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1 Abstract

In this paper we improve the proof, which is more simpler, in [GK] and give a related result.

2. Definition and Results

Let p(n) be the non-negative sequence with p(1) > 0, s(n) = p(1) + --- + p(n) and
{ be a Borel measure such that [je*™du(x) # 1 for some heN or pu not a point
measure. o
Let k be an integer k> 2. Let d = (a,, g, ak) and b = (b,, b,,--+,b,) be two
vectors with real components. We say that a < b(a < b) if a; <b;(a; <b)) for all
j=1,2,---,k. The set of pomts XeRF with a <X <b denotes by [4, b)
The fractlonal part of X denotes {X} = ({x;},-+, {x,}) and |b—d|= j=1 (b;—a)).
1g(m) = (Ig,(n), lg,(n), -+, 1g,(n)).
Definition 1. The sequence (g(n)), n=1,2,---, is said to be u.d. mod 1 in R* if
Al,i —(~#{n d<{gm)<b, 1<n<N}=|b—id,
S g(N
for all integers [4, b) = [0, 1]%.
Definition 2. The sequence (g(n)) said to be (p, p)-u.d. mod 1 in R* if
lim —— n)C n C,;(X)du(x),
Jim <1 % sl = | C,6auc
for all interval J < [0, 17*.

If p(n) = 1 and u(X) = dX, then we have ordinary u.d. mod 1 in Multi-dimension
case.

Theorem 1. (Weyl). (4(n)) is (p, p)-u.d. mod 1 iff

Z p(n) exp Qxih - g(n))—J‘ exp Qnih - §(n)d%,

Ik

lim
N-w S(N) e
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for every lattice point heZ*, h # 0, where C,({X}) denotes the characteristic function
of J = [0, 17*. '

We simplify and improve the proof of [N] or [GK].

Theorem 2. Let (g(n)) be a non-decreasing real sequence and u be a Borel measure
such that [§e*™™*du(x) # 1 for some heN or u not a point measure. If (g(n)) is
(p, W-u.d. mod 1, then lim,_,  g(n)/log s(n) = co.

Proof. Since s(n) = p(1) + p(2) +--- + p(n}, p(1) > 0, for all real number ¢, we
define s(t) and g(t) as follows: s(t)=s(n) if t=neN, s@)=(t—n)s(n+1)+{n+1—1t)s(@),
otherwise. Then s(f) is monotone and continuous. g(t) =gm) f n <t <n+ 1.

Without loss of generality, we may assume A =1 and g(n) > 0.

By the theorem 1 (Weyl), we have

N - v
hmzpmﬁmw=femwmw=m | 0
e s(t) j=1 0 ; »
where |w| < 1, because of the assumption of theorem.
For any v > 1 and any ¢ > 0, we can choose an N, in such a way that for any

t>N,

| .
Rt_j ,;1 p()e?™9W) = w + g(1), le(t)] < (v — 1)e. @)

Now we define a non-decreasing real sequence (N,), which not always integers,

S(NYY < s(Ny 1 1) < s(N)v2. (3)
From (2) and (3), we have
m jjll\(lz;:r:;l P (j)eznig(j)
:“E:iwwyw+dmﬂmwgo—w+ammwm @
ﬂm+mmm%ﬁwwmﬁmwﬁwwwmwm
ﬂM+EW%@E@aMHf%%WﬂWQ

Since ¢ > 0 is arbitrary, we can choose ¢ and 6 > 0 such that cos 27 > |w| + &
To prove g(Ny+{) —g(N,) = d for all (N,), assume on the contrary, that there
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exists an N, such that 0 < g(N,,,) — g(N,) < d. If we consider the real part of (4),
then we have
Nir1
Y p(j)cos2nd < (Jw] + &) (s(Ny4 ) — s(NY), cos 27d < |w| + &
J=Ni+1
This contradicts to the definition of 4.
Thus we obtain g(N,.,) — g(N,)>d for k=0,1,---,. So we have g(N,) > ké.
Furthermore from the definition of (N,), we get s(N,) < v**s(N,).
Therefore we have for N, <n < Ny,

0
timinf 9% > timint S0 S fimins ko - .
n~o  log s(n) k>o log $(Ny 1) k-o 2k + 1)logv'+ logs(N,) 2logv
Since v > 1 is arbitrary, we obtain lim r—g% = oo, which proves the theorem.
n=o log s(n

Remark. The ideas of this proof are owed to P. Scatte who sent us the letter,
which corrects our proof, and to [GK]. We would like to thank him for valuable
comments.

Theorem 3. Let (§(n)) be a non-decreasing real sequence in R* and u be a Borel
measure such that f ™2 du(X) # 1 for some heN or p not being a point
. Ik
measure. If (g(n))2, is (p, w-u.d. mod 1, then

. g
lim ———— = o0
n=o log s(n)

which means the each components tends to infinite.

Proof. The proof runs the same lines as theorem 2. By theorem 1 (Weyl), we
have

1 ! - -
lim — > p(j)exp Qrih - g(n) = J exp Qrih - X)du(X) = wy,
e s(t) j=1 I*

where |w3| < 1, h= (hy, By, k), because of the assumption of the theorem.
For g(n) = (g9,(n), g,(n),-,g:(n)), Then we have, for all I =1, 2,---,k,

1 ¢
fim 5 3, pU)exp Caig () = w

where |w,| <1 for all I because of |w,| < 1.
By the same argument as in Theorem 2, we have, for all I=1,2,--,k,
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az(") _
n>o log s(n)

Thus
i)
lim ————

n>w jog 5(n) -
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