1(ノ
)    (ブ≦Юl<η2<中 0).

F■om●),(5),(の and(7),we obtain

X∈ St住れた'C,■)=St(χИた,0ブ ,ノ ,秘た) (fOr eachた ∈N).

Consequently,x∈デ
ー1(ノ)and χ″た∈St(x,0ブ ,ン ,れた)'HenCC{労 ,た}has a dustet point in

デ
~1(ノ
)⊂ズ.ThiS Shows that χ is an as‐M―space. Thc proof is cOmplete.

COROLLARY 4.3.L"デ :/→ F b9,α 夕αs,‐Pθ″ cサ
“

,pP'η♂ヵ ο脇 ズ οttο I Tん ?れ
χ ,s αη αs_ν_spαθθ丁 ,η tt θれゆ 丁 7,s,η αs‐M‐ sPα cθ.             1

TIIEOREM 4.4.L"デ :/→ r bθ αη αヶ陶。sサ α
",s'‐
μ ザカチ

“

αPP'Ю♂ ″ ο陶 〆 οttθ X
r/7,η冴,,I子ルデbrθSげデ,r9,s‐Σ‐・9Pαじ鶴ォカθηズ

's,η

,s‐界ψαじ9・

(4)

(5)
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PROOF.CaSe l: デ is a quasi― perfect mapping.Let(3“ }be a sequcncc of as― anitc
closcd coverings of y satisfying the conditions(a),(b)and(の  in PrOposition 2.2.
Put£
“
=デ
~1(U秘
),and then{£

“
}iS a scqucncc of as‐ inite closcd covcrings of χ by[9,

Theorcm 5,3].To shOW that(£ ″}SatiSncs(ガ),lct(χ″}bC a scquence of points of X
such that x.cC(x,デ

~1(翫
))fbr SOコne point x inズ and for each冷∈N. Thcnデ(χ4)∈

C(/(χ ),3・
“
),and therefore{デ(χ

“
)}has a CIuster pointin I Sinceデ is a c10Sed mapping

andデ~1(ノ)iS COuntably compact for eachノ ∈猛{XИ}haS a cluster point in χ.
Case 2: general case.(The prOof of this case is thc samc as that of[1,ThCorcm

5。2(d)].Let r=7。 u[u{恥 |ブ =1,2,… }]illustratc thatデ iS decOmposablc,whcre

恥'S arC pairwisc dittoint fOfブ ≧O and lnげ
-1(ノ
)≠φ fOfノ∈Ъ(ブ≧1)・ For cach

ノ∈恥 (J≧ 1),WC pick up a point xノ of lntデ
~1(ノ
),and SCt

ズ。=メーu{Intデ
~1(ノ
)一 {Xメ}|ノ∈rJ・,J≧ 1).

Then χo is a closed subsct ofズ andノ 1/。 :χ。→r is a quasi_perfect mapping from χ。
onto I By Casc l,Xo is an as‐ ガーspace,Put χブ=y'-1(b)=u(デ

~1(ノ
)|ノ∈yJ.)fOr

ノ≧≧1,  Then Xす  ls an as‐Σ‐space by virtue of the fact thatズ , ls a discrete union of as‐
Σぃspaccs.By Thcorcm 2.6,X=井発ズブiS an as‐メ

‐spacc.Thc proof is complete.

COROLLARY 4.5.L,ォ ズ→ yα σ,α S'‐ Pι ttC・ r猾lαpp′ησヵ θrTT χ θttο X T力 9η χ

,s,Ю αs‐ガ‐sP,cι tt αηtt ο41ノ げr,s,η αsヴ _spα cι .
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