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1 Introduction

On the distribution of primes in arithmetic progressions, Dirichlet proved a very
important theorem (Theorem 1, below) in 1837. And de la Vallée Poussin proved a
density result (Theorem 2, below) concerning Dirichlet’s theorem. But it is not hardly
known anything on the distribution of prime values, which are attained by polynomials
of higer degree. In 1923, Hardy and Littlewood [1] conjectured on quadratic
polynomials (Conjecture 1, below).

In this paper, first, we consider a known conjecture (see Conjecture 2) of the
heuristic asymptotic formula concerning polynomials of arbitrary degree; second, we
deduce de la Vallée Poussin’s theorem and the conjecture of Hardy and Littlewood
from Conjecture 2. Third, we deduce an analogy of the conjecture of Hardy and
Littlewood on certain cubic polynomial concerning a modular form of weight one.

2 Notation and Known Results

NotaTION. Let f(n) be an irreducible polynomial with integral coefficients and
with a positive leading coefficient, and p a prime. We define p(x), P(X), N, and ~ by
p(x) =#{n|l =n<x, |f(n)] is a prime},
PX)=#{nll =n [fWI =X, |f(n) is a prime},
N,=#{nlf(n)=0 (mod p), L Sn<p},
A(x)

A(x) ~ B(x) means lim —-- =1,
X o0 B(x)
THeOREM 1 (Dirichlet).  If a > 0 and b # 0 are integers that are relatively prime,
then the arithmetic progression {an + b} contains infinitely many primes.

THEOREM 2 (de la Vallée Poussin). For the arithmetic progression in Theorem 1,
we put f(n)=an + b, then we have

1
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d(a) log X
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where ¢(x) is Euler’s totient function.

Furthermore on the distribution of prime values of quadratic polynomials, it is
known the conjecture of Hardy and Littlewood as follows.

ConJECTURE 1 (Hardy and Littlewood [1]). Let a > 0, b and ¢ are integers such
that ged(a, b, ¢) =1, a + b and c are not both even. Let f(n) = an* + bn + ¢ and the
discriminant D = b? — 4ac of f(n) is squarefree. We define ¢ =1 if a+ b is odd and
g =2 otherwise. Then the number P(X) is given asymptotically by

P~ VX

as X — o0,
f IOg X p>3 p— 1
p|b
1 D D
where C = [] (1 - -———(—w>>, and (——) is Legendre’s symbol.
pz3 p—1 p
pra

It is known the following conjecture about the distribution of prime values of
polynomials of arbitrary degree.

CONJECTURE 2. Let f(n) be a polynomial of degree m defined by Notation, then
we have ‘

3 Relations between Conjecture 2 and Other Results

First, we describe how Conjecture 2 is presumed.
Setting X = f(x), we could say by a heuristic argument that p(x) is approximately

N,
equal to x [] (1 - ~—> for sufficiently large x.
psvX D

We have

1 —Ne

=x [] 1...1 I (1———»).
psvVE P psvVE p

1
We could also say <1 - ——) is approximately equal to ———
psVX p

>

( ) Sincen( )~

|
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. N )
by the prime number theorem, we obtain that x [] (1 - J) is approximately
VX p

log _I‘er
equal to xH . , o for sufficiently large x.

0

Using log X =log f (x) m log x, we expect
% 1
X) ~x
Px) I;I L log X
% 1 1-% %

— [

» 1—% mlogx m7 1—1% logx

Thus we obtain Conjecture 2.

ReMArRK. We know the theorem of Mertens, that is,

1 e ¢
l T ~ 3
pl;[X< P> log X

where ¢ is Euler’s constant.
Although we have presumed Conjecture 2 by rougher approximation as above,
we can justify this conjecture as follows.

Using Conjecture 2, we shall deduce de la Vallée Poussin’s theorem (Theorem
2, above) and the conjecture of Hardy and Littlewood (Conjecture 1, above).

ProrosiTioN 1. Conjecture 2 implies Theorem 2.

Proor. We note N, =0 if pla and N, =1 otherwise.

Hence
T PRTEL MEY
p 1_% lllal‘*%mal"'};
it
pla 1 — ,l,p,m 1 — %
_ o 1 _a
plal = H(l _1) $(@)
pla p
Therefore from Conjecture 2, we obtain as x tends to infinity,
a X
X) ~ e 1
p(x) 5@ logx’ (1)
Using (1), we show
1 X
P(X) ~

#a) log X~
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We set X = f(x) (see Notation). It is clear that P(X) = p(x) and

. ax/ X
lim
x> log x| log X
~ lim g, log X
o X logx
. X log (ax + b) 1
= lim a- . =a-—-1=1
x>o  gx +b log x a
Hence
ax X
logx logX'
Thus
1 X
P(X) = plx) ~ e as X - .

$(@ logx  @(a) log X
Therefore we get Theorem 2, which completes the proof of Proposition 1.
ProposITION 2. Conjecture 2 implies Conjecture 1.
To prove Proposition 2, we mention the following lemma.

LemMAa 1. Let D =b*—4ac be the discriminant of a quadratic polynomial
f(n) = an* + bn + ¢, then we have

Proor. In the quadratic polynomial, we have

N,,=2©<2>= 1,
P

D
Np:1<:<m>:07
p

for p=z 3 and pta
From these properties we get the following equations.
If N,=2, then
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If N,=1, then
Np
- 1=, 0 1 <2>
1-4 11 p—1 p—1
If N,=0, then

[ty AR SRR SR 1(D>
-1 1-1 p—1 p—1\p/

Therefore we complete the proof of Lemma 1.

PrOOF of PROPOSITION 2. Let x be sufficiently large. In the case of the quadratic
polynomial, Conjecture 2 means

1 1-%
x) ~ 2
p(x) 21;11 L Jogx @
We have

| R e S G
Hy—r=g—7 Iy 3)

p " T2 p23 LT ppz3 17T

pra pla

By Lemma 1, we get

1= 1
Ll 1 il (1_,“(2‘))_ @
pz3 1—% 23 p—1\p

We show the following (5) and (6).

-y
= &. (5)
1—1
12 p
P = . (6)
pZa31_‘11; PI;I3p__1
’ plb

First, we note that a+ b and ¢ are not both even. If a+ b is odd, then
N, =1. Thus

1 -
f =]=u¢
=3
If a+ b is even, then N, =0. So
1 — N
f =2=b
-3

Hence (5) is proved.
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Second, the proof of (6) is shown as follows:

=% 1-% —%
H 1 = H 1 1
11;31—; p>31—;;pg -
pla pla pla
pib pib
If p=3, pla and p|b, then N, =0 and
N
I - - 1] 1~3 -] 1 _ p
1—1 1—-4 Ss1-4 1
PR A A L
plb rlb plb plb
If p=3, pla and p b, then N, =1 and
1 -2 1-4
pI;[31—"11§=p1;[31 %=1
pla pla
p4b p¥b
Thus we have
N N N
H 1 75 _ 1.[ 1 -5 1 - _ A
-4 1-4 1—1 -1’
pz3 7 pz3 p P23 P pz3 P
pla pla pla pla
pib pib plb

which proved (6).
Therefore, by (2), (3), (4), (5) and (6), we have

1 1—% % € : 1 D r X
T R (O PR
2,, -7 IOgX 2p§3 p——l p;3[)“110g)€
& 2
1 D
If we set C= [] <1 —————(—~>), we have
p23 p—1\p
pra
eC p x eC  x p
R | e ol | s
2 pap—1logx 2 logx,ssp—1
pla pla
plb pib
Using (7) we show
C X
P(X) ~ o /X P s Xow

\/—10gXp>3p-l

plb
Setting X = f(x), we have

X N}_ﬁ

log x \/5 log X~

(7)

®)
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Because
i /2 JX _ Ve x legX a1
o Jog x \/E jogX =* 2 /x logx 2 a ’
using

1
im —— = 1lim =

e /X T Jaxt +bx +c \/E,
2

lim log X — lim log (ax* + bx + ¢) _

x»w Jogx = X7® log x

2.

Therefore we have obtained (8).
From the above (7) and (8), we obtain

X p eC

B
-

eC

P(X) = p(x) ~ — ~

2 Iogxp;]3p-—1 2
rla

31 ™
N
—
)
o
b
~
=Ry
o R W
=
|
—

plb

_€ VX o b
\/; logX,,ﬁjp—l'

plb

This completes the proof of Proposition 2.

4 Analogy of the Conjecture of Hardy and Littlewood for Certain Cubic Polynomial

We study heuristic asymptotic formulae of cubic polynomials. The Galois group
of every quadratic polynomial is abelian, but the situation changes completely in the
case of a cubic polynomial.

If the Galois group of a cubic polynomial is abelian, then the law of factorization
is described by congruences with respect to a certain modulus. For example, for the
polynomial n® — 3n — 1, the prime factors of this polynomial are the form p= + 1
(mod 18) except p=3 and N, =3 for these primes. But if the Galois group is
non-abelian, then the law of factorization is difficult and it is only known special cases.

In this section, we claim the possibility of obtaining a heuristic asymptotic formula
of a cubic polynomial. We consider the polynomial 4n® — 4n® 4+ 1 which relates to
the modular form of weight one. The Galois group of this polynomial is non-abelian
and the arithmetic congruence relation is as follows.

THEOREM 3 (Hiramastu [2]). Let f(n) = 4n> — 4n* + 1, and let c(n) be the nth

coefficient of the expansion of n(2t)n(221) = ). c(n)q".
Then we have n=1

N, =c(p)* — (%) (p #2, 11),



24 Kenichi SuiMizu Kazuo Goto

where n{t) is the Dedekind eta function
o0

N = et H - =g [[(1-q), g=e

n= n=1

By using c¢(p) in Theorem 3, we can obtain an asymptotic formula of the prime
values of the cubic polynomial 4n® — 4n? + 1.

TueorEM 4. Let f(n) = 4n® — 4n? + 1, then we have

p~> Tl (1—

p#2,11

X
c(p)>m-— as x - o0.
p—1 log x

Proor. From the proof of Theorem 3, we have
N,=3<=c(p) =
=l<=>cp) =

N,=0<c(p)=—1,

for primes p # 2, 11.
By using these properties, we get

N
=%
» 1—3
-1y 1 | — e 12 1 —2
=3 Il=Frapm=-1 1 =5 em=0 1 = § cp=2 1 — %
11 - N - 8 1 3
—2- Ny “HI”HI" i

II:'

!

10 p=-11—Fam=0l—3%

11— N 0 2
me-N R T (-7 ( ) (1-%)
( ) 10 c(p)U—l Pp—1/am=0 H—-z : p—1

11 — N c
10 cpi=-1 c<m 0

R

- Ny

1
—@- Ny N - ,,EMO‘,,_IC(”))'

Calculating N, and N,, we get N, =0 and N,; =2. So

12 9 ( 1 9 1
=2 - c(p)>=—~ <1—— c >
= =20, L5 5, ! o0

Therefore by Conjecture 2, we obtain as x tends to infinity,
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1 1-% x 3 ( 1 ) x
X)~ = = — 1 - c(p)
p() 31;[ 1— p;egn p—l IOgX

which completes the proof.

REMARKS. 1. In the same way as the proof of Proposition 1 and 2, we can
show as x tends to infinity,

9 1 Ix
PEO~ 5\3f p*gu (1 B p—1 c(p)) log X ’

by using
x 3 YXx
log x \3/21,' log X

2. We note that c(p) appears instead of Legendre symbol (2) appearing in the
conjecture of Hardy and Littlewood.

We give other examples which also relate to the modular forms of weight one
(see [2], [3] and [4]). For such a polynomial, we can obtain the similar asymptotic
formula.

ExampLE 1. If f(n) = n® — 2, then we have

~3
Nﬁzc(p)2_<7> (p;éza 3)7

o

where c¢(p) is defined by 7(67)5(187) = Y c(n)q".

n=1
ExampLE 2. If f(n) =n® —n — 1, then we lave

Np:c(p)Z__(_;)gE) (p#za 23)’

o0

where ¢(p) is defined by n(1)n(237) = Y, c(n)q".

n=1
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