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§1・  IntrOduction and Elementary Deanitions

ln this papcr we considcr Haiinan's n� xed insertion in three dirferent styles.  First we

considcr the nlixed Robinson― Schensted correspondcnccs deancd in [IIτ tt fOr preparations of

latter sections,  Wc prcscnt thenl in the most generalizcd form, 1.c letters in both oF top line

and bottona linc of a biword may have circles,  Secondly wc consider Fo■ lin's generattzation

of Robinson‐ Schensted correspondences and construct the nlixed version of Fonlin's

gcneralttation.  It will be needed to extend Fon� n's gencralization as axing R‐ correspOndenccs

ccll by cel.  Thirdly as an applcatin of the ■lixcd inscrtion we consider thc nlixed Knuth

corrcsondenccs for(ス ,D)‐ partially strict tableaux。 (И,al_partially strict tableaux enable us to

threat the Knuth and dual Kn,th correspondences silnultaniously,  In each cases we treat

ordinary and skew inscrtions.  In the rest of this section we give tera� nology and elementary

dcanitions and thcorcms which are we■  known,  In Scction 2 we treat Hai=nan's ■�xed

insertion.  In Scction 3 ve consider the a� xed vcrsion of Fonin's generahzation, In Section

4 wc treat thc n� xcd Knuth correspondence.

We denote the set of positivc intcgcrs by P, the set of nonnegativc integers by N, and

the set of integers by Z.If ηcP,ve writc[η ]:=(1,2,…・,η).And wc use the notaion in
the book[Mtt COnceraing partitions.

A(∫た?″)dカリ ?0たιν 7i2σ r,ヵの S is a anitc subposet of P2 which is convex:i.e. α,bcS
implies[α ,う]⊆ S.A ηο′脇α′Shape is one witt a unique minimum element(1,1)。 We viSualize
a shape by a diagratl in which points are designatcd by squares.

is an cxample of a normal shapc

A normal shapc represent、  the partition whosc parts are thc lcngth of its rows,  For

example thc above normal shそ lpe is denotcd by (5,3,2).  A shape is designated by a set

difFerence λヽ μ of tWO normal shapes λ and μ,wherein λ⊇μ. For example the shape
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is denoted by(5,3,2)＼ (2,1). ThiS iS callcd``Englsh"notation and wc usc only this notation

unlcss otherwise mentioned  ln thc diagrams dra、 vn in “English" notation wc suppose that

we take the axes down and right,  Wc call cach square a θθ〃and thc vcrticcs of cach square

υ?rどテじes.

Dennition l.1

Suppose we are given a anitc totally ordcrcd set 」′.  We usc clcmcnts of ttF as lcttcrs in

tableaux and biwords. A(6・ L?J71′ ?υθttθ Pttηθ Pα rど力
'ο

力π is a patr which consists of a shape

S力 (π)and an order preserving map/:S力 (D→ ν  A Pα′ど力′o膨け 勉うた,″ (resp.dr伽力′″(bFcθ″)
√αうルαの is by deanition a(skcw)rcvcrSC planc partition wherein/iS ittCCtiVc(rcsp.bjective).

IF the shape s力 (π)is nOrmal,wc omit thc word“ skew"from these terminologics,We express

(SkeWl reverSe plane partitions or partial(skeヽ V)tableaux by nling Cach ccll with the valuc of

the Functionェ

Example l.1

π is a skew revcrse planc partition and τ a partial ske、 v tableau.  If ν = [10], then σ is a

standard tableau.

Deanition l.2

Let π be a tableau and,c」〃 bc a letter not in π,  We describe Schensted's力 ∫θ′ど′Oヵ ,オσOr'ど 71Йη

as iollows.  We insert , into the nrst row of π by replacing the lcFtmost clcmcnt of elements

which are greater than α. If every element in the row is smaller than,,thcn α is just added

in the end of the row and this procedure tera� nates.  Thc clcmcnt rcplaccd by , is inscrted

into thc second row and so on.  The resulting tableau is dcnotcd by π(― α and 、vc can this

procedurc thc Rο う力dοヵ‐Sθ力θηsサ9プ 肋dθ′′わηうノ′0″∫ If wc changc thc word row into column in

the foregoing deanition,then we obtain the Rο う力∫οヵ‐St・29ヵ sr9′ ヵd?rrヵη,ノ じ0カ″ηヵ∫and the

resutting tableau is denoted by IJ― →π.

Example l。 2

← 4=

LeコnHna l.1

Lθ′ π う9 α チαう′θ,ク αη′ α,う ∈ノ

(S,す )虎力οサ奮 力9η9"ゥ α冴虎ブ ε9肌

ηθν「/,,飛′ f92

う?筋′?ぉ ηοチカ π.丁 I17?力∫θ′′,力 rο π妙 ′ο」4jS,″ど
r/″?ヵ∫9rr bヵザοπ←α妙 ′ο″d,″ r(S′ ,ι

′
)施ηO√θ∫チカゼ

1 1 2 3

1 1 3

1 2 3

1 4

1 7

2 8
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(1)丁 α<う チカ♂ヵ I179カ,υ9S≧ s′ ,〃プι<ι
′
.

(2)r/α >bチヵθη″θ力αυ9 s<s′ 伽′ι≧ι
′.■

Denmition l.3

Lct π and σ be partial skcw tablcaux which sharc no coinmon parts,  Wc use π c)σ tO denotc

a partial skc、 v tableau constructcd by placing translatcs of tableaux π,σ so that all ccns Of σ

arc abovc and to the right of π  lf α is a lcttcr, lct the symbol α also stand for a one― ccll

tablcau containing the lettcr,  So we sometilnes 、vritc π(Dα , Where π is a tableau and α a

lcttcr.

Example l.3

π①σ=

Deanition l.4

1f π is a partial(skew)tableau,thcn trunc≦ βπ(trunc<aπ)denOtcs the restriction of π to thosc

cclls containing lcttcrs ≦α(<α).

Example l.4

Let τ be the partial skew tableau givcn in Examplc l.l  Then

trunC≦ 8τ =

Deinition l.5

F� anothcr anite tOtally ordcrcd sct」 〃′.Aう ,17ο′′Iv is by deanition an ittectiVe map from a
subsetフ′ofノ′into ν.Sct l171=1笏′l tO bC thc cardinality of夕

′
and call it thc力 ヵ″力of lr7.

If夕
′=ν′and w is a bttcctiOn Of ν′onto ν,血cn wc call w aフ翻 ガαr,οヵ.Wc dcnote w by

the two■ ine array

W=徹 猛Iゆ
where each letter tt cま′

′ and υェc改′ apcars at most once and ク1<"2<…・<"IPI.  The ,η υ9′∫θ
IIJO′ ′ W~1 0r w is the invcrsc map 17~l frOm thc imagc of ψ into p´

′
. If 41V iS as above,wc

denote thc top and bottonl lincs of ψ by の =tJ l,2…・
"llt and 

佛=υ l υ2~ υ
“
・

Example l.5

The folowing w is a biword and the inversc word of■ l is thc right one.

Iv=(;::;

ヽ
１

，

ノ

４

　

８

ノ
ぐ

〓ψ

ヽ
、
‐
，
／

８

　

４

1 6

5

7

2
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DerLnition l。 6

Suppose that w is given in two‐ linc notation as

W=徹 猛Iゆ
We construct a scquen∝  of partial tableaux:

0,2)=(π。,σ。),(π l,σ l),… ,(π加,σ
“
)=(π,の

where υl,υ 2,・・・,υ
" arC inserted by rows into thc 

π's and ク1,,2,・・・,'PPI arc placed in the σ's

so that πた and σた have the sane shape for a担 た  π is denotcd by 9← ψ.  σ is said to be

the r?θο′′力σ′αうた,tJ and denoted by R:② ←―w.

Example l.6

Let llv bc as in Exalnple l.5.Then we have

り← w= R:② ←w=

Theorem l.1

河χガがrfどοすαJJ/0′力r″ ∫納 ノ αヵ′ν
′ Fi/η cP 勁 ?″ψ ψぃ (② ← w,尺 ;② ← D″ ∫ど

河げ
'力

θ′た 。う|″0'οηうOνθιヵう,″οr冴 ヮ
r″力σ力 ηρヵ′フα,rdて√ P,′す力′rαう之α″メヵαυ力σチカθ∫αttθ

諺ヮθ
"力
,θ力府 αフαr,ど

'ο

力げ η・

Dennition l.7

1f the top line of ψ is l,2,._,η , then wc dcnote it only by thc bottona linc of ψ and call it

a word,

Let π bc a partial skew tablcau whose,‐ th row is designatcd by R,for,=1,2,_.,',wheFe

ris the number of rows oF π.Thc rο ″ I170′′深″′π iS by dcanition

wπ =R′ Rど 1-Rl

Example l.7

Thc row word for τ in Example l l is

wτ =15 2 8 13 5 6 10 1 7 12

Next wc dcanc the schitzcabcrgcr's Jeu dc Taquin in accordance with[S珂
,

DenElitiOn l.8

Let π bc a partial skew tableau of shapc λ/μ,  And let c be a ccl which is at an outcr corncr

of λ.We denne aヵ′〃α′′∫′励 on π into c as follows
Set c=(,,J).Let c′ bc thc ccll of max(π , 1,ブ ,πι,ゴー1)・ Then we slidc πr′ into c,Rcsct

C:=C′ .

Wc continue this procedure until we reach an outer corner of μo  Wc dcnote thc rcsulting

tablcau byブc(Я)・
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Let c be a ccll 、vhich is an inncr corncr of μ  S�nilarly wc deane a ぅIvじたνοrtt dr彪形 。n

π into c to producc thc tablcau JC(π )by thc following.

Set c=(,,デ ).Lct c′ bc thc ccll of min{π ,+1,ゴ ,π iゴ +1) ThCn We slide πc′ into c.Rcset

C:=C′ .

We continue this proccdurc until wc rcach an inncr corncr of λ

Example l.8

1f wc pcrForm thc forward slidc on τ dcancd in Example l.l into the cell(3,4),thcn WC Obtain

thc following τ
′.And if wc pcrform thc backward slide on τ into(1,2),thcn WC Obtain the

following τ
″
.

DeILnition l.9

C)iven a partial skew tableau π, we playブθク 冴θ r,?ク ,ヵ by choosing an arbitrary sequence of

sldes that brings π to normal shapc ad thcn applying thc shdcs  Thc rcsulting tableau is

denoted by J(π )

Thc following thcorem is provcn in[SC].

Theorem l.2(Schutzcnberger)

Lθ r π う?,Pα″″力′∫たθIItj チαうわαク L♂すπ′ う?α Pα rチカ′ど
'う
ルα″りr α ηοr″,α′∫力ψθ οうと,力ι′

//οtt πうノ
'∫
θ?ク?力じθ ttF d力冴θd 7物 ?η π

′
ね ″″″夕θ‐カ カじ′.π

′
ね ′力θ力∫θ′チJο〃′αう乃∫クノbr wπ ,

友θ.π
′
=② ← wπ  ■

Example l.9

Let τ bc as in Examplc ll. Thcn

す(Tl=② ← Wτ =

As an easy coronary of thc thcore■ 1、vc obtain the Folowing.

Corollary l,1

Lct π be a partial tablcau and rJ a letter not in π.  Then we have

デ(π①の=π ←, andデ (α Oπ)=α →π.■

Dendition l.10

Let P bc any anite pOset. Forた a positivc intcgcr,sct cた (P)(reSp. αた(P))tO be thc size of

thc largest number oF clemcnts which is the union ofた chains(reSp.antichains).Now,let

1 7

6

2

1 6 7

2

1 5 7

2

8
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λた(P)=Cた (P)一 Cた _1(P)and μた(P)=ακ(P)一 αた_1(P). ThCn 允(P)=(λ l(P),テ2(P),… .)and μ=

(μ l(P),μ 2(P),… .)are partitions.

The Following thcorem is provcn in[GK].

Theorem l.3[GK]

とす Pう?α/E/デ〃力?フο∫θr  T力θη μ(P)ね θ?",′ すο r力θεげιισα′θげ 九(P) ■

Deanition l.11

Let 17 be a biword.  Supposc that w is given in two‐ Ine notation as

ψ=唸 粧Iゆ
A poset P(w)induccd from w is by dcanitiOn a subposct of N2 compOscd of(ク ,,υ)fOr
,=1,2,中 ●翻●

We cite a thcorcm from[Gr].

Theorem l.4(Greene)

L?サ 417う 9α うテJ7ο′拡 とθr λ房9ヵοι9 ι力?d力ηθげ ②← ltJ  T/Tθ tt Jer θοじヵた,17ぞ 力αυθ

θた(P(ψ))=λ l+λ2+'"十 九た

,た (P(14J))=λ I十 九ち十・…+λ士. ■

§2  Ⅳrixed Robinson‐Schensted Correspondence

We trcat Haiman's m�cd inscrtion in this scction.We cite a lcmma(Lemma 2.1)仕 om

[Ha]but thc proof win bc diffcrent,Corollary 2.5 win be impOrtant to prove a thcorem in

Scction 3  1n the lattcr part of this section wc consider Stanlcy‐ Sagan's skew inscrtion in

m�cd vcrsion.Thc bcst rcFcrcnce for this scction is[Ha].

Fix a nnitc tOtany ordcrcd set ま′ throughout this section,  A pair(〔 ア,C)Of Subscts of

ま′ is calcd a ,わな,οη of故′ if it satisnes

y∪ C=ノ, (diSiOint uniOn)

Hcnccforth,wc nx a d�ision(y,C)Of 3″,and wc call elements of X1/ク ηじ″ι力′力″θrd and

elements of Cじ ″θル′諺ιrθ′∫.

Example 2.1

y=(1,2,3,4,5,6,14,15,16,17,18,19)

C=(° 7,° 8,° 9)° 10,° 11,° 12,° 13,°20,°21,°22)

is a di�sion of[22].As in this examplc wc express thc clcmcnts of C with circlcs since it is

casy to distinguish thcm at arst glance.

Example 2.2

The dcanition of(SkCW)rCVerse plane partitions, partial(skcw)tableaux and standard (skcw)
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tableaux arc as in Deanition l,1,  We dcsignate ciriclcd letters with circles as wel.  For example

is a partial tableau.

Ncxt wc deFlne Hai=nan's nlixcd inscrtion,

Dennition 2.1[Ha]

Let π bc a partial tableau,and lct x c3〃 bc a lctter which is not in π. Wc dcanc INSERT(v,c)(χ )
as follows.

If xc y,insert x into thc Flrst row of π;if xcC,inscrt χ into thc arst column of π. If

the bumpcd clement is uncirclcd,then we inscrt the element into the row iinmcdiatcly bclo、 v,

or if thc bumped element is circlcd, then wc inscrt the clcmcnt into the column immcdiatcly

to its right.  Continue until an insertion takcs place at thc cnd of a row or column,bumping

no new clement,  This proccdurc ternlinatcs in a nnite numbcr of steps.

Siコnilarly wc dcanc INSERT(υ
,c)(χ )by SWapping U and C in thc foregoing deanition

Namcly uncircled lcttcrs arc insertcd into the column ilnmediately to its right and circlcd

lettcrs are inscrtcd into thc row immcdiately below

lf ve apply INSERT(υ
,cl(χ)tO π, then vc dcnotc the resuhing partial tableau by

π← lll χ. Siコnilarly if we apply INSERT(y,c)住 )to π,We dcnote the resulting partial tableau
by χ―→PPI π.

Example 2.3

Lct π bc thc partial tableau givcn in Examplc 2.2.  Thcn π<―・l14 and 5-→ "π arc as folows.

π←“4= 5→Иπ=

Ncxt wc dcanc thc conversion

Dennition 2.2[Ha]

Lct π bc a partial tableau, and χ any lettcr in π  Lct ノCИ be a lcttcr not in π.  Thc

operatiOn of θοηυθrr加ヮ x intO ノ in π is dcancd as f。 1lows,

First wc replaceぇ byノ・  ThC resulting tablcau is not in gcneral a partial tableau, so we

rcpeat thc following procedurc until it bccomcs a partial tableau.

Lct the lcttcrs in the cells adiCCent to thc cell ofノ ,and which are immcdiately to its fe比 ,

1 2

1 2 3 4 1 2 3
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above, thc its right and bcneath, beノ 1,ノ2,ノ 3 andノ 4, rCSpcctivcly,

Then one of thc fonowing two cascs can occur.

(1) ノ1>ノ Orノ 2>ノ Ifノ1>ノ2,We SWapノ andノ1,Othcrwise we swapノ andノ 2・

(2) ノ>ノ30rノ >ノ41fノ3<ノ4,We SWapノ andノ3,OthCrwise we swapノ andノ 4・

Once case(1)OCCurS, Only casc(1)can cOntinue to occur, oncc case(2)occurS, Only casc(2)

can continuc to ocCur.

The resulting partial tablcau in which x is convertcd intoノ in π is denoted by π(χ ―→ノ)・

Example 2.4

Let π be a partial tableau given in Example 2.2.  Then

π(°22→ 41=

It is easy to sce that the proccdure of conversion is rcversible i e

[π (χ
→ノ)](ノ →χ)=π

The following lemma is from [Ha], but the proof is dirfcrent.We usc a resutt of

Schitzcnberger or Thomas which is Theorcm 3.9.7 in[S珂 .

Lemma 2。 1[Ha]

Lθどπうθ,Pα rr力′ど
'う
ル9ク νカカθχαθサゥοヵ?じ″じカプカ″ιr°χ17カた力ね肋9σ′θα√θ∫r力打9・ カ

π. Lθr,うθαクηθ″θル′″″θ′″力,θ力ね ηοr力 π,,η′ ―∞ ,η ″ηじ″C力″″″θ′た∫∫ r/P,ヵ α αη冴

α〃力打θ欝て√π.Tんθηりθ力,υι

[π ←
れ
,](°χ → ― ∞ )=[π (°死 ← ― ∞ )]←

れ
,.

Prooと

It is enough to show

π←μα=[(π (°χ→―∞)}←
脇ρ](― OO→

°
X),

Sctう tO be the greatcst letter of α and al uncirclcd letters in π.  Let c denote thc cc■ which

contains°χ, We remove the cel c from π,and、vc obtain a partial tablcau which is denotcd

by α.  Then we shde α into c and 、ve obtain a partial skew tableau which is denotcd by

α
′.Obviously if wc slide α

r into the cell(1,1),then ve obtain α again.

1 2

4
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We treat two cases.  Whcn we insert α into thc partial tableau α, thc new cel added to α is

(1)abOVe and to the right oF c,(2)equal tO C Or below and to the lcft of c.

CaSe(1):

In α′ ve place °x in the cell which is i=nmediately below c and wc supplement an

appropriate number oF cells containing uncircled letters xl,χ 2,・・,,Xれ t° its leFt if needed.  Here

wc suppose that う<χl<x2<…・<Xμ <°χ.  The resulting partial skew tablcau is denotcd
by ?′ . If we slide ?′  into the cell(1,1), the resulting partial tablcau is denoted by ψ. π is

thc samc as?except thc letters χl,x2,中 ,,Xれ・ If Ve nll thc ccll(1,1)Of α
′With 一∞,we

obtain π(°χ→ ―∞).We write this as α。,Similary if wc r11l thc cell(1,1)Of ψ
′With― oo,

we obtain a partial tableau and wc dcnote this partial tablcau by 9。 ,

Froni the assumption?← れLv is thc samc as π←
prv except thc letters xl,χ

2,・ ,̈χ"and these
letters arc not bumped in the process of?← れ,。 Set σ=?① α.Byデ (σ)=?←“α,デ (σ)iS tte
same as π <_“ α eXCept the letters xl,x2,・ …,X加 ' SCt σ

′
=?′ oα , If Ve slde σ

′
into thc ccll

(2,1), wC Obtttn σ. So it is easy to sec thatデ (σ
′
)iS Cqual to π<‐“II except thc lcttcrs

Xl,X2,・ …,XPx.

す。=

αO←
れ,iS Cqual toブ (α O ①の,If We put σ。=?。 oα,デ (σ。)iS thC Same asブ (α o ① α)eXCept the

letters xl,x2,…・,Xtt and°x.If wc slide σ
′
into the cells(1,λ l),(1,λ l-1),…・,(1,動 in thiS

order and then shdc into the ce■  (2,1), it iS easy to see the resulting tableau is thc same as

ブ(σ。)except the lettcr― ∞.Here we assumc that the shape of π is λ,We denote the result

aFter this procedurc by σ″, then σ
″
 is thc same as J(σ 。)exCept thc lctter ―∞。  So σ

″
 is the

same as σ。(― "p cxcCpt the letter 一∞.

Consequently if we shde σ″ into the cell(1,1), the resutting tablcau is the same as

e。 ←α)(_∞ →
OX)except thc lcttcrs xl,χ

2,・…,XJll.  Sinccデ (σ
″
)iS independent of the ordcr of

slides, wc have

7

1 4

3

5 6

7

l 3 4 9

2 6 8

5

7

―∝ 1 4 9

8

5

π←加α=[{π (°X→ ―∞)}←
‖α](― ∞→

°
X)。
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And this provc ttc lcmma in Casc(1).

Case(2):

Wc placc °χ in thc ccn i=nmcdiatcly to the right of the cen c in α′ and supplcmcnt an

appropriatc numbcr oF ccns containing uncirclcd letters xl,χ
2,・・・,XPlt to thc abovc of 

°
χ if

needed.  Here we also supposc that う<xl<χ 2<・…<為PI<°χ,  We denote the resulting
partial skew tableau by 9′ and we can proceed in thc samc way as Case(1).■

Remark 2.1

Undcr the same assumption as in LEMMA l,wc havc

[α →
И
π](°X→ ― ∽ )=α →

加
[π (°χ→ ― ∞ )].

And we conclude the Fonowing Clairn immcdiatcly from LEMMA l.

Lθどπ♭θ,P,′チカ′rαうたαクαη′°χう9カθルα∫′力打θ′げ チカθθ″θんガルιrθrdヵ π.L?rα うθ αη
クηθ″机ガ カ打θrヵ Oど 力π,ヵ′―∞ αη″ηθ″〕ガ カ胞′力郎 ど力αヵα,刀′α〃ルrセぉ 力π. 列ろ?ヵ l1/θ 力,υθ

[π ← “α](° X→ ― ∞ )=[π (°X→ ― ∞ )]←
れ,

[α →
‖
π](° X→ ― ∞ )=α →

加
[π (Oχ → ― ∞ )].

Prooi

By the lemma ve have

[(trunc≦。ェπ)←
れ
,](°χ→ ― ∞)=[(trunC≦。】π)(°χ→ ― ∞)]←“α.

And it is trivial that thc othcr parts in[π ←れα](CX→ ― ∞)arc thc samc as thosc in

[π (°χ→ ― ∞)]←
れ,,■

Fix another sct of alphabcts ノ′ and its division (y′ ,C9, WC dCancd biwords and
permutations in Dcanition l.4.

Example 2.5

"=(と 孟亀池毛:I毛 1怒 哲好璃七り
is a permutation if ttπ =ょ〃

′=[14] And

ば嵯Ci名 地ff抵 詠Y璃 サ好号つ
Deanition 2.3

Lct

ψ=任 拷Iゆ
be a biword,Vc dcane the胞 崩?′ 力∫9′肋ヵ才αう力,ク of w as follows:

Construct a scqucnce of partial tableaux ②=π。,π l,...,π前=π :fOr each,=1,2,… .,加 fOrm π,
from π, l by pcrforming INSERT(y,c)(υ ,on π卜l ifクt is a uncircled letter,or pcrforming
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INSERT(y,c)(υ l)On πュ_l if tt, is a circlcd lcttcr. The resulting partial tableau 夕τ is denotcd

by ②←れψ.  And thc rccording partial tablcau is denoted by R:D←
PPI w.

Example 2.6

Lct w bc the permutation in Example 2.5, Thcn

②←″lv= R:② ←“Iv=

Theoreコ n 2.1

Fi/∫θ恋 宅r,″力αう?簿 ノ
′
αヵ′′力?″ プテυね力ヵ∫(y′ ,c9,力′(y,C)raヮθOわθ,.Fi/,Pο ∫力わ♂

力どθσ″ ηcP.勁 ιttη wけ p← "w,R:D← “ψ)Ji/∫′河夢η?″ ね αう独θri9η うo″ 99ヵ b′″ο′ぬ げ
力ησ力 η,ヵ′フ,,ぉ げ Pα rサカ′才αうた,クχ∫クι力筋αチカリ カαυθ力θ dα

"θ
説留%″力た力ね,P,rr力,οヵげ η.

Let w be a biword, Let χ be a letter in the bottom (reSp. top)line Of ψ andノ C韻′ bC

a lctter not in the bottonl(reSp. top)line Of W. We indicatc thc word wherein x is replaced

byノ by w(χ ―→bノ)(respo W(χ ―→̀ノ)).  In the case of top linc wc rcarrange the biword so that

the top line of 41V iS in increasing order

Theorem 2.2(Haiman)

Lθど″う?α う′″ο′冴αヵプ
°xう?肋?力α∫ど力r′θ′|デ ど力?C″θカプ筋′θ′∫力 ′力θうο′′ο脇 カカ?0ズ ψ.Lθサ

ー∞ うθ αηクη″ ど力′筋 セ河 9∫∫力αヵα〃筋′θ′∫力 r/P9うοr′ο靱 力η9げ り 7物θ
“
〃¢力,υθ

D←“[W(°X→
b― ∞)]=[D←"W](°χ→ ―∞ )

R:② ←И[ψ (°X→
b― ∞)]=R:② ←“w

Proo■

Wc use induction on length of a word胞 . It is clear if確 =0. Put w=w′α,Where

1縦 )
and α=(らわれ)・  And lct π=② ←

加ψ
′
. First wc assurnc that ppl is uncirclcd.

(CaSe l)υ И=°X:

Assumc that in π←加°x,° x is in the ccll(た ,1).Let,ュ <α2<… <αた l be thc lctters in
the arst rOw abovc it in π.  Then these are uncircled letters since °χ is the least lcttcr of

uncirclcd letters in π.  Thc arst た letters in the nrst column in π←"°χ are αl,,2,・・・,ακ-1,
°
χ and thc nrst た lettcrs in thc arst column in π<― "――∞ are ―嵌),α l,,2,,中 ,αた-1.  They

havc thc same parts in othcr nclds since the subsequent bumping process is identical in π 4“
°
χ

and π←“―∞.So it is casy to verify

②←れ[ψ (°X→ ―∞)]=π ←"― ∞ =[② ←"W](°χ→ ―∞).

And the other identity is trivial.

27

，

　

　

υ

”

　

　

υ

／

‐

‐

ヽ

＼

〓Ｗ
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3
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(Case 2),≠
°
x:

If υれ is circlcd, thcn υ
“
>°χo  So thc proccss to insert υPPI into π and thc proccss to

convert °x to ―∞ in π have no induence to cach othcr,  So the clailn is clear  lf υPll is
uncirclcd, thcn wc can casily prove the clai=n by Rcmark l.

In the case that ,PII is circlcd, we can provc in thc samc 、vay.  ■

Corollary 2.1[Ha]

Lθどψ うιαう,14/0′″αヵプ
°
χ うθαι″θカプ滋″θ′力 す力θうοrrοtt Fivθ げ w,Lθrノ うθαじ

'κ

ル冴

力″9′ リカテθ力ね σrθαrθr ο′ヵd∫ ′力αηサカθ∫α
“
θε″ι庖′筋どθ浴 力 ど力θうοttο

“
′力θこ√ w tt°χ,う

"
れヮ 輔 er力οtt°え力 ね οrttr rθ力ど,"どο力9″ηθ″じル′力どサ?ぉ.勁 9η

②←加[w(Oχ →
う°
ノ)]=[② ←

れ″](° X→
°
ノ)

R:D←“[ψ (°X→
う°
ノ)]=R:② ←

れ
17

Prool

Let°bl<°う2<・ …<° bた be the circlcd lcttcrs iess than° x in thc bottom linc of ψ.  Succcssivcly

convert(° う1→ ―う1),(°う2→ ~b2),… ,(°うた→ ―うた),whCre_う 1>― う2>… >~うたarc lcss han
al elcmcnts in the bottom hne of ψ,  Theorem 2.l apphcs at each stagc,  Now convcrt

(°X→ ―∞)(― ∞ →
°
ノ)・ Finally convcrt(° 一 bた→うた),(° ―うた 1→ うた 1),… ,(° ―う1→う1)Sincc

these convcrsions involve only lcttcrs less than(χ →)and(ノ →), thCy commutc with
(°X→
°
ノ) ■

Corollary 2.2

Lθどψ う?α うテ″ο″泳 Lθす°xl,°χ2,…・,° xた (r9Sp.°ノ1,°ノ2,… ,°ノど)うθα〃 rヵιθ″じル′ヵ″θrIFカ チカθ

′T(r?ψ うοrどο脇)′ヵθげ W.膨 r

′ =W(°Xl→
′― Xl)(°X2→1~χ 2)… (°χた→`― χた)(°ノ1→

b―
ノ1)(°ノ2→
b~ノ
2)… (°ノJ→

b―
ノ),

P/7?′θ―Xl>一 X2>… >~χ κ(胞Ψ.― ノ1>一 ノ2>… >~ノた)α rθ ″力じ
'″

ιル′筋ιθrd 142カた力α′θ

力郎 ど力αη ,〃 ど力θクηc″θルプルrrθ′∫ヵ 肋?′9P(raン .うοrrο胞)′ヵ96デ W.Tみ♂カ

[② ←
れψ](°ノ1→ ―ノ1)(°ノ2→ ~ノ 2)・・・(°ノた→ ―ノκ)=2← ガ

[R:② ←
れψ](°χl→ ―χl)(°χ2→ ~X2)・・・(°χた→ ―χl)=R:② ← ″

Prool

Set ψ″=り (°ノ1→
う一ノ1)(°ノ2→

b~ノ
2)…・(°ノた→

b―
ノた)] By TheOrem 2.l wc havc

②←“Iv″ =[D←
お
W](°ノ1→ ―ツ1)(°ノ2→ ~ノ 2)°・°(°ヵ → ―ノ■l・

w′
′
 rnay have circled letters only in the top line.  SO ②←"w″ cOrrCSponds to the Hailnan's

left‐ right insertion.  Set

1勢)
For each た, if,I is unCircled, then υィ iS inscrted by ordinary Schensted's row inscrtion, or if
クl iS Circled, then υィ is inserted by ordinary Schensted's column insertion.  Sct ,1,α 2, ・・,αr

(rCSp. う1,b2,・ …,う・・l_r)tO be the υl'S in which the corrcsponding ttl's are uncirclcd (rcSp.

ク

　

　

υ

ク

　

　

υ

／
ｒ

‐

ヽ

＼

〓Ｗ
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circlcd) Then we havc

②←脇Iv″ =ブ (b"7① bp r lO…・①うl① ,l① ,2① ~・① αr).

And the right hand corresponds to ②←"ンッ
′
.  This prove the nrst idcntity  And thc second

identity wll be an casy consequence oF Thcorem 2.3.  In the proof oF Theorem 23 we usc

the nrst identity.  ■

Example 2.7

Set w to be as in Example 2.5  Thcn

げ′=(菅4三偲ず∵寸Υ i f5 f6:f91蝿 与)
and

②← w″ = ②← w=

Theorem 2.3

と9彦 wうぞαう,17ο r,  Tttθ刀

②←れψ
~1=RI②

←“w

R:② ←Иψ
~1=②
←“ψ

Proo■

Suppose that w is given in two‐■ne notation as

ψ=徹 猛Iゆ
Lct rJ(resp.う )be the greatest lettcr in thc top(resp.bottonl)line Ofり   It sumces to show that

truncく ,② ←
加り
~1=trunc<ER:②

←加w

trunc<bR:D← れり
~1=trunc(b②

←加llv

and ②←IPIw and ②←V17~l have the samc shapeo  We can assumc the arst two cquations

above by induction on the length of17,sincc deleting α Froni the bottom line of w~l correspOnd

to dcleting thc last numbcr fronl the top line of w and deleting うfroni the bottona line of w

corrcspond to dcleting thc last numbcr froHi the top line of w~1.

So we havc to prove thc cquality of Shapes.  As in the abovc corollary let° χl,°χ2,・・・,° Xた

(rCSp. 
°
ノ1,°ノ2,・…,°ノ1)be an thC Circled lettcrs in the top(resp. bOttonl)line Of w.  Set

″ =ψ (°χl→ ―χl)(° X2→ ~χ 2)・・ (° Xた → ― Xた)(°ノ1→ ―ノ1)(°ノ2→ ~ノ 2)・ ・(°ヵ→ ―ノ),

29
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where― れ >一 χ2>… >~χた(reSp.― ノ1>― ノ2>… >~ノた)are uncirclcd letters which are
less than an thc uncircled letters in thc top(reSp. bottonl)linc Of 17.  Then we havc

[lV′ ]1=[lT7 1](° Xl→ ― Xl)(°X2→
~X2)・・°

(°Xた
→ ― Xた)(°ノ1→ ― ノ1)(° ノ2→

~ノ
2)・
・.(°ノ!→ ― 力 )・

②←fflw and D← ψ
′ have the samc shape by the llrst idcntity of thc above corolary, and

②←"り
~l and 
②← [w′ ]~l have thc samc shape by the arst identity of thc above corollary  ln

addition ②<― w′ and ②(― [W′ ]~l havc thc same shape by propcrtics of ordinary Schcnsted's
insertion.  This provc the thcorcm.  ■

CoroWary 2.3

Lθどwうθα″ο′′α力″°xうθ′力θ力,s才 んどどθ′げ ど力θ Orじカガカrrθrls加 す力θど9P′ο17り
r lV  Lθ

r

―∞ うθαヵクηじ″じカプルrrθ′r9d∫ rヵαη α〃筋どθ附 力 r/Pθ チ9フ ′OII ワrψ・ Tん?ヵ 〃ι力αυθ

②←“[W(°χ→'一 ∞)]=② ←“ψ

R:② ←η[ltj(°X→ `一 ∽)]=[R:② ←
加
w](°χ→ ―∞).■

Fix a set oF alphabets ν and its division(1/,C). Then an involution of ttF is a biicctiOn

fronl a subsct of」 〃 into itsclf such that w o lv=J′ .

Example 218

11V= (:  ::  :: :  :  ::)

is an involution,  And thc number of axed pOints of lv is two.

CoroMary 2.4

勁 θ ,ιουθ翻崩9ブ Rοう肋∫οかSθ力θヵ∫サθ冴 じοrr9・9pοヵ所♂ヵιθダυ盗 ′力θうヴθθrヵ″ うす
"θ
ιヵ 肋υο励ガοヵ∫

αヵ′P,′ガα′√ρうルαクァ.Иヵ汀 rpTο′θOυθr滋 力θαうου9じο″′9・9POη河9ヵじ?サ施 ヵク翻うθr ο′デχθ′フο力葎 カ
αヵ力υοルどわ刀ね θ?ク,′ ′οど力θηクヵ力θ′てア ο冴″力ησ力 θο力胞ヵ∫力 ′rd P,rrヵ′チαうル,ク .

Proo■

The arst part oF thc coronary is clear Froni thc last theorem.  And the proof of the second

part is quitc siコnilar to the prooF given in pp.44,[Ro]. So We Omnait thc prooi

Example 2。9

Lct lv bc as in Example 2 7  Thcn

②←“W= :::≡ Fヨ

Deanitiom 2.4

Let

ヽ

―

，

ノ

崎
　
嶋

ク

　
　

υ

′
く

〓Ｗ



be a bivord, Wc dcanc a pOset P(W)and P(17)haVe the samc underlying set which is the

subset of Z2 compOsed of vetices x,72,中 ,監 :fOr'=1,2,… .,“ CaCh Vertexと =(ラ ,,ら)GZ2 is

denned from(ク :,υ)as f0110WS.

ら=任崎十躯と
島=任時十厘ど

Thc ordcr of P(IIv)iS thC Ordinary product order:i.e.

(ラ,,5,)≦ (ラ子,」|)if and Only if,:≦ 万r and島 ≦可.

Thc order of P(ψ )iS a dual order:i.e

(万,炉:)≦ (万す,」子)if and Only if万 :≦ 万すand島 ≧可.

ExamPle 2.10

Lct w be as follows

17=(1 子 :二  : ::)
The undcrlying sct oF P(w)and P(w)iS in fOnOwing diagram. Hcrc thc axes are pointing

right and upward

Mixed Robinson‐ Shensted― Knuth Corrcspondence

In P(IIV)OnC CCⅡ  is grcatcr than another if it is abovc and to the right of that cel.  In P(17)

one cen is grcatcr than another if it is bclow and to the right oF that cc■

From Theorem l.3 and Coronary l.2、ve inllnediately obtain thc fonowing thcorcm.

Corollary 2.S

Lo wう ?α う,17ο′濃 Иヵ′∫θr λどοう?チカθ∫力ηθげ ②←“ψ.T/Pθηヵ′θαθ力た,″?力αυθ

Cた (P(ψ))=λ l+光2+・ …+λた
αた(P(W))=λ t十 九ち十・…+λイ

Wc 、vil use this coroHary to prove the main theorem of Scction 2.

From now we trcat a skew vcrsion,Let PST(λ /μ)denOtc thc sct of all partial skcw
tableaux having thc shapc 九/μ  ThC fOnowing theOrena is an easy cxtcnsion of[SS],pp 175,
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Thcore■ 151. Let l免 l dCnOtc the weight of a partition tt and lct lwl denOte thc lcngth of a

biword ψ  The wcight of a skew partion尤 /μ is十九|― lμ l and denoted by lλ /μ . If λ/μ is a

skcw partition of wcight■ ,then we write九 /μ卜η

Theoreコ E 2.4

Fi/∫θ葎 げ α″力αう。d37′ ,ヵrF」″ αη冴 ど力9″ 務υね力ヵd(1/′ ,C′ )αカプ (y,c)rθ・9Pθ Oテυθル・ Jテχ

Pοd力′υι力′θ♂θ埒 猾ラ加CP とす α αη′βうθデχθ′フα′チカカ乃∫。 (Ir9′θ・47θ α郎クηθ lα l十 胞 =lβ l十 ὴ)
rhθヵ サヵθ 脇,p

(W,τ ,κ)0(π ,σ )

河夢力θ′ うθんν た α うヴθεrわη うθ′ItJθθη う
'"ο

r′ ψ νJど力 τc PST(α /μ), κC PST(β //tl, ∫クθ力 rrpαザ

佛∪ τ=π ,う ∪ κ =σ,ο力 rル οヵθ力αヵ五 αヵ′ πC PST(1/α),力′ σC PST(λ /β)∫″ιカ ザカα′λ/β 卜 η,

免/α 卜脇 οη ど力θ οr/J¢ ,.

Prooi

Let И =怜 ∪κ=(,1<,2<… ・<'.),WhCrcヵ =IИ I.We COnstruct a scqucnce of partial
tableaux:

(τ,κ)=(π 。,σ O),(π l,σ l),… ,(π阿,σ
")=(π
,の

by ttc following rulc.Sct the shape of πたto bc λた/βゎ thCn λ。=α and β。=μ  At each
step σたis obtaincd from σた_l by placing αたon λた/λκ_1・  Next we explain how to construct

πκ from πた_ュ forた =1,2,… .乃. Atた―th stcp wc see whether,た c'or,た cσ .

Casc l:,た G怜

Lct the corresponding lettcr in tt be耗 , PcrfOrm πた_1←“うたiS αたis uncirclcd,or perform

うた→“πたl if,た is circlcd Hcrc wc think as if hc cclls of βたl iS nled with― ∞ and perform

the■nixed inscrtion The resuhing tablcau is πた. We have βた=βた_1. And lct九たbc the

shape of πた.

Case 2: αたc σ and thc cell containing αたin σ contains a letterう たin τ.

Let(,,デ )dCnOtC the cen cOntaining臼 in σ.Rcmoveうた仕on the cell(',デ)in πた_1.Inscrt

bl into the('+1)‐ th rOW if αたis uncirclcd,or insert,た into(ブ +1)― th COlurnn if,た is

circled  And set πた to be the resulting tablcau. Let βた be the parition added thc cel(,ガ )

On Fl_1,  And let λた be the shapc of πκ
Case 3: αたc σ but the cen containing αたin σ contains no letter in τ.

Let(,,デ)dCnOtC the cel containing,た  in σ  Let βκ(resp. えた)bc thC parition added the
Cell(',ブ )On βた_1(resp λヵ_1).  Let πた bc thc same as πた_l except thc shapc of πた bcing
λ″/βた。■

樺
結 a測 卿 httC D… C PST la/1111 alld櫛 傲 勒 臨

咋

『

κ=[::手ここIttΞIIE]
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Then we have

Dennition 2.5

To simulatc the skew inscrsion we preparc lα l unCircled letters αl<α2<・…<αtt Which are
less than all thc letters inノ

′
,and lβ l uncirclcd lcttcrs bl<b2<'… <bvl which are less than

all the letters inノ .  Let,(reSp.β )denOte thc partial tableau、vhosc shape is α(reSp. β)and
whoseデ‐th rOW COntains the lctters αα子1+1'αα,1+2,…・,αα子(resp.bら 1.1,うβチ1+2,―・,bβチ)frOm
top to bottom.

For cxample,if α=(211)and β=(41),血 cn we have

E=i:子
三] 炉=臣

ヂ

コ亜亜ヨ

Deanition 2.6

We now dellne a bracketing operation on the triple (|り ,T,κ)deaned in thc the above

theorcm, We will denote the image of(w,T,κ)by[W,T,κ]. り
′
=[ψ ,τ,κ]iS a biWOrd of

lelagth lλ l=lα l十 確=lβ l十 η WhOSe top line includcs the letters αl,,2,…・,'回 and letters in

故′
′
, and whosc bottonl line includcs the letters う1,b2,・…,b βl and lettcrs in 」′.  So the top

linc of w′ is composed of ttc letters in{α l,'2,…・,α日)∪佛∪κ in increasing ordcr.The bottom

hne of w′ is constructed as follows,

Stcp l �脚ぉ0翻 are tra綸配闘mttanged.
Stcp 2:We consider the pair(β ,κ)Of partial tableaux ha� ng the samc shape β.(Here the

shapc of κ is actually β/μ.) We per10f■ l the(nliXCd)detition procedurcs on(β ,κ)SO that we

obtain a biword oflength lβ/μ l and a partial tablcau of the shapc μ.  Thc pairs in this biword

arc transfered to w′  unchanged.

Step 3: Rcca■ that the shape of τ is α/μ,  We place the partial tablcau of the shapc μ obtained

in Step 2 into τ so that wc have a partial tablcau τ
′
 of thc shape α.  We havc the pair(τ

′
,の

of the same shapc α.Again we perform the(m�ed)delitiOn procedurcs on lT′ ,の and Obtain

a biword of length l∝ 卜  Finally the pairs in this biword are transfered to ψ
′ unchanged and

we obtain a word of length iλ
l

we deanc one more brackcting operation on thc pair(π ,Cけ dCaned in the abovc theorcm

Recall that the shapc of π(rcsp・ の iS九 /β (reSp.免/の . The image of(π ,の iS denOtCd by[π ,σ]

and [π ,σ]iS a pair(π
′
,σ
′
)Of partial tableaux having the same shape tt deaned as fottows.

We place β (reSp. の intO π(resp. σ)SO that we obtain a partial tableau π
′
(resp. σ
′
)of the

shape 允.
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ExamPIe 2.12

Lct(w,T,n bO as Exalnple 211-.In Stop tt Ve perform thc m� cd dcletiom pro∝ dure on hc

patr

β=日 亜 回

We Obtain a biword(:| ::
bi) and a paFial tablcau

Ъ
　
比

of tte Shapc μ=(1)・ 1■ StOp 3,we peFfOrm hc mixed delctio4 procedure on the pttf

ゴ=『

   

万=

Then vc obtain a biwoFd

(4宅 亀盈)・
Consequently we have

ザ=(4 4: .:: ;: :! 4 1:: ち 混 壽)・
On thc othcr hanⅢォ血e ia“ ge of(Ъ → by the bracket operation is

Ⅲ・ 仲
ψ′ ←→ば ,σ0

"脱
′θ

"ι

′9P αη′bο″οpう夢♂θιね■∫αr9肋θ∫たθtt αヵ′ο力助,1ノ 脇歳9′ 負め,■scη・忌�θPT∫ t́'脇typd,

Fをs摩脱 ル.

πr= σ
′
=

LenHma 2.2

レ修 熔θテ膨 ∫開陀 ヵο勉ぢテ防 斜 力 r能o″?胞 2.3.勁9う胞溌,9pιrry′力″d拗 ″ αう。υ?″?

'Tι
tiO■Sα″′力ι力rr。″

"ク
″,ク胞脇ωηηガ96.

(略 τ,PCl t― 徹,→
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Prooi

lt is clear that(π ,σ )卜→(π
′
,σ
′
)iS an inicCtiOn from the dcflnition.  It is easy to scc that

(W,T,κ)卜→ψ
′iS an httcctiOn sincc we can construct the invcrsc of this map.

Now wc provc thc abovc diagram commutc We construct(② ←μ17′ ,R:② ←
れψ′)and

show this pair is cqual to (π
′
,σ
′
)・
  Lct(π。,σ。)ラ (π l,σ l), …,(π lwi,σ lw, be thc tablcaux pairs

constructed by applying skew nllxed Robinson― Schensted to(W,τ ,た).  Let(π 6,σ

`),(π

t,σ l),...,

(π子,σ子)bC thC tablcaux pairs constructcd by applying skcw H� xed Robinson‐ Schenstcd to ラ
リ′,

where r=l171+lα卜 Let

α
　
　
υ

α
　
　
υ

／
ｒ
‐
ヽ
＼

〓リ .紹 ホ1ホ21T)
Sct

町=唸 猛I印 孤d晩 =Qれェ瀧2.り・
irst we construct(② ←“"1,R:D←

れwl).It iS easy to see that the rcsulting pair is(τ
′
,の in

DcanitiOn 2.5 仕oni thc dennition  No、 v wc inSert り2 intO this tableau τ
′.  SuppOse that wc

constuct π子+α l仕om π子_1+檸 l by inserting υ:十μI・
Case l:ク ,cう

In his casc時 +阿 iS an ordinary lettcr(1.e.勇 十回≠ち f°r any J),Sinceら's in π子_二 十日

arc less than υ:.lα l, thc process to insert υュキIα l into π子
_1+lαl iS the samc insertion process as

skcw nlixed Robinson‐ Schenstcd.

Casc 2:",cκ

ln this case υ,+回 =bJ f°r someブ .If ve inscrt υf十日 into π1 1+日 'thCn the bumping
proccss continucs until it reachcs the ccl in π子_1+Iα I WhiCh correspond to thc cc■  containing

,, in κ  lf thc cen contains no letter thcn the bumping proccss terninates.  If the process

contains an ordinary lcttcr then thc subscquent bumping proccss iS thC same as the internal

skcw ■1lxed inscrtion procedurc. This proves thc le■1:na.  ■

Theoremm 2.5

И鰐ク靱θ力α′故′=」〃
′
,(1/,C)=(y′ ,C′),確 =η ,力′α=β 力 勁 θο′θ脇 2.4.

丁 (W,τ ,つ ⇔ (π,の ″ 力 ?θο″ 9ΨOηカ カθθ 力 7功θοr9脇 2.4,力θη (ψ l,κ ,τ)⇔ (σ ,π).■

Co■ ollary 2.6

t/4諺 r力θ∫αttι α郎″叩P′わ刀げ 助 θοrθ胞 2.5,ゲ ψ ね α刀力υοルチ′οヵ r力θ,どル じο″θΨοη施力じθカ

T力9ο′?脇 2.4ダυθ∫αう砕θr,ο〃 (W,τ)⇔ π うOI17θθ力πCPST(α /μ)∫クε力 rヵαr拘 ∪τ=π ο″ ど力θ οη9

カαИ′αヵ″πc PST(λ /α)∫クじカカαr九 /α 卜ηοカチカθ οr/J?′.力 加ね う枠 o,ο刀″θ力αυι

金X(W)+Odd(μ)=Odd(均

rrF′ι nx(w)冴ιヵ。どθ∫″力θヵ″れう?″ Q′ デχθ′pο力鶯 QF,う
'″

ο′″ψ αη′ odd lリ カ刀οす斜 √力?カク″力9′

げ ο河′カカσrヵ θο肋翻ヵ∫加 α Pα rど

'r,ο

η π.■

The nrst clailn is clcar from Theorem 2.5. Thc proof of the sccond claim is quite sinailar

to that of[Ro],pp・ 53,Corollary 3.3.8 and we ommit thc proor
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Example 2.13

Lct w=(::
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§3 The Fomin Version of The �l�ed Robiso■‐Schensted Correspondence

ln this section wc give an cxtcnsion of Fonin's method and prescnt thc FoHlin version oF

thc Hlixed R‐S corrcspondencc as an application of it.  To deIIne Fonin's gcneralization ve

arst intrOduce sOmc tcrminology fro■ 1[Ro]and prOve a thcOrcm on thc Fomin version of

thc mixed insertion. The only dilferencc of this section from [Fo2]is that We dcnne

R‐correspondenccs ccl by cen and this is an easy extension of[Fo2].  Thc bCSt reFerence For

this section is[Fo2]and[Ro] The authOr expresses spccial thanks to T Roby for his helpful

discussions with thc author abOut this section  lf he was not in Japan, this scction 、vould

not be added to this paper.

Deanition 3.1[St]

Lct r be a positivc integer.A pOsct P is callcd r―報 こ′θ力ど力′if it satisncs thc following three

conditions:

(I)1) P iS 10caⅡ y anitc,graded pOsct and has a O elemcnt.

(D2) If χ≠ノ in P and there arc cxactlyた elcmcnts of P which are covcrcd by both χ

and ノ, then there arc cxactly た elemcnts of P which covcr x and ノ・

(D3) If x c P and χ covers cxactlyた elements of P, then x is covercd by cxactlyた 十 r

elemcnts of P.

When r=1, we will somctimes onit the r in r‐ diSercntialand say si=nply dirferential

Proposition 3.1[St]

丁 Pね α Pο Wr dαサぬ正″ヵσ (Dl),ヵ′ (D2),J/J?力 /br X≠ ノカ P′力?力どθσθ′たてア (D21ね θ?クα′
rο  zθ′ο ο′ οヵθ.

Proo丘

Suppose the contrary  Lct χ and ノ bC elements of ininimal rank for which た>1.  Then χ
and ノ bOth Cover elemcnts χl≠ ッl of P  But xl and ノl are elemcnts oF smallcr rank 、vith

た>1,a contradicdon. ■
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Remark 3。 1

By the above proposition,if x≠ ノCP,therc is at most onc clcmcnt which covcrs(is COVCred

by)bOth X andノ・  And there exists a uniquc clcmcnt which covers both x andノ if and only

if there exits a unique element which is covcrd by both χ andノ・

For a latticc L satisfying(Dl),condition(D2)is equiValent to L being modlar.

Example 3.1

The Young's lattice V is the set oF an normal shapcs and thc ordcr is dcancd by sct inclusion.  Y

is a distributivc lattice and a diffcrcntial pOsct.

Dennition 3.2

Fix a diIFcrcntial poset P,For cach x c P,set C+(x):=(ノ CPIノ COVers χ)and C~(X):=(ノ CPIX
COVerSノ}Then by the dennition of dfttrcntial poscts,C十 (x)and C(χ )∪ {X}havc ttc same
cardinalitics AR‐ じο′″?・9pοヵ虎ヵc9?={?ェ }ェcP iS a c。 1lcction of maps ヮx:C十 (χ)∪ {X}→
C(X)∪ {X}SuCh ttat for each χ c P,hc rcstriction oF thc map?xon C十 (x)iS a bttCCtiOn
and ψx(χ)=労 .

Derlnition 3.3

1n the Young's latticc Y there arc two natural R‐ correspondences, Ifノ CC+(χ),thCnノ and

χ dilfers by cxacdy one cel. Lct ,:=ノ ＼X be thiS CC■ , And let the coordinates of α bc

(テ ,ブ).If'≠ 1,we can remove thc rightmost cell of(テ ー1)‐th rOW frOm χ and lct z dcnotc

the resulting diagram.  We associatc z with ノ if'≠ 1, and x with ノ if'=1.  Wc can this
R‐correspondcncc theヵ αど″′,′ R‐θοrrθむりο〃河θηじθうノ′0″∫and denote it by ψR・  Another one is

as follows lfデ ≠1,We can removc thc downmost ccll ofけ -1)‐ th COlumn from x and lct z

denote the resulting diagram. We associatc z withノ ifブ ≠1,and X Withノ ifデ =1,  WC Call

this R‐ correspOndence theヵ ,力 r,′ R‐θο′′9ψOη泳?ηじ?うノθO力ηη∫and donotc it by?c.

Example 3.2

Let xcY be as abovc.  There are four elements which covers χ and thrcc clcmcnts which is

covered by χ.  The each element which covcrs x is obtained by adding each ce■  α
′
,う
′
,c′ ,冴
′

to χ in the above diagram.  And each element which is covercd by x is obtaincd by removing

each ce■ α,う,c Frona χ.  We indicatc these elements by the ce■ s addcd to or rcnnoved from

x.  Thcn ψR, natural R‐ correspOndcnce by fows, maps b′  to ,,c′  to う,′
′
 to c,II′ to χ tO

x.  And ?c,natural R‐corrcspOndence by columns,Inaps ,′  to α,b′ tO b,c′ to c,IJ′ to χ and

x to x.

wc ax a connectcd skew diagram S througho,t this sectiont  Wc use``Frcnch"notation

only for this axed skew diagram S.  In diagrams writtcn in “French" notation wc suppose
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that thc axcs arc pointing right and upwards.

For an cxample

yl。

is ttc skcw diagram(5,4,3,2)、 (2,1).

Deanition 3。 4

Set C(S)tO bC the set of al cc■ s in S and 7(S)tO bC thc sct of a■  verticcs in S.  And lct

ROW(S)dCnOtc the set oF all rows of S and COL(S)thC SCt Of ali Columns oF S.The most

leFt and up vertcx in 7(S)is denOted by %l and the most right and bclow vertcx in 7(S),by

ИO,  7(S)is COnsidered to bc a poset wherein onc vcrtcx is grcater than anothcr if it is uppcr

and to thc right oF another.

Aフαどカタ of S is by deflnitiom a path(a set OF cdgcs)fromる l tO KO in s which gocs
ight and down.For a path夕 lct 7(`2)(resp.E(ι 2))dCnOtC thc set of verticcs(respr edgcs)

induded in夕 . Notice that 7(ラ 2)iS regarded as a subposct of/(S) Let C骸 2)denOte thc

set of cens which arc above and to thc right of夕 .  We dcanc ″ppθ r and ′ο″θ′うο″η,ar,cs of

S as thc paths whose verticcs arc dcancd by

7(∂
+(Sl):={(X,ノ

)G7(S):(X+1,ノ +1)学 7(S)}

7(∂
~(S)):=((χ

,ノ)G7(Sl:(χ -1,ノー1)挙 7(S)}

Example 3.3

1n thc following diagram thc vertices with υ arc on a pathし
'and C(`P)iS thC Set of thc cells

containing C

Deanition 3.5

Fix a conncctcd skcw diagram S and a dilfcrcntial posct P Aッ dサθЙ腔て√ R―θοrrθψ Oη bた夕乃θθd

on S is by dcnnition a Family of R‐ corrcspOndcnccs φ=(ψ°)}cccc)Whcrcin,for cach cell

CCC(動 ,?(C)iS a R‐correspOndcncc

1/。 1

σ

σ

σ 0

σ 0
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Dennition 3.6.

Sct P=Y to bc the Young's latticc,Wc rcgard ROW(S)and coL(S)as the sct of the row

numbcrs and column numbcrs rcspcctivcly.Fix divisions(y′ ,C′)Of ROW(S)and(y,C)Of
COL(S).

Lct Z2 denOtc thc cyclic group of order 2  Set σ =(σ )!∈ ROW(S)∈ Z2ROW(S) and

τ=(リトcoL c)G Z2C°
Lc)by

σ:={!
Lct c bc a cell in S whosc cordinates are givcn by(,,J). We attach eR tO C if σ:十 TJ=0,

or ゅc to c if σi■ τデ=l  ln this way we obtain a system of R― corrcspOndcnces,  Wc cal

this systcm the rTT所 9′ ッ∫rθ
“
9ズ R―じοr′?ψO刀施ηεtt induced ttom(y,c,y′ ,σ)and dcnote it

by Φ
IPl.

Example 3.4

Set S=(55)and R=Y.

°
5

4

°
3

°2

1

°1   2  °3  °4   5

For the divison of rows and columns shown in the diagranl, the ■lixed systcm oF

R―corrcspOndcnccs, φれ, attach thc above R― corrcspOndences to cach cc■

Deanition 3.7

G�en a conncctcd skew diagram S and a path夕 of S,a σθヵθ′,膨θ″Pθr“
"α
ど
'Oヵ

on C(夕 )

is a subsct w oF C(夕 )whiCh does not share any row or column.Othcr commonly uscd terms

includc ηοηサαた力σ ′οοた フ′αc?脇?η r or pθ ′脇 クどαr,Oη ∫ IItj'ど /P ′ι∫rrたどθ′ フο∫,チ ,Oη∫  We call the

cardinahty of ψ た/Pσど/P of lv and denote it by lり |.

Example 3.5

Lct と身 bc as in Example 3.3

υ

Ｃ

Ｃ

　

一Ｃ

０

　

１

ｒ

ｉ

く

ｌ

ｔ

〓

ｙ

Ｃ

∈

　

∈

Υη ψσ ψ■ ψ貴 ψσ

lPC ψ■ ψo ψ 0 ψ兌

ψ n ψひ ψ兌 ψ兒 ψc

ψ見 ψσ Yn ψTI ψc

ψ0 ψn ψ0 ψc ψn

Thc sct oF cens containing ttf in thc above diagranl is a gcncralizcd pcrmutation on C(フ ♭
).



Masao lsHIKAヽ VA

In a gradcd posct, ifノ  COVCrs x, then we dcnotc this relation by “χ< ノ''・  And ifノ

covers χ or x is cqual to ノ, thCn wc write ``x≦ ノ"・

Deanition 3.8[Fo2]

Lct P and 2 be any graded poscts. A map σ:P睛 2 is Called a σrο 17カ if it prcserve the

rclation≦ :ite.

X≦ ノ⇒ σ(X)≦ σ(ノ)

A growth is an ordcr prcscrving map but an ordcr preserving map is not always a growth

Example 3.6

(1)The rank fllnction ρ:P卜→N is a growth.

(2) The cOmposition of two growthes is a growth.

Let♂ :P卜→Q bc a grOwth and ρ:Q卜→N thc rank Function of Q  By composing thcse

we get a new growth callcd thc ttο 冴″肋∫of σ and written lσ 卜P卜→Z・

DennitiOn 3.9

Fix a connectcd skcw diagram S and a dilfcrcntial poset P. A growth σ:7(S)一→P On 7(s)

is called a rψο‐プテ脇9/P∫力乃ry′ growth.

Example 3.7

Set S=(55)and P=Y.Thc following is a two‐dimensional growth

lct σ:7(S)→ P be a two‐ dimensional growth.Let ccC(S)be a CCll in S Let

υ。。(C),υOi(C),υ l。 (C)and υll(c)denOte cach vcrtex of c as in the foHowing diagraIIn.

爪の
四

υoo(Cl  υlo(C)

Lct σ。。(C),σ。1(C),910(C)and 911(C)denOte thc valucs ofヮ  at thc vertices υ。。(c),υ。1(C),υ 10(C)

and υll(c), respectivcly

免 1(0)

団
9oo(C) θio(C)
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Deanition 3.10

Fix a conncctcd skcw diagram S and a differential posct P.Let Φ =(ψ t)}ccr岱 )bc a systcm
of R‐ correspondenccs on S.

A two‐ dimensional growth σ:7(S)→ P iS Said to bc θοη♂ね′ιヵ′(or θοttpα rカル)with Φ if

σ satisaes

σ。。(C)=ψ
(C)♂

。I(c)(ク 11(C)).

for cach cell c c C(S)Such that σ。1(c)=,1。 (C),WC SOmctimes call it simply φ―じοηdれθηr(or

Φ‐cοttp,ど力切 .

Example 3.8

Thc two― dilnensional growth in Example 3.7 is consistcnt、 vith thc system of R‐ correspondcnccs

in Example 3 4.

Denmition 3.11

Fix a connected skew diagram S and a dirferential posct P,  And supposc we arc givcn a

path夕 Of s,Let(力 ,W)bC a pair Of a growth 力:7(夕)→ P bn 7(夕)and a gcncralizcd
permutation lv on C(夕).ThC pair(力 ,W)iS Said tO be α河脇ねすうル if it satisncs thc following

conditions:

(1)Forcach row R c ROW(S),if力 is strict on R∩ E(夕),thCn 17 has no ccllin R∩ C(夕).

(2)For cach column Cc COL(動 ,if力 iS Strict on C∩ E(夕),thCn w has no ccll in
C∩ C(夕).

Set

れ
′
=thc cardinality of(CCCOL(S)|力 iS Strict on C∩ E(との}

η
′
=the cardinality of{RcROW(S)|力 iS Strict on R∩ E(夕)}.

The pair(翻 ,η)=(翻
′
十 1"|,″ 十 141VI)Of intcgcrs is called thc ″θヵ力ど Of thC pair(力 ,Ml) If

し,=∂ 十(s),thCn c骸2)has nO Cell so thatl"liS always zero and wc say力 has wcight(れ ,η).

Example 3.9

Set P=Y. Let夕 be as in Examplc 3.3.

Then thc abovc pair(力,ψ)OF a growth力 :7(o―→P On 7υ 2)and a gCncralizcd pcrmutation

141 0n C(夕 )iS admissiblc and has thc weight(4,3).

The author and Roby obtained the Fonowing easy extension of the Fonin's theorcm.
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Theorem 3。 1

Fi/α じοηヵθθチθ′ dたθν 冴筋σ′α
“

S,ヵ′ α tterθ虜
'α

′Pο∫″ P.膨 rO′ ο う♂ α・9/drι胞 げ
R‐ιο″rθψ Oヵ所θヵθtt O力 S.Lo夕 う?α フαど力 9ズ S.

丁 (力 ,IV)iS α力α力万�カカ フ,″ 石デ ασ″ο
"rヵ
ヵ:7(夕)→ Pο力 7(夕 )αヵ′ ,σ ?ηιrα′Jzθ′フθrηガαr,οη

ψ ο力C(夕),力θη r7J9′¢θχねr∫ Oηθ,η′οηゥ οヵθ O一じοIPTPα rわ力 ′lt ο
―冴,翻θη∫力″α′σ′οI17r力 σ:/(S)→ P

νttε力∫ryrテジθd:

(i) σl夕 =カ

(ii)  Fο′θαじ力 じ9〃 Cc C(夕),ア ,00(C)=9。 1(C)=σ 10(C),テルカ″θ力αυ9

17ル r?χ ね θ?″α′サοσ。。(C)=σ。1(C)=ク 10(C).

Proo■

We prove this thcorem in the samc mcthod as[Ro].We COnstruct σ:7(S)→ P as

follo、vs,  First wc construct σ on cclS Which arc above and to the right of夕 .  Rccall that

the valuc of σ at cach vertex of cc C(動 iS dCnotcd as f01lows

め 1(C)

θoo(C) 91o(C)

Here we abbrc� ate σゥ(c)tO σサfor,,J=0,1,and?O to?.Wc construct σll from g�cn

900,901 and σlo so that the resulted σ become a growth

(CaSe l):lσ。11<lσ l。ト
Thc dcanitiOn Of growth forccs σ。。=σ ol andヮ。。<σ l。 . Thca by σ。。三σ。1<σ lo≦

'11we have,11=σ l。 .

(Case 2):lσ。11>lσ l。ト
In the samc way as Casc l we obtain σ。。=σ l。 <91o=σ ll・

(Casc 3):lσ。11=|ク 1。 l but,01≠ ク1。 .

By the dcanition Of growth we havc σ。。< σ。l and,。。<91。 , ThCn Remark 2 1 assurcs

us that therc cxists onc and only onc clcmcnt σll 、vhich cover both σ。l and σl。

(Casc 4):ヮ。1=σ l。                                            ′

Sct σ。1=σ l。 =χ・ If σ。。≠x,血cn wc have σll=?「
1(σ
00)Sincc σ is consistcnt with

O.  If釣 。=χ, thcn σll is completely dctcrnaincd by thc assumption.

Ncxt we construct σ on ccns which are bclow and to thc left ofと 夕.  Wc can construct σ。。

from givcn ,。 1,910 and σll in thc same way as above。   ■

Lct夕l andとる be paths of S, Set y=7(71)∩ 7(夕り Then/has at least two veticcsi

%l and ИO・  Fix any subscts Pυ  of P for cach υcア

For cxamplc, set ?1=∂
~(S)and 

盈 =∂
+(S).WC haVC /=(7。

1,K。 )・ F�  any

α,β CP,(P。 1,Pl。)=((6),(6}),(P。 1,Pl。)=((α },(α )),(P。 1,P10)=((α ),(β})and(P01,Pl。 )=

(P,P)arc cxamplcs                                ′

Ｗ
　
　
Ｗ

と
■

　

∈

ゲ

√χ

χ

静

丁

ｔ〓σ
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Thc fonowing theorcm im=ncdiately lolows from Theorem 3 1

Theorem 3.2

Яtt α θοηηθoθ′琵θ″冴テασrαtt S,ヵ′α螺 領θ
"力
′Pο∫♂rP.Я tt αッ∫たれ げ R‐ oο″9ψOカカカθ盗

οヵ S,ヵ′ροd力わθ力虎▼θrd(脇 ,η)C P2.L"夕 1,ヵ′とそ うθ Pα rヵdロズ s,s伊 7=/(?1)∩ /(多ふ
Fi/αη αわ ,rrαり ヵ μゥ F=(リ ヮc7げ ∫クうdθ恋 げ P ttθοrθれ ,.′ ダυθ∫,う披θチ,οヵ

(力 1,171)← >(力2,W2)

リカθ′θ (ち,w)α′θ α冴脇ね∫わ力 ρ所ぉ りrα ♂rο″力 ち:7(フ恥)→ P οη /(フ考),η′ α σθ力ι′αrizιプ

フθ′脇クr,チカη llv:οη C(とる)∫クθ力 ど力αr r力ι
"?υ
力r,デ (力ど,W)ね (翻,■),力′ 力,(υ)C=υ 力 ′θαじ力 υG 7

(,=1,2)■

Theorem 3.3

Fix,ιοヵヵ?o′ dたθν ′テασrαtt S αη′,輯 erθ力′力′Pο∫θr P,F� ,d/sどθ脇
`ア
Rセο″9dPO力 aC.ιθd

οη S,ヵプフοすチカθ力′θσθr∫ (れ,η)C P2.Lιどと
'1,ラ
Ъ αη′フ佑うθ Pα r力∫げ s.Str/=/(し ?1)∩ /(しろ)∩

7(フ亀).=テえρ″α′う力rαr/ヌb脇テイノF=(P)υc7 1ズ ∫クう∫?た りrP.Lθど(力 1,171)じ0′′?さヮοカプどο (力 2,IV2)
カ カ? じοrrθΨο力】θ力θθ げ  蜀″9ο rθ脇 3.2.Lθr(力2,W2)θο″θvο〃′ ′ο (力 3,W3)力  ど力θ αうου?
θο′κツο力β修力θθ.Then(力2,W2)θοrrθvο力rFd′0(力3,W3)カ カθαうουθ ιο′r?ッοη

'修

〃θθ.rrarθ ″θ

rdd"|?r/1ρ r(力:,ψ),′ια冴脇れ わル Pα″dげ ασ′ο″どカ カ::/(鍵)→ Pο力 7(皇)初η′ α σθ力θ′,′彦″

Pθ′脇クサαガοtt ψ: οヵ Ct名)∫″C力 √力αど 肋θ 17θリカr QF(力t,w)ね (翻,つ αη′ ち(の C島 力 ′ ιαιカ
υC/('=1,2,3)■

、

Set夕 =∂ (S),夕
′
=∂
+lSl,Pr。
1=(6)and P710=(6)・ We obtain thc釣 lowing cordlary

fl・om ThcOrcrn 3.2.

Corollary 3。 1

Fi/,じοηηθじど′∫たθ炒 ′力σ′αtt S αヵ′α鳩 宅′θ力ど力′ρο∫α P,Fix,d/Jどθ脇 [デ 尺―θO′′aヮοヵ鹿■θθd
οη S ,ヵプ α ροd力 ,υθ 力rθσθ′ ηcP. 勁 θη ″θ じOη∫ど′クεセ′ α う夢θo,οη うθtt17θθη σθηθrα力Zθ′

P9″η
"α
肋 ″∫げ ″″♂力 η αη″ σ′ο

"力
∫σ
+:∂
(S)→ P J7カた力 ∫αrテ→ル σ

+(7。
1)=σ
十
(7k。 )=6 αη′

力妍
"θ
カカサ(力 ,η).■

Example 3.10

Hcrc 、ve givc a big cxamplc which correspond to thc n� xed insertion algorithm of Example

2.5, Set P bc thc Young's iattice Y and S to bc(1414). Let(y,C,y′ ,C′)bc aS in Examplc
15 and Φ

“
 bc thc mixcd system of R‐ cofrcspOndcnces determincd by(y,C,y′ ,C′).Set

夕 =∂
~(S)and Supposc that the growth力

on /(と7)haS Value ② at cach vcrtcx. Sct w to bc

thc cclls containing勇『 in the fottowing diagram.  Then thc two‐ di=ncnsional growth cxtcnded

frOm(力 ,ψ)iS as f01lows.
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10  °11 12   013  °14

Sct夕 =∂
~(S),夕′

=∂
十
(s),η =れ,Py。 1=(α)and P71。 =(α}fOr a nxcd αcP,Then we

obtain the fo■ owing corollary from Thcorcm 3.2.

Corollary 3.2

月χ α θοηη9θr″ ∫た?″

"叩
′αtt S,ヵ′α輔 宅″θ肪力′pο∫9r P,FJ/α・s/1trθ胞 [デ R‐じο″θΨO刀施ηじ?∫

οη S,α  Pο∫カカθカチ999r η c P,αヵプ,ヵ θ力陶θ々′αcP.列 修ηりθ力αυ?α うヴ9じ′わ力うθすνθθη α冴脇ぬ∫カル

フαね (σ
~,IV1 9ズ

ασ′ο17カ σ
~:7(∂ ~(S))→

P,η′α σθヵθ′αFiZθ′Pθ′胞
"ryr,ο

η w οη C(S)∫クθ力√力α才

れι pθリカ′ げ  (σ
~,W)ね

 (■ ,■), 9~(7。 1)=σ
~(И
。)=α, οη r力θ O力θ 力,々琥 α力′ σrο″ど力∫

σ
+!7(∂ +(S))→ P∫クじカカα′力¢νθリカ′ヮrσ

十な (れ,け ,ヮ
+(7。
1)=σ
十
(X。 )=α ,οη力θO力θr.■

Example 3.11

Sct P to bc thc Young's lattice Y and S to be(66).Lct(y,C,y′ ,Cり and 17 be as in the

following diagram. And wc suppose Φ
“
 to be the mixcd systcm of R― corrcspOndences

dctcrmined by(y,C,y′ ,C′).Set夕 =∂
~(S)and Suppose hat thc growth 

σ
~ on 7(夕

)haS
values as in thc following diagram. Then the two‐ dimensional growth cxtended fl・ om (ヮ

~,W)

is as follows.

X

X

ゆ

Ｙ

２

Ｘ

２

Ｘ

２２

Ｘ

ｌ

Ｖ



Mixed Robinson‐ Shensted‐ Knuth COrrespondence

1      1    11    11    11    21    21

1    °2    3    °4    5    °6

Sct夕 =∂ (S),夕
′
=∂
十
(S),P7。1=(α)and P710=(β }fOr a nXed α,β cP ThCn we obtain

thc following corollary ttom ThcOreFn 3.2.

Corollary 3.3

舟χαじοヵヵ?θ′′∫たθ〃 ,,α9′αtt S αη′,報 er♂力′力′フοⅣ√P.Fi/α ッ srθ翻 げ R‐じο′′θり 0カカヵθ9∫
οη S,α Pο d力ヵ9カサθσθ′ (れ,つ C P2,αヵ″ θ力脇θηrd α,β cP.η θ々ヵ lt9カαυ?α うヴ♂θチカη う0″θθη
α焼 カカ フα″s(σ

~,W)て
ア ,σ rο 147カ σ

~:7(∂ ~(Sl)→
P,力′α♂♂ヵ?′,力々′Pぞ′脇

",ど
力乃ψ Oη C(S)

dクθ力ど力αr加ぞ179りヵ√,ズ (σ
~,17)ね

(れ,力),σ
~(7。
1)=α,,~(И。)=β,ο刀′力9οヵθ力αηtt αカメσ′οψゲカ∫

σ
十
:7(∂ +(S))→ Pdクθカカα′rFpθ

"θ
υカチげ σ
+ね
(靱,■),σ

十
(701)=α ,ヮ

+(И
。)=β,οη力θο力θ′,■

Example 3.12

Sct P to be thc Young's lattice Y and S to be(65). Let(1/,C,y′
,C′)andり be as in the

following diagram.  And 、ve supposc Oれ  t°  be thc nlixed systena of R‐ corrcspondcnces
dctermined by(y,C,y′ ,C′).Set夕 =∂

~(S)and Suppose that thc growth 
σ
~ On 7(夕

)has
values as in the following diagram.Thcn the two_dimcnsional growth cxtended from (♂ ~,D

is as follOws.

Corollary 3.4

上

“

 P うぞ α ttQ′θ力rヵ′ 〃οdθ r ,ヵ′ s , εοヵηθすθ′ 訂確ν ,,ασ′α胸.=テχ , ッ∫どθ胞 げ
R‐θο′′θψ O力】9ηじてな 0カ S.例 ″θη″9カαυ9,う夢θどチカカう0″θ?η α冴確ね∫わた P,″∫(σ

~,W),力
″σ′ο″r/T∫

σ
+:∂
(Sl→ P.

２．

５

２

1

321

X
5

322

X
321 322

311

X
221

1 11

221

X
321

3 311

X



Masao lsHIKAWA

Sct P to be hc Young's latticc Y and S=(だ )for axed integersた ,,cP,Setノ
′
=[た]

andノ =[J]. A word with bars 17:ν
′→調π is idcntincd with a generalized pcrmutation on S:

と鳥 c卜?iダ ∬ r141iiは ∫Tと
そiniu:;Iiほ

烹百

rittdドrm��∞・ F∝

4

3

2

1

Lctる。=(1,1)and 711=(た ,ど)WhiCh

1234

arc vcrtices in S.

うθ α σ′ο17ど力,S, α=♂ +(7。 1), β=σ十(И。),力″λ=σ十(Xl) Tttι
″,r7J α P,″  (π ,σ)げ Pα′ど力′ ど

'う
庖α
"χ
 ∫クθ力 力́

'ど

 πc PST(免 /β),力冴

う9 , 9′ο17サカ.Sす α=ヮ
~(7。

1), β=σ
~(I。
),刀′μ=σ

~(7。
。). T/2θ

″カカ α フα″ (τ ,κ)げ Pα′ザテα′どαうルα″χ dクι力 r力″ τcPST Iヴ rtl朗′

Proposition 3.2

Lす σ
十
:7(∂
十
(S))→ Y

σ′Oψど力 σ
十 ね 浣】9,どぅCθ′

σc PST(λ /け .

とすσ
~:7(∂ ~(S))→ Y

σ′ο″r力 σ
~ 
ね題9乃′

"θ

冴

σc PST(β /μ).

２２

４

３

２

１

12345

For examplc,the abovc σ
+:/(∂ 十

(s))_→ Y is identincd with thc Following pair

From hcrc 、vc prcscnt thc Fonlin version of the Hailnan's ■�xcd corrcspondcncc 、vhich

is given by thc■ �xcd system of R‐ corrcspOndcnces.  And prove the equivalcncc of the Fo■ �n

version and thc a� xcd inscrtion proccdure in a similar method givcn in [Fo2]  Noticc that,

in thc ``Frcnch" notation diagram S, the axes are pointing right and up、 vard, 、vhilc, in othcr

``English" notation diagrams, thc axcs are pointing downward and right

First wc citc two lcmmas which is proven in[Fol]and[Fo2].

Lemma 3。1[Fol]

Lθr Pうθα/2/加irθ Pοぎθr.Lθ r θcPうθαヵθχザrθ ttα′('θ.胞αχ″ηα′οr μ力,ηαつ θカテηθガ てゾ

χ

χ

ズ



Mixed Robinson‐Shcnsted‐Knuth Corrcspondcnce

P. T力ぞηλ(P＼ (θ })⊂ λ(P)

Let 91 and 92 bC CXtrcmal clcmcnts of P.(1.e.ma� mal

九。。=λ (Pヽ (91,92)), 免01=九(P＼ {91)), λl。 =九 (Pヽ (?2))and
允。。<λ。1<λ ll and λ。。<九二。<λ ll by Lemma 3.1.

or minimal clcments)Dcanc

九11=λ (rり ,ThCn we havc

Lemma 3.2[Fo2]

И郎″胞θ λ。1=λ l。 滋 ど力9 ,うου?∫ ,どク,万οヵ.LθチИ =('か ブИ)河θηοどθ ど力? どθ〃 抗。1ヽ 究。。 ,々′
B=('B,デB)冴θttο rθ ど力θθ?〃 λllヽλ。1
C,∫91: 丁 91,η′ 92α′99χ ″θ

“

,′ θ之′η?刀打 Q′ 鳩 trθが っフ【督 ('.9.,ο η?ね 脇 αχ力ηα′ αη′

r/Pθ οす力?r脇 力加 αた)力 θη ('B,デD)=(転 +1,JИ ),ο r,iB≦ ,ス 閉 ′ ん =ディ +1.

Cα∫ι 2: r/91 αηブ 92 αrθ θχ″θttα′ιル脇 θ肪 ∫ げ r/P?M脇 ?r/Pθ (∴ 9,うοr/P ttαχttα′ Orう0カ

"力
,脇αD r力θヵ

'】

>'И αη′ん≦デか

The interested rcadcr should consult with[Fo2]or appCndcx A of[Ro].

Henceforth wc sct P tO be the Young's iattice Y.And from now on we set S=(た ど
)fOr

axcd integersた ,'cP ttκ  regard COL(Sl=[ん ]and ROW(S)=[′],and nx divisions(y′ ,C′ )
Of[lCD and(y,C)Of[′]・ Let Φ″denote the rnixcd systcin of R― corrcspOndences indcccd from

(y,C,U′ ,C′).For any υe/(S),let Sυ  denote the skcw diagram composcd of the cells which
arc beneath and to thc left of υ in s  For example, in thc fonowing diagram Sυ  is composed

of thc cells containing C for givcn υ.

Deanition 3。 12

Lct w be a generalized pcrmutation on C(S), For each υc 7(S), Set 17)=C(S)∩ ψ. ThCn

41Vυ  iS a generalized pcrェ 狙utation on S,. The poscts P(ψ )and P(17)are denned from ψυ in
thc samc way as in Deanition 2.4. Then chains in P(W∂ are antichains in P(I17υ )and antichains

in P(I17υ )arC Chains in P(ψυ). SO by Theorem l.2 we havc,(P(IVυ ))=μ (P(ψυ)). We associatc
λυ=λ (P(41Vυ))With each υG 7(S),then wc havc a map σ:7(動 → Y.By Lemma 3.l σ is a
growth o4 /(S).We call σ the Creene― Klcitman two‐ dimensional growth denned by w.

Example 3,13

Let S=(55).And let w be the cells containing/in the following diagran which is he samc

generattzcd pcrl■utation as in Example l.7. The Greene‐ Kleitman two‐ eimensional growth

ク:7(S)→ Yυけ 九(P(ψυ))dCancd by W is as follows,

σ σ σ σ

σ σ θ σ

σ θ σ θ
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The underlying sct of P(ψ )and Pψ)iS as in hc following diagram.

Theorem 3.4

Fi/η cP,ヵrFdo S=(た').Fi/α ″υた,οヵ (y′ ,C′)げ R(S)αヵ冴αプテυなわヵ(U,C)qr c(s).Lπ
φ加 う?力 θ 翻崩θ′ ッ∫″脇 げ R‐θοr′9dPO乃カカθ奮 力肋 θ″ ヵο脇 (y,c,U′ ,C′).Lす ψ うぞ α

σ御 ?′α′

'Z″
Pθr翻″チαガOヵ Oヵ C(Sl α力′ d“ σJ:∂

~(S)→
Yサο う?ど力θ じοη∫勉ηr“ aヮ 河丁η″

'ノクJ(υ)=②.T力θηサル ΦぃじοttP'励力 ′″ο‐ガテ脇9ヵ∫力ヵ,′ σ′ο
"カ
カ肋じθ′ヵοtt α冴靱柿カカ Pα ,′ (σ5,ψ )

,々′力9 CFθ♂,9‐ Kr9'″ηαηどI170‐冴′脇θヵ∫力ヵ,′ σ′ο17筋 冴げ,ヵ?′

"W力
αυθど力θ∫αηθ υαttθ

Proo■

Sct, to be the Grcene― Kleitman two―di=ncnsional gro、 vth deaned by ψ.  By Lc■ lma 3 1 it is

casy to see that σ is a growth on 7(Sl. SO it is enough to prove the following claim.

】ο′θαじ力ε♂〃cc 7(C)∫クじカサカαチσ。1(c)=σ l。 (0″θ力αυ?

σl10=ty?}-1懃00°)チ子;i協萱:,与手号どi
″力9′9σ。1(c)=σ l。 (C)=χ .

Sct c=(Jガ )and asume that σ。1(C)=σ l。 ,)=χ。 (In thiS(テ ,ブ), the axes are pointing right
and upword) (Case l)If σ。。(0=X and crw,then ψ have no cell eathier to the right oF c

or below c, So wc have,11=χ .

(Casc 2)Asuumc that σ。。(c)=χ and ccwi Set υ=υ ll(c)and υ
′
=υ。。(C).

1 4

□



Mixed Robinson‐ Shensted‐ Knuth Correspondence

If(',J)ey′ × y,then P("ν )＼ P(41Vυ′)iS a ma� mum element of P(Wυ).If(',デ)CC′ × C,then

P(lVυ )ヽ P(Wυ′)iS a l■inimum clcment of P(ψ υ). In either case λ(P(りυ))iS Obtained from究 (P(W,′ ))

by adding onc cell in tte nrst row.sinilarly if(ら ,)Cy′ ×C∪ C′ ×
y,then戸

(ψυ)ヽ
「
(ψυ′)iS

either a minimum elcmcnt or a ma�mum elcmcnt of戸 (wυ) In eithcr case λ(F(Wυ ))iS Obtaincd

仕o■1九 (「 (Wメ ))by adding one ccll in the nrst c。 lumn.

(Casc 3)Assumc that σ。。(c)≠ χ.

Thcn w has cclls both to the leFt oF c and just below c. Let cl dcnote thc cel which

is to the leh of c and containing ズ .  Let c2 dCnOte the ccll which is Just bclow c and

containing χ.Set υ=υ ll(C),υェ=υ l。 (C),υ2=υ01(C)and υ
′
=υ00(C).Set 91=P(lvυ )ヽ P(Wυ l)

and 92=P(Wυ )ヽ P(Wυ2)'then they arc extremal clements oF P(w♪ and P(Wυ ).

And we have P(りυ′)=P(W♪ ヽ{91,92)・ Dcane λ。。=λ (P(Wυ ′))=允 (P(IVυ )ヽ (91,92)),λ 01=

λ(P(Wυ l))=λ (P(Wυ )ヽ {91})and λll=λ (P(lVυ)).Lct И =(χ4,ノ■)denOte the cell免 。1ヽ λOo and

lct B=(x,,ノ B)denOte thc cel 允11＼ λ。1. (In thiS(X.,ノ И), thC axes arc pointing downword

and right。 )

Set the coordinates of cl(rcsp.C2)tO bC Cl=(メ ,デ)(rCSp.c2=(',メ ))。

First assume hat(,,デ )Gy′ ×u∪ C′ ×C.If(,,J)Cy′ ×y,thcn both 91 and¢ 2 are

ma�mal elemcnts of P(17υ).In addition 91 is a minimal elcmcnt of F(4・ 7υ)and 92 iS a ma�mal

element of F(wυ ).(For examplc if,′ cC,thCn we have 92=(',J′ ) ThiS iS a ma� mal element

Of P(Wυ)and F(W)) If(',デ )ec′ × C,then both 91 and?2 are minimal elennts of P(ψ ). In

addition 91 is a ma�mal clcment of P(W)and ι2 iS a minimal elemcnt of F(w).In bOth of

the above cascs 91 and 92 arC CXtremal clcmcnts of thc same type in P(wυ ), but they are

extremal elemcnts of dilfercnt types in P(w).By Lemma 3.2 we havc xB>χ И andノ ,≦ ノИ・

By Lemma 3.2 and Theorem 13 we obtain(xB,ノ Dl=(Xか ノИ +1)Or XB=χ И +1,ノ D≦ ノ4・

Combining these wc obtain χB=xИ +l andノ】≦ノィ:i・ e.λ ll=(ψR)え :(1。。)・
Next assume ttat(,,デ )CU′ ×ご∪C′ ×U・ If(,,デ)Gy′ ×c,thcn θl is a minimal clement

Of P(W)and θ2 iS a ma� mal clcment of P(Wυ ) In addition both 91 and ι2 arC ma� mal

clcmcnts of f(wυ ).If(J,ブ )CC′ X tt/,then 91 is a ma� mal elcment of P(17υ ),92 iS a minimal

clemcnt of P(wυ )and bOth?l and 92 are minimal elements of戸 (wυ).In bOth of the above

cases 91 and 92 arC eXtremal clcmcnts of dilferent typcs in P(wυ )but they are cxtremal clements

of the same type in P(wυ ).By thc same reason as above we have λll=(?c)え !(九。。)・ ThiS

provc thc thcorem.  ■

X

X
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Fro■l this thcorem we l■ 1lnediately obtain the a011。 wing theorem.

Theoreコ n 3.5

Fixた cP,ヵ r7∫す S=(た').Fir,肋 た,bヵ (U′ ,C′ )q′ [た],力″α′デυね力ヵ (y,c)QF[′].Lす
0脇 う9カθ

"歳
9ガ リ∫ど9胞 げ R‐ cο′′?dPO力″力θθd力肋θθ′ヵομ (y,C,y′ ,C′).鹿′P=y朗 ′∫θr

φ冽 ′ο うι r力θ脇所θプ リ ヵ脇 げ R‐θοrrθΨ Oヵ河θヵじθ∫力肋じ?″ ヵο躍 (y,C,U′ ,C′)力 (勿r)物ヮ
3.1,  勁 9ヵ ど力θ じο″r919Pο/D河9カじι σ滋 ヵ テ″ Cο′ο:〕αlノ  3.1 ,η′ チカ9 θο′′とspοttacnθ? σ,υθη ,ヵ 7物θο′θ胞

2.l ry′? ,鹿ヵガθα′.  ■

Theoremn 3.6

Fixた cP,ヵプ∫9r S=(たり. Fix α ,テυね,bヵ (U′ ,C′ )Q′ [た]α力″ ,ブ
'υ

ね,bヵ (y,C)`√ [J]・ も形ど

P=Yα ヵ′wザ φ
“
チοうθど力?胞崩θガッ能 脇 げ R‐じο″鋼即ηカカθθ∫力肋θθ′ヵο脇 (E1/,C,y′ ,C′)カ

Cο′οJJ21ノ 3.3.  rれ?ヵ  チヵ♂ じ。′′θ∫pοη力ηθθ ♂滋 ヵ ,η Cθ rο Jrrvlノ  3.3 ,ヵ ′ r力θ θο′′θttpοη力ηεθ σ,υ?刀 '刀

勁 θο″cm 2.4 ,′θ ,胞猾′,o,′

Prooi

Let S′ =((lα l十 たツ
ト1), Placc S into the �ght and above corner of S′ , Wc prcparc lα

l

uncircled letters,1<α 2<… '<'回 WhiCh are less than all the letters in[た ],and lβ l uncirCled
lettersう 1<う2<… <う I′I which arc lcss than all the letters in[J]. We numbcr ttc columns
to thc left of S with thc lcttcrs ,1,α 2,・・・,α lαl and the rows below S with thc letters
う1,b2,・・・,bl′

|・

  For cxamplc if wc havc S in Example 3.12, then S′  is as foⅡ o、vs.

咄
α4    °1

Let 7。 1(resp・ И。)dCnOtc thc most leFt and up(resp.right and down)Vertex in 7(S)WhiCh
is placed in 7(S′ ). Let る。denOte thc most lcft and down vertex in 7(S)WhiCh is placcd in

7(S). Let 701(rcSp.И も)denOte the most left and up vertex(resp.right and down)in/(Sり   Lct

男

５

ｂ．
‰ 吼

６

L/01

S

1/0( 1/1て



Mixed Robinso■ ‐Shensted‐Knuth Corrcspondcnce

7。もdcnOtC the most leFt and down vertex in /(S)′ .Lct るもdCnOte thc vertex which is just

below/。。and thc most down in 7(S)′ aS in thc above diagram.Wc dennc the paths夕 1,ラЪ,島

oF S′ as follows,Set 71=∂
+(S′
)and島 =∂ (S′ )・ ThC夕ちiS dCaned as he path which gocs

right ttomィ t tO/。 1,thcn goes down from 7。 lto 7。。,then gocs right from%O t0 71。 ,and

anally gOes down from Иo tO Иも・ Let 21 denote the subpath ofら whiCh goes right from

/0生 tO %1・ Lct 22 dCnOte thc subpath of Ъ whiCh goes down from 7。 l to る。。 Let 23

dcnote the subpath ofフЪ WhiCh goes right fron1 7。 。 to LO・  Let p4 dCnOte the subpath of

Ъ WhiCh gocs down from Иo tO Lも ,22∪ワ3 iS denotcd by∂
~(S).Givcn a growth

σ
~:7(∂ ~(S))→

Y,we dcane a grOwth力 :ア (フЪ)→ Y as follows.ヮ
~and力

have the same valuc

On 7(∂
~(S)), On珍

1,力 always has the valuc which correspond to'dcaned in DennitiOn 2.5,

Onつ4,力 alWays has the valuc which correspond to β deanCd in DcanitiOn 2.5.This givcs
an iniectiOn

υ
~,ItJ)卜
→
(力,W)

from thc set of all pairs(σ
~,w)Such that 

σ
~:/(∂ ~(動

)―>Y is a growth on 7(S),σ
~(7。
1)=α ,

σ
~(И
。)=β and W iS a gcneralizcd permutation on C(Sl,on thC One hand,into thc set of all

pairs(力 ,ψ)Such that 力 is a growth on 7ρ2),力げ1)=力 (Иも)=② and w is a generalized

pcrmutation on C(72),On the Othcr, We dcnote this ittcctiOn by Fl. From (力,ψ),We Obtain

a admisible pair(″ ,17′ )of a grOWth″ :7(∂
~(Sり
)→ Y and a gcncralizcd permutation ψ

′on

C(S′ )by the corrcsondencc of Theorcm 3.2.

砂,W)卜→ (″ ,W′ )

Wc denote this bjection by F2・  The Coコ aposition of thesc maps F=F2° Fi is an

iniCCtiOn.Now we deanc one morc inieCtiOn

σ
+卜→ノ
十

from thc set of an grOwths♂
+ on 7(∂ +(S))SuCh that 

σ
十
(7。 1)=α  and σ

十
(覧。)=β , On the

onc hand,into thc set of all growths σ
′+(И
も)=⑫,On thc other.σ

′・ and σ
~ havc thc same

valuc on 7(∂
+(S)). On 21,σ′+ always has the value which corrcspond to√ . On 24,♂ ′十

always has the value which correspond to β. ThiS iniectiOn is denoted by F生

First we claim that F′  can be identined with the bracket opcration(π ,σ)勝 [π ,σ]in
Deanition 2.5 by the identincatiOn in Proposition 3.1,  But this is clear From dianition.

Ncxt we claiコ n that F can be identined with the bracket opcration(w,τ ,IClr・ [lIV,τ ,κ]in

Dennition 2.5 by the identincation in Proposition 3.1.  If we provc this theorem thcn the

theorc■l is an easy consequcnce of Lcmma 2.2 and Theorcm 3.3.

(CaSe l)At ntst wc cOnsidcr the casc:β =②

This forccs us μ=2 in Thcorem 2.4 Let″ 1(resp.切2)denOtC the path which gocs
down from 7。t to r。も (rθsp r,9ヵヶyrοη 7。も t。  7。。=7。る).ThCOrcm 3.4 shows that the

correspondcncc betwccn pairs on 盈∪彰Ъ and pairs on 切1∪
"2 Can be idcntined with the

deletion proccss On(τ
′
,D in DcnaitiOn 2.5.This proves our claim in Case l.

(Case 2)Next wc considcr gcneral casc

Let坊 1(rCSp.23)dCnOte the path which goes down from 7。 l tO るも (reSp.from /。 。 to

/。も) Let切 2(rCSp.24)denOte thc path which goes right from%も t07。も (rCSp.fromちる tO
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Иも)。 SCt S〃  to be the skew diagram surroundcd by 23,ワ 4,"3 and 場ケ4・ ThCn thc
correspOndcncc bctween pairs on∂ 十(s〃)=23∪ 94 and pairs on∂ +(S″)=夕 3∪ ″4 Can bC
identincd with thc nlixed deletion proccdure on(β ,κ)in Dennition 2.5 by Case l,  Sct S″ to

be thc skcw diagram surrounded by 21,22,夕 3,力 l and笏 2・ Obtaining growths on 92∪ 夕3
from growths on どD2 and 坊3 iS idCntiacd placing thc rcsulting tableaus into τ to obtain

τ′.Thcn Thcorcm 3.4 shows that thc correspondcnce bctween pairs on?1∪ υЪ∪夕3 and
pairs onし21∪ 22 Can bC idcntined with the delction procedurc on(τ′,al in Dennition 2.5. This
prOves Our claiィ n.  ■

§4 �l�ed Knuth Correspondence For(И ,Bl‐Partially Stict TaЫeaux

ln this section wc consider the ■lixed Kunuth correspondcncc and dual ■lixed Knuth

correspondence silnultancously by using(ノ 4,B)‐ partialy strict tableaux,

Fix another division(И ,B)Of ν . SCt た=IИ l and J=IBI SO that we have
l韻′|=た +J.We have two pairs(4,Bl and(y,c)WhiCh are d� isions of ν ,We write

И
"=∠ ∩
L/,  Иc=И ∩C

B″ =B∩ y,  Bc=B∩ c

Example 4.1

Set И=(1,3° ,5,7° ),B=(2,4° ,6,8°),U=(1,2,5,6}and C=(3° ,4° ,7° ,8°).ThCn(И ,B)
and(U,C)are diVisions of[8]and we havc И

“
=(1,5),Иc=(3° ,7°),B′ =(2,6},and

Bc=(4° ,8°).As in this cxamplc we w� te clcmcnts of И in lightFacc and clements of β in

boldfacc.

Thc folowing terminology is not so common butit is an easy extcnsion of(た ,テ )‐Semistandard

tablcaux. For the dennition of(た ,ユ )‐SemiStandard tableaux sec[BR]or[Rc].

Dennition 4.1(Okada)

Let π be a(skeW)reverse planc partition. π is said to be(И ,B)‐ partiany strict if it satisnes

the conditionsi

(,)          For any ttc И,確 appears at most once in cach column.

(JJ)           For any ηGB,脇 appears at most once in each row

Wc call a(■,2)い partially strict(skew)reVersc plane partition a(И ,B)―partially strict(skeW)

tablcau. A (P,②
)‐
partialy strict skew tableau is usualy caled a column― strict skew tableau

and a(② ,P)‐partially strict skew tableau,a row‐ strict skew tableau IF И=(1,2,中●,た}and
B=(1′ ,2′ ,...,1′ },Where l<2<… <た <1′ <2′ <…・<1′ ,then a(え ,D)‐ partially strict tablcau
is ca■ed a(た ,ユ )‐ Senlistandard tableau.

Example 4.2

Set(И,Bl tO be the division givcn in Example 4.l Then
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iS a(た ,B)‐partially stict tableau.

is an exmple of(4,3)―semiStandard tableau.

Deanition 4.2

Lct九 /μ be a skew diagram.Letこ なИ,B)(λ /D dCnOtC the set of al(И ,Bl― partially strict skew

tableaux of shape九 /μ.For πGttИ ,0(九/D SCt thC wcight w′ (π)Ofπ tO be Π α∈ノXra where

胞a=number of tiincs,ocCurS in π

and xa's are indetera� natcs,  Sct

rSttP(Xl=  Σ  Wι (π )・
πC″ (4,,)(λ ア″)

It is clear fro■ l the dennition that

打SttP(X)=打 S跨静
)(χ
)・

In particular if И =(1,2,中 ●,た}and B=(1′ ,2′ ,..,'J′ }'WhCrc l<2<― ・<た <1′ <2′ <“・<

,′,we writc,S野″
動
(χ)as ISttPIXl,X2,中 →χたり 1,ノ2,… 1,ノ )・

Proposition 4.1

S?rИ ={α l,,2,・・・,ακ)'力冴β=(bl,b2,・ …bl).勁 9ヵ

打S牙♂)(χ)=Frs帰ザ
)(χαl,χ.2'中●,χ aた ,χbl,χb2'… 'Xbl).

Proo■

We can easily construct a bjection bcteween♂
(И ,,)(λ /μ)andジ氏(1,2,… ,埒 ,(1′ ,2′Ⅲ…1′ })(λ /μ)using

the jeu de taquin method in[Re],ScCtiOn 3,pp.266. For details sc[Rc].  ■

Deanition 4。 3

Let π bc a(た ,B)‐ partia■ y strict tableau and let x c J〃 。 We deanc INSERT(2,】 ,y,c)(X)aS i010W・
IF xc y,insert x into the nrst row of π;if xcC,insert x into the arst column of π. If

the bumped elementノ iS uncircled,thcn we insertノ �tO the row inlincdiatcly below or if the

bumpcd elementノ is ciFCled,then wc inscrtノ into the column inilnediatcly to its right by the

following rules.

1 1 1 5 5

7°

5 5 6

7°

l 1 3

4 4 上

1

1
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ノreplace the least clement which is>ノ ifノ C Иy∪ Bじ :Orノ replace thc lcast element which

iS≧ ノifノ Cβ
“
∪Иc

Continuc until an insertion takcs placc at the cnd oF a row or column, bumping no new

element. This procedurc terminatcs in a nnitc number of steps. Thcn sct(s,ι )tO bC thc cell

which is addcd to π.

Similarly wc dcnne INSERT(4,】 ;y,c)(X)by SWapping y and C in the Forcgoing
dennition. If xc〔ア,insert χ into thc nrst column of π;if xc(,,inscrt χ into the nrst row of

π.  The uncirclcd letters which arc bumped arc inscrted into the column immediately to its

right and circlcd letters are inscrtedinto the ro、v immediately below by the FoHowing rulc`

ノreplace the lcast element which is>ノ ifノ C Иc∪ B"i Orノ replace thc lcast element which

iS≧ ノifノ C Bc∪И
".

It is easy to see that thc rcsulting tableau is also(■ ,B)‐ partially strict Let π←“x(resp.

χ→冽a denOtc the tableau which is obtained aftcr we applied INSERT(.,】 ;し ,c)(⊃  (reSp.

INSERT(И
,】 ;y,0(X))tO π・

Example 4,3

Let π be thc(И ,al_partially strict tableau in Examplc 4.2.

π←・ 4=

And we havc(s,す )=(4,4).

2→訂π=

And we have ls,す )=(6,1).

RemaFk 4.1

1n [Rc]two insertion proccdures arc denncd for(た ,テ )‐SCmiStandard tableaux. Sct /4=

(1,2,_,た )and B=(1′ ,2′ ,...,ど
′
),WhCre l<2<… <た <1′ <2′ <―・<'′.If y=И  and

C=B,then the inscrtion algottthm in Dennition 4.2 is called RSl insertion in[Re].If
y=ノ and C=②,血cn he inscrtion algorithm is called RS2 inscrtion.

Deanition 4.4

Let π bc a(И,B)い partially stict tablcau. Sct脇 】tO be thc numbcr of tiines x occurs in π

1 1 1 1 5 7°

2 7°

5

5

1 1 l 5

2 6 7°

5 5 6
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for cach χc ν.Lct η=Σェcν ηェ.｀Ve make a partial tableau pι (π)with letters in[IPD]fl・ Om
π as follows.If χcИ ,thcn rcplacc ηxガsin π to Σン<X ttX+1,Σッ<x脇】+2,… ,Σン≦x ηr fl・om
lcA to right,If χcB,thcn rcplacc ηxガsin π to Σ ンくx翻】+1,Σ ノ<X糊″+2,… ,ΣンζXηX from

top to bottom.Ifxc 1/thcn Σン<xP/Ex+1,Σンくェ確x+2,… ,Σン≦xttx are in L/,and �cc vcrsa.

Example 4.4

1f π is as in Examplc 4.2,thcn pι (π)iS as in Example 2.2.

Deinition 4.5

A″οr′ lt7カカたフ♂rカカη is a scqucncc 17=171W2… WpI Of letters in ν wherein each α c初イcan
appcar inore than oncc.  C)ivcn a、 vord、vith repctition w=w l172 -,17И ,WC makc thc inscrtion

tablcau π=② ←"l17 fOr W as follows. For,=1,2,… .翻 wC dCanc inductivcly π。=② and

π:=π,1←
加
L. Lct π=πれ.

Example 4.5

11v=°2 °2 1 °3 4 °3 °3 1 4 °2 4

is a word with rcpetition and the insertion tablcau For w is as ionows

②←加w=

Dennition 4.6

For a givcn word with repetition w=l171w2-り 加 WC makC a pcrmutation p(w)Of[胞 ]aS i01lows

For each χ∈」7 1ctれ、denote the number of tiincs χ appcars in ψ  For cach xG3〃 , if χc

∠v∪ Bc thCn rcplacc all χ in w by Σノくェれx+1,Σン(″れx+2,… ,Σν≦xttx in inCrcasing ordcr
For each χ∈ν,if χ∈ン,if xcИc∪】

"then rcplace all x in w by Σッ≦丼�x,Σン争η工
~1'…

,

Σンくェ翻x+l in decreasing order.If x∈ y then Σジ<″“
x+1,Σノ<】確工+2,… ,Σν≦xttχ arC in

y, and vlcc vCrSa

Example 4.6

Let w bc as in Example 4.5,

P(ψ)=°3 
°4 1 °8 9 °7 °6 2 10 °5 11

②←MP(V71=

The lolowing proposition is casy to scc ttom deanitions

Proposition 4。 2

とθどwうθ,″ο′′″
'力

′9,α ,ど力乃・ Ltt π う9滋?力∫θrr,οη サαう力αクて√ wT/Pθη 力9,0〃οψ力σ
7i2σrrvv ιοηl櫂″彦θ∫.
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W く■―→  π

↓″ 卜
p(ψ)<―→ pす (π )

″ル″9カιど9p,力′うοrどο脇 うブ9θガοη∫αrθ チカθ脇崩?′ K/Pガカ伽 ′胞歳?′ Rοb力∫
"■
覧力?ヵ∫rι″翻ψ∫,

′θψθ
'わ
ιウ・ ■

Lel■ma 4.1

L?rπ うθ,(И,B)‐Pα′′力′ウ ∫ど′
'す

ιαうた,夕 αヵプ c,χ
′cν.丁 INSERT(ス

,】 ;y,cl(X)'虎 rθ′胞力ヵク s

αヵ′ι,汚 肋脇θttα′θryjヵ 肋 ″″ 妙 INSERT“ ,BIヮ ,。 (χ
′
),力すθrJ2加力σ (s′ ,す

′
),肋θη

(Crrdθ  l)X,X′ Cy

(α)r/x<ノ 。rχ =χ′cИ チカθ力lt7θ 力αυ♂s≧ S′ αηブヶ<ι生

(b)丁 X>χ
′
ο′χ=χ

′
C】 力θη ltJθ 力αυ9 s<s′ α″′ケ≧´

′

(Casι 2)x,χ
′CC

(α)丁 X>X′ ο′ χ =X′ CИ r力θ力 s≧ s′ αカプ す<ι生

(b)丁 X<X′ ο′X=χ
′
Cβ サカθη s<s′ αη′ι≧ι生

(Cαd9 3)x∈ yα力′χ
′
CC,v7θ α′νtts力αυθ s<s′ ,P,′ ι≧ι

′

(Cα∫θ 41xcC α力′ χ
′
Cy,ν θ αん随りdヵαυ?s≧ S′ α力′ ι<ι生

Prooと

Choosc arbitrary word with repctition w such that π=2← れw Lct w′ =lvχχ′. ThCn it is
casy to vcrify thc lemma by using Proposition 4.2,Corollary 2.2,and Lcmma l.1.For cxample,

wc vcrigy Casc 3  Assume that xc U and χ′cC.  Thcn χ′cC. Thcn x′ c(, is changed into

some negative letter ―χ
′ 、vhich is lcss than χ so that wc obtain d<sr and す≧す

′ immcdiately

by Lcmma l.1.■

RemaFk 4.2

カ ど力9 ッん′θσο力々σ ′θЙηЙ確, 妙  じ力,力σ力ησ INSERT(4,β iワ ,Cl(χ )伽 冴 INSERT(ス ,D;y,c)(χ
′
)力 どο

INSERT(И
,】 ;υ,c)(χ)αカプ INSERT(4,,iV,C)(X′ ),rθさりθO力θ

'α

力″∫″,pp力σ U,η′ C,″?οう′α力 α

∫肋 ,力r躍∫ガ√ο″ INSERT(И
,】 ,v,c)(・ )・

Fix anothcr anitc totaly ordcrd set調 ´
′
 and its divisions(И

′
,B′)and(y′ ,C′)SuCh that

lス
′
|=た
′
and lB′ |=J′ WC Write

ИI=И
′
∩U′,  Иと=И

′
∩C′

』チ=】
′
∩y′ ,  Bと =B′ ∩C′

Dennition 4.7

Let,be a(た ′十 J′)× (た +J)matrix of ttonnegative integers

'1,2 ~・
IV2,2  ~・

αPw,2  ~

角
　
ゆ
　
¨
　

ら

勾
　
駒

　

一
　

ら

whosc rows arc labclcd by clemcnts of♂ π′ and columns are labeled by elemcnts of故 ′. α is
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l        said to be,a加 ね∫力″ iF it satisaes:

|     (1)If(',ブ)Cえ
′×И∪B′ ×B,  αl,デ cN.

|      (2)If(,,ブ )Cス
′×B∪ B′ ×И,  αど,デ c(0,1)・

I         Lctン 質И
′
,β
′
,И,】)dCnOtc thc sct of an admissiblc(″ 十 J′)× (た 十 ′)matriCCS.

Example 4.7

Lct И′=(2,° 4),】
′
=(1,° 3),ユ =(° 3,4),and B=(1,° 2).Thcn

rv:

is a adH�ssibc 4× 4 matrix.

Deanition 4.8

Lct,cレイ(И
′
,β
′
,И,al.From α wc makc a two‐ linc array

り=徹 拷IIゆ

就 鰍 をt瀞
餌興 C ttυ pairsば Юw ttd mumn Йtts(;)け 血c tto�弔 航 Π画

lll Fo輸 刺 明 vearrttlabels④ 朗 h随 堵 =卿 S followま

υ,1' υ″2' υP3'・・・'―
・,υ″r, 

υ
P′ +1, υpメ +2'・・・

'・
・・,υP,十

`

elemcnts of C      clemcnts of y
ln dccrcasing ordcr   in incrcasing ordcr

② 酌 r eaCh屈 呪 W閉 ∽瞬 all lab弘
Osucht随

中 iS fOll蝋

υPl' υP2' υp3'・・・
'・
・・,υ pr' υP″ +1,υpr+2'・・・

'・
・・,υpr+む

clements of y        clements of C

in dccrcasing ordcr    in incrcasing ordcr

lt is easy to see this gives a one to one correspondence between adnlissible matriccs and

two line arrays satisfying the above conditions.We call this two line array the躍 ,″崩 νοr′

of,and dcnotc by'(α ).The tOp(rcsp.bOttom)line Of r(α )is denOted by ttα )=ク 1,,2う ~・ ,'"

(reSp.J(,)=υ l,υ 2,~・ ,υИ)
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Example 4.8

The two line array which correspOnd to the matrix ,in Example 4.7 is

Dendition 4.9

Lct,cプ〃(И
′
,β
′
,ス,B).From α wc make a two■ ine array'(α )in DcanitiOn 4.8.

Iゆ
Wc construct a sequence of tableaux pairs:

(②,2)=(π。,σ。),(π l,σ l),… .,(πれ'σPll)=(π,σ )

inductivcly as fonows.  For each J==1,2,.… ,η fOrnl π,from πι_l by perloraing INSERT(2,Diυ ,C)

(υ)On π!_l if夕 ,is a uncirclcd letter,or perforrning INSERT(И ,B:y,c)(υ )°nπ,_l if",is a

circlcd lcttcr.  Form σどfrom σ,_l by placingク ,on σ,_l in thc cc■ added to πナ  By Lcnl14a

4.l σ is a(ユ
′
,B′ )‐ partiany strict tableau and π and σ havc thc same shapc,

Example 4.9

Let α be as in Example 4.7.  Then

Dendition 4.10

Let,G勁 (И
′
,B′ ,ИラBl.Let

;:)

be the two linc array which correspond to α.  We construct a biword w frona,as follow.  For

cach χ G ttT(rCSp χcノ′)lCtれ.(resp.確9 denOte the numcber of times χ occurs in the bottom

(rCSp tOp)line OF,,Replace聰子ガs in thc top line of,by Σフ<】 ηx+1,Σッく〆η.+2,… ,Σン≦テ確"
frona left to right.  Thc circlcs are transfered unchanged in this replacemcnt.  For each xcν

噸 邸 ユ 中 the nutt of pai郎
④

suCht蹴 均=X的 中 ユ 呼
・

箭 H

havc rx+s.=れx.For each χ cノ wc rcplace υブ's such that均 =χ by thC f01lowing rules.Thc

circlcs arc transfered unchanged in this replacement.

線 ど で ,鴬

C肺

化 )削
ぬ h航 町 =χ md ttcCけ Σ応〆け 亀Σ〆 x牲 +な "

ヽ

―

，

／

４

　

３

留
　
１

ｙ
　
４

ｙ
　
４

照
υ
　
的
と

路
　
鬱

路
　
ψ

路
　
路

●
４
　

刀
付

２

　

４

２
　
ク

２
　
路

／

１

１

＼
〓α

ク

　

　

υ

／

ｒ

‐

ヽ

＼

〓

，

　
　

υ

／

ｒ

ヽ

＼
〓α

1 4 4

1 4

1

1 4

1

2

4

4
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凝 Ъ  ttm ttHtOleft h∝ 岬 組 血 い ず か
④

SuCht随 吟=X的 劃

by Σッ<x ttx+S.+1,Σプ<x ttx+S″ +2,_,Σッ≦ェ
η】from lett to right.

髭 品 ぞ で 4ポ浮
И

pれs(ゅ 鯉ぬ 脳 時 =∫

t話与士 苓 ユ rs(1;甘 ;杯

X112:ェ

Σノ<】ηメ十rtt from right to le比 .Thcn replac

"icC by 
Σノ<】確ェ+7ェ +1,ΣンくX ttX+rx+2,_,Σジ≦】附,仕om lett to right,

Let p(Ir)denOte the rcsutting biword.

Example 4。 10

Let α be as Examle 4.7 and'(め as Examplc 4.8.Then we have

ヽ

―

，

／

４

　

０

靴
　
１
町
　
‐２
判
　
路
９
　
５

６

　

１４

５

　

１３

４
　
η

３
　
器

う
と
　
　
１
■

１

　
　
２

／
′
‐
‐
ヽ
＼

〓αｐ

Thc fonowing prOposition is easy to see from dcanitiOns

PrOposition 4.3

Lo,cシイ(ス
′
,B′ ,И,Bl 勁?,力9y♭〃。″ヵσ′,ασ′αtt θο

““
クセ∫.

α ←→  律,σ)

↓p         ↓
p(の ←―>(pケ (π),pケ (の )

ν力9κ ど力θ″P,力′うο″ο脇うブθCr,οη∫α′θr力θ
“
崩θ′K附クr力 α乃′脇崩θ′Rοう力∫οヵ‐ぎじ力9η d′?′ 脇ヮ∫,

躍Ψ9ど rヵιル.■

Example 4.11

Lct p(の bC as in Example 4.9.Thcn the insertion pair of p(の is aS f01lows.

From Proposition 4,3 wc obtain thc fonowing theorem.

Theoren 4.1

Fi/韻′ α乃′ 力s冴テυね,οヵ∫ (y,C)αカプ (И,B).〓テχ αηOr71?′ どν
′
αη′ デ倉 力υね力ヵ∫ (y′ ,C′),η′

(И
′
,D′ )。 7物?脇ηクカ Dげ

'カ

カ

'ο

力 4,9ヵοtt α冴確ね∫脱
“

,′F'ιθ∫αcン〃(И
′
,B′ ,■,B)rο P,力J(π ,σ ),

″力?′θπ ね (ス,B)ッαrr力′炒 ∫″テ
"チ
αう力α″,σ ね (И

′
,B′)フα′す

'α

rr/∫″,,ど,う力αクαη′π αη″ σ 力αυ?

肋?d,脇9∫ルψ?,ね αうヴ0カη

Thc Following proposition is also easy to scc from dcanitions.

1 4

2

3

°
7

1 4 5
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Proposition 4.4

Lo,Gレ 質И
′
,B′ ,И,2).丁 フ(α)θο″fdPο力′ どο α うノ r力θ ttψ ヵ Dttη,す,οη 4.10,r/P例 力¢

力υθrd9う ,〃0′′ p(α)l θο″9SPο力″ 才0'生  rr9′¢α
r滋ヵ。どθ力θ ιοηクσ″θ脇

'チ

崩 げ 9.

From Proposition 4.4 wc obtain thc fonowing theorem.

TheoreHE 4.2

Fix」″ αη′力d′テυねわヵd(y,c)α力′ (五,B)・ Иd∫閉留θ r力αど(π,σ)θοrrθψοηブ√ο,,ノ カ¢bヴθOんη

力Dげカカカη4.9,17カθ′9,cン 7(И,B,X,D),αヵ′πα力′σα′θ(И,】)ゼα′rヵ′,s″たどrαう″,ク カαυヵσ
サカθd,胞θ∫力ηθ,T/Eθη (σ ,π)εοr′ ?・SPO力ぬ ό α

r妙
サル ∫,脇θう独 oわη.

Example 4.12

Lct a be as Example 4.7.  Then

ヽ

、

‐

‐

‐

‐

‐

‐

／

１

　

０

　

′

　

２

θ

，

１

０

０

１

′

２

２

θ

０

０

〓α

and

吻 =Ci

lt's casy to make sure that

1  °2  °2  °2  
°
2

°
4  
°
3  
°
3  
°3  2

３

　

４

３

　

３

路

　

２

4  4
°4 °4

ヽ

―

，

／

４

　

２

４

　

２

Deanition 4。 11

F� ν and its d�isions(y,c)and(И ,B).Let,=(α ,),ゴ cν Gッ″(И ,B,И,B)bc an admissiblc
syminetric matrix,  We deane tr(4,B)α  by

tttИ ,Dl'=Σα,十 Σ Odd(α
")|⊆И      ic】

whtt odd偶 ={iと
|:ま!子

Corollary 4。 1

=テ
χ 」″ αη′ ,ぬ ′テυね,οη∫(y,C),カプ (И,B).7物?胞ψ 力 Dげ

'カ

カわη 49ダυ∫α うみ夕Cr'οη力ο
“

αわ ね∫あ力・9/翔解orた 脇αどr,θθ∫αcン7(И ,B,И,B)ο力どο (4,a)フαrrヵ′ル ∫″た√′αう力αクχ π.〕切 チカね

うヴθ
'力
η J79カαυ¢

1 4 4

1 4

1

1 2 2

1 4

4

tr(4,D),=odd(D
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"修

′?λ な 1崩9∫カセ″¢ |デ T αη″ Odd lll Srty独ぬ jttr力θヵク用btPrて√
"彦
カカ♂肪 COt'翻∫カ オ,

Exa蘭Ⅲle 4。 13.

Let 4=(1,° ,}and B={盟 ,1)・ Lct a be an admissible Symmetric mat� x.given by

Thea

路
　
１

路

４

１
　
鴇

１
　
路

／

１

ヽ

ヽ
〓の

。2 ,2 ,2
°3 °2 °2 |: :: : iを )1

and

Corolhry 4膨

Fix ν ,ηプ ,な ,わカカη(И ,Dl・

子
rSr〕 (Bド

dЩめ=伍
井.最u,x,1-XiX乱翼勇x】

(1+れつ駁農 モ理碧
―

み PαrrカクrpF,

ゑ nお
響 ω =儀

坪
毘
ぃ 汀 主 再 c,』 x,。

十準 )理ど 場

Now wc hvestigate he skew case.Let PSTと,D(2/rtl denOte tte set of律 ,Bl‐ partially strict

skew taЫ eaux which have skcw shape 1/μ

Theorem 4B―

=ル
ν
"′
ね ぢ肋ね力″,(y,C)a泌 (4,Bl.ri/触 。ヵθ′ノ

′
伽ブ irb'テυ,s,o■S(y′ ,Cり ,力″

ば ,B′).Lぞ r∝ ,“Ir β ぅθデ泳9ダ P,rr″ヵ″∫. 蜀牲カ カ♂脇pp

(,,Ъ O→僚,0

冴げ脇¢′彪力″た ,う〕%・ r力ηうθιv″ヵαt」Vれわ力
“
"T力“ 'Cttμ

,】ぅ五'ュ B9リブ肋 τC PST(.j】)(,/μ )
伽,κ c PSTt4′

,】ぅ(β /》)Pο″力ιαセ カαη琥 伽′πCPSTt2.2)(オ /n,ヵ′σ cPSTt4′ ,μ )●/け,ο″ rル

つ力?r,sク》―力α′τuF(の =π ,″′κ∪

'⑭

=σ .

Proo丘

Let,be the largesl letter oF κ∪猟め,We cOnstruct傷 ,り ,偽rr=o,1,_η ,as‐ follows.Start

1 l 1 4

°2

4
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With徹 0,σO)=lT,②か Form πr from π,l as follows,
Casc l:rcИ子∪Bと

At arst wc insert a1l the circlcd letters of F(o paired with r's in ttal,where thcse circled

lettcrs are arranged in decreasing order.  Next wc interaa■ y inscrt an thc lettcrs of πr_1

corrcspOnding to r's in σ″_1.  If rCИt, thc insertion proceed left to right, and if reBと , the

inscrtion procccd top to bottom.Finally wc insert all the uncirdcd lctters of F(α )paired With

r's in ttα ),whcre these uncircled lctters arc arranged in increasing order.

Case 2:reИと∪B子

At arst wc inscrt Лl the uncirclcdに ttcrs of I(の pttred with r's in'ω ,whcre hese uncircに d

lctters are arranged in decreasing ordcr,  Next wc internally inscrt an thc lettcrs of πΓ_1

corresponding to r's in σメ~1・  If reИと, thC insertion proceed left to right, and if reB;, the
insertion procced top to bottom.Finally wc inscrt all the drdcd letters of F(α )paired with

r's in'修 ),whcre thcsc uncirdcd letters arc arrangcd in increasing Order.

In eithcr case placing r's in the appropriate ccls of σr_l rcsult in σ/, It is not hard to

see that thc cens where r's arc placed arc horizontal or vertical strip in σ″.  At last wc put

(πた,ら)=(π,→・ ■

Example 4.14

Letえ =(1,° 2),B=(°乳 4),五
′
=(1,° 3),β 〒 (2,°4),α =(221) and β=(43)。 Let α=

Ｌ

ヽ

―

，

ノ

４

　

３

３

　

２

路
　
１

路
　
１

κ=

Then we havc

Corollary 4.3

Fix ttF,ヵプテrs′わねJοη (■,B).Fi/α ηοttθr」ν
′

`w′
,な 冴テυね力々 (И

′
,β
′
).Lθr α 朗ガβ うι

デχι冴′αrガガοヵd.ηちθη

Σ ttS協動(X)耳S駐''0(ノ)
λ

=Σ ttSttD(χ)コS崩 '】Olyl僻x昂∪理乳 cttuが鞠

1 I 4

1

1 4

1 1

1
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Theorern 4.4

ら9′ プ =γ
′
ぅ檸 ,Bl=“

′
,B′ )夕 tち.C)=(V′ ,C′)prT7“ 士β 力 蜀斃θκ町 4‐3_ √ (ら で,ICl

t19′rθψ
"′
わ 伍 の 妙 4施 う夢露チカカ 脇 勁 ω′伽 4i3カ印 ●七―κ,T)θοrF9Jp"′ ゎ (T,D″ 力9

`伽
″ b″εカ カ・

TheOre町 45
2ォ ン 滅 赤 肋 崩 0ぉ (砿 Cl tvP27仏 ni Lιr∝ 肋 ,デ潔″PrV′ rヵ,伽 コ晦 膚 ル 駒9PP狛

力 勁 妙 鍛 4.3″ぃr確奮 ヵ ,鞍 ,ど崩

●,Tleπ

″力9ha ac‐膠仰 ,島 ステBli Ⅲ ″ り卿 9″″ μTIF注ぅ TcPSTは ,D la/rtl, πC PSTlィ ,D(4/Ftl, ″

資め∪τ‐猛 み崩着b″じよね″Vθ ,′Vけs,,9θ
trt■
,EIj 
α tt Odd(声 )=Odd(7・ l

Example.4.lS

Let И=(1,'2),】 =T3,4)and α=122o.

Σrr瑞ぎ)0)す!Щ
l)

,

=Σ H将れ動lXlι
°dユ (D

11° 2η
°2 4 !2 °2

Then ve have

COrOh呼 4:4

」歳ノ ,崩1,体 的お―わ4(左 B).と
'“
溌 αテメ蒻 ppr′カテ伽・

1  ′

2 0

0θ

θ 0

儀瀬
最
り,文■1~勇為tttX'(1+れ

XJlュ
通 、理 :茎モ幸

θ

ｌ

′

１

〓α
一Ｌ

嗣
Ｘ世一ａ・ｍに臓的

ヽ

、

‐

‐

‐

‐

‐

！

′

／

１

θ

Ｏ

，

１

路

／
１
Ｉ
＼
〓一④αｄ
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力 ′αr′たクカr,

″≧nHS焔
⊃は)=〆
及n・
S崩動は)は

〕cィ
BuBxBl―

埼均住遇 xB(1+発
均)理 1_χ争
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