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1 Introduction 

On the distribution of primes in arithmetic progressions, Dirichlet proved a very 
important theorem (Theorem 1, below) in 1837. And de la Vallee Poussin proved a 
density result (Theorem 2, below) concerning Dirichlet's theorem. But it is not hardly 
known anything on the distribution of prime values, which are attained by polynomials 
of higer degree. In 1923, Hardy and Littlewood [1] conjectured on quadratic 
polynomials (Conjecture 1, below). 

In this paper, first, we consider a known conjecture (see Conjecture 2) of the 
heuristic asymptotic formula concerning polynomials of arbitrary degree; second, we 
deduce de la Vallee Poussin's theorem and the conjecture of Hardy and Littlewood 
from Conjecture 2. Third, we deduce an analogy of the conjecture of Hardy and 
Littlewood on certain cubic polynomial concerning a modular form of weight one. 

2 Notation and Known Results 

NOTATION. Let f(n) be an irreducible polynomial with integral coefficients and 
with a positive leading coefficient, and p a prime. We define p(x), P(X), NP and ~ by 

p(x) =#{nil 3 n 3 x, lf(n)\ is a prime}, 

P(X) = # {nl 1 3 n, \f(n)I 3 X, lf(n)I is a prime}, 

NP= #{nlf(n) = 0 (mod p), l 3 n 3 p}, 

. A(x) 
A(x) ~ B(x) means hm = l. 

x--> oo B(x) 

THEOREM 1 (Dirichlet). If a > 0 and b cf:. 0 are integers that are relatively prime, 
then the arithmetic progression {an + b} contains infinitely many primes. 

THEOREM 2 (de la Vallee Poussin). For the arithmetic progression in Theorem 1, 
we put f(n) = an + b, then we have 

P(X) ~ 1 
X as X ~ oo, 

</>(a) log X 
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where <f>(x) is Euler's totient function. 

Furthermore on the distribution of prime values of quadratic polynomials, it is 
known the conjecture of Hardy and Littlewood as follows. 

CONJECTURE 1 (Hardy and Littlewood [1]). Let a> 0, b and c are integers such 
that gcd (a, b, c) = 1, a + b and c are not both even. Let f (n) = an2 + bn + c and the 
discriminant D = b2 - 4ac of f(n) is squarefree. We define s = 1 if a+ b is odd and 
s = 2 otherwise. Then the number P(X) is given asymptotically by 

P(X) ~ sC CT p as X __, oo, 
la, log X p<:3 p 1 Vu PTa 

pjb 

where c = n (1 - 1 
p~3 p 

is Legendre's symbol. 
p,ra 

It is known the following conjecture 
polynomials of arbitrary degree. 

about the distribution of prime values of 

CONJECTURE 2. Let f (n) be a polynomial of degree m defined by Notation, then 
we have 

1 1- ~ x 
p(x)~-n--p 

m P 1 - "f, log x 

3 Relations between Conjecture 2 and Other Results 

First, we describe how Conjecture 2 is presumed. 
Setting X = f (x), we could say by a heuristic argument that p(x) is approximately 

equal to x CT (i NP) for sufficiently large x. 
p'2./X p 

We have 

n ( NP) x 1--
Np)= p'2./X p n (i-1) 
p n (1 - i ) p'2./X p 

p'2./X p 

We could also say CT (i - l ) is approximately equal to n:(X). Since n:(X) ~ 
p'2./X p x x 
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1 
by the prime number theorem, we obtain that x TI (i NPP) is approximately 

log X v:s...fi 
1 - ~ 1 -

equal to x TI for sufficiently large x. 
v 1 - P log X 

Using log X = logf(x) ~ m log x, we expect 

1-~ 
p(x) ~ x TI __ P 

P 1 - ~ log X 

1 1 1-~ x 
--= TI--p-
m log x m P 1 ~ log x 

Thus we obtain Conjecture 2. 

REMARK. We know the theorem of Mertens, that is, 

( 1) e-c TI 1- ~-
p?_X p log X' 

where c is Euler's constant. 
Although we have presumed Conjecture 2 by rougher approximation as above, 

we can justify this conjecture as follows. 

Using Conjecture 2, we shall deduce de la Vallee Poussin's theorem (Theorem 
2, above) and the conjecture of Hardy and Littlewood (Conjecture 1, above). 

PROPOSITION 1. Conjecture 2 implies Theorem 2. 

PROOF. We note NP = 0 if p I a and NP = 1 otherwise. 
Hence 

1-1'.J, 1-1'.J, 1 ""1, 
TI ---+ = TI --~ TI 1 

p 1 - P pJa 1 - P p,ra 1 - P 

1-Q 1-1. =TI TI-~ 
pJa 1 - p p.ta 1 - p 

a =TI 1 
1 

pJa 1 - P ¢(a) 

Therefore from Conjecture 2, we obtain as x tends to infinity, 

a x 
p(x)~.-

</J(a) log x 

Using (1), we show 

P(X) ~ 1 X 
¢(a) log X 

( 1) 



20 Kenichi SHIMIZU Kazuo GOTO 

We set X = f(x) (see Notation). It is clear that P(X) = p(x) and 

1. ax I X Im --
x-->oo log x log x 

. x log X = hm a·-·--· 
x-->oo X log X 

= lim a. x log (ax + b) = a. 1 . 1 = 1. 
x--> 00 ax + b log x a 

Hence 

ax X 
log x log X 

Thus 

a x l X 
P(X) = p(x) ~ -- ~ as X-+ oo. 

¢(a) log x ¢(a) log X 

Therefore we get Theorem 2, which completes the proof of Proposition 1. 

PROPOSITION 2. Conjecture 2 implies Conjecture 1. 

To prove Proposition 2, we mention the following lemma. 

LEMMA 1. Let D = b 2 - 4ac be the discriminant of a quadratic polynomial 
f (n) = an 2 + bn + c, then we have 

l - liP. 
__ P =1 
1 .1 

p 

1 ( D) (p;;:; 3, p ,f' a). 
p-1 p 

PROOF. In the quadratic polynomial, we have 

for p ;;:; 3 and p,f' a. 

NP = 2 ¢=> ( ~ ) = 1, 

NP = 1 ¢=> ( ~ ) = 0, 

NP=0¢=>(~)=-1, 

From these properties we get the following equations. 
If NP = 2, then 

1 liP. 1- 1 1 1 (D) 
__ P =--p=l---=1-1 1 . 1-p 1-p p-1 p-1 p 
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If NP= 1, then 

If NP= 0, then 

f!_p_ 
p 

1 _ l 
p 

1-
1
=l- 0 =l-~1-(D) 

1-p p-1 p-1 p . 

=1 
1 p p 

Therefore we complete the proof of Lemma 1. 
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PROOF of PROPOSITION 2. Let x be sufficiently large. In the case of the quadratic 
polynomial, Conjecture 2 means 

1 1 - f!_p_ 
p(x) ~ TI 

2 P 1 - P log x 

We have 

By Lemma 1, we get 

1-f!_p_ 
TI 

p;,; 3 1 - p 
p.f a 

TI (1 1 ( D ))· 
p;,;3 p - 1 p 
p.ra 

We show the following (5) and (6). 

(2) 

(3) 

(4) 

(5) 

(6) 

First, we note that a + b and c are not both even. If a + b is odd, then 
N 2 = 1. Thus 

1 _ N1 

~ = 1 = 6. 
1 2 

If a+ b is even, then N 2 = 0. So 

Hence (5) is proved. 
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Second, the proof of (6) is shown as follows: 

If p ~ 3, pla and plb, then NP= 0 and 

TI 1 -~=TI 1 Q=TI 1 =TIP· 
p:?'.3 1 p p:?'.3 1 - p p:?'.3 1 - p p:?'.3 p - 1 
~a ~a ~a ~a 
plb plb plb pjb 

If p ~ 3, pla and p,(b, then NP= 1 and 

1-~ 1-1 TI =TI =t 
p:?'.3 1 - p p:?'.3 1 - p 
p1a p1a 
p,rb p,rb 

Thus we have 

which proved (6). 
Therefore, by (2), (3), (4), (5) and (6), we have 

( ) 1 TI 1 - ~ x - B TI ( 1 ( D )) TI p px~ ----- 1-
2 P 1-i; logx 2p?;3 p-1 p p?;3p-l 

Using (7) we show 

P(X)~ 

Setting X = f (x), we have 

p,fa pla 
plb 

x 
log x 

BC x TI _P_. 
2 log x p:?: 3 p - 1 

p1a 

TI P 
logXp;o,3p 

P1a 
plb 

x ~ 2- fi 
log x Ja log X · 

plb 

as X-* oo. 

x 
log x 

(7) 

(8) 
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Because 

lim x / ~ jX = lim Ja ~ log X = 1 . 2 = 1 
x->co log x Ja log X x->co 2 jX log X 2 Ja ' 

using 

lim 
x 

x->oo 

lim log X = lim log (ax
2 + bx + c) = 2. 

x-> co log x x-> 00 log x 

Therefore we have obtained (8). 
From the above (7) and (8), we obtain 

eC x p 
P(X) = p(x) ~ TI 

2 logxp:i;3P 
pla 
plb 

~ eC ~ jX TI _P_ 
1 2 Ja log X P :i; 3 p - 1 

= eC TI p Ja log X p?.3 p - 1 
pla 
plb 

This completes the proof of Proposition 2. 

pla 
plb 
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4 Analogy of the Conjecture of Hardy and Littlewood for Certain Cubic Polynomial 

We study heuristic asymptotic formulae of cubic polynomials. The Galois group 
of every quadratic polynomial is abelian, but the situation changes completely in the 
case of a cubic polynomial. 

If the Galois group of a cubic polynomial is abelian, then the law of factorization 
is described by congruences with respect to a certain modulus. For example, for the 
polynomial n3 3n - 1, the prime factors of this polynomial are the form p = ± 1 
(mod 18) except p = 3 and NP= 3 for these primes. But if the Galois group is 
non-abelian, then the law of factorization is difficult and it is only known special cases. 

In this section, we claim the possibility of obtaining a heuristic asymptotic formula 
of a cubic polynomial. We consider the polynomial 4n 3 - 4n 2 + 1 which relates to 
the modular form of weight one. The Galois group of this polynomial is non-abelian 
and the arithmetic congruence relation is as follows. 

THEOREM 3 (Hiramastu [2]). Let f(n) = 4n3 4n2 + 1, and let c(n) be the nth 
00 

coefficient of the expansion of r7(2t:)17(22t:) = L c(n)q". 
Then we have 11 = 1 

NP = c(p) 2 
- ( :l) (p # 2, 11), 
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where 1J(r) is the Dedekind eta function 
00 I 00 

1J(r) = e n (1 - e2ninr) = q24 n (1 - q"), q = e2nir_ 
n=l n=l 

By using c(p) in Theorem 3, we can obtain an asymptotic formula of the prime 
values of the cubic polynomial 4n3 - 4n2 + 1. 

THEOREM 4. Let f (n) = 4n3 - 4n2 + 1, then we have 

p(x) ~ 3 n (1 - 1 c(p)) x 
5 pn.11 p-1 logx 

PROOF. From the proof of Theorem 3, we have 

for primes p =I= 2, 11. 

NP= 3 <==> c(p) = 2, 

NP= l<=>c(p)=O, 

NP= O=c(p) = - 1, 

By using these properties, we get 

1 - liP. DM 
p p 

as x-+ oo. 

1 Ni 1 - !ill 1 - fiE. 1 - 1 - fiE. 
2 \1 n --~ n i 1 n -1 ~ 1 - 1 - IT c(p)=-1 1 - p c(p)=O - p c(p)=2 P 

= (2 _ N 
2

) 11 - N 11 n 1 -
1 

n 1 - ~ n 1 ;i. 

10 c(p)= -1 1 - P c(p)=O 1 p c(p)=2 1 - p 

= (2 - N 2) 11 - N 11 n ( i - - 1 ) n ( i o ) n ( 
10 c(p) -1 p-1 c(p)=O p-1 c(p)=2 l 

= (2 - N 2) CT 1 - c(p) . 11-N11 ( 1 ) 
10 p>'2,ll p - 1 

Calculating N 2 and N 11 , we get N 2 = 0 and N 11 = 2. So 

1-liP. 9 ( 1 ) 9 ( 1 ) n = 2 . n 1 - c(p) = n 1 - c(p) . 
p 1 - p 10 p>'2,11 p - 1 5 p*2,ll p - 1 

Therefore by Conjecture 2, we obtain as x tends to infinity, 
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1 1 ~ 
v(x),.., TI 

3 p 1 - p 

which completes the proof. 

3 ( 1 ) x TI 1 - c(v) , 
5 pn,11 p 1 log x 
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REMARKS. 1. In the same way as the proof of Proposition 1 and 2, we can 
show as x tends to infinity, 

9 ( 1 ) P(X) ,.., TI 1 - c(p) , s.,y4 p*Z,11 p 1 log x 
by using 

x ,..,_3_fi 
log x .,J14 log X · 

2. We note that c(p) appears instead of Legendre symbol (~) appearing in the 
conjecture of Hardy and Littlewood. 

We give other examples which also relate to the modular forms of weight one 
(see [2], [3] and [4]). For such a polynomial, we can obtain the similar asymptotic 
formula. 

EXAMPLE 1. If f(n) = n3 - 2, then we have 

NP = c(p) 2 
- ( ~ 3 ) (p =!= 2, 3), 

00 

where c(p) is defined by 17(6r)17(l8r) = L c(n)q". 
n= 1 

EXAMPLE 2. If f (n) = n3 - n - 1, then we lave 

(
- 23) Np=c(p)2

- p (p =!= 2, 23), 

00 

where c(p) is defined by 17(r)17(23r) = L c(n)q". 
n= 1 
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