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Sel卜Colllplementary Plame Partitions

lヽasao lsHIKAWAl

1.  Introduction

ln [Sta3], R.P,Stanley classincd the prOblem of cnuincrating plane partitions

undcr various syml■ ctrics into tcn cases.  In this papcr wc considcr a rennement

of onc of thosc cascs, i.c. thc casc of totally symmetric sclf― complcmentary planc

partitions(abbrCViatcdd as TSSCPP's), TO enurlcrate TSSCPP's wc introducc a sct

7“ of planc partitions which will be shown to havc thc samc cardinahty with the
sct of TSSCPP's. Wc mainly study this sct TИ  and obtain a certain gcncrating
function by mcans of a pfaman,

For a positivc intcgcr ■, wc sct

И“:=亘冊 (1.2)

Wc introduce thc sct 7万 of row‐ strict planc partititions whosc cnthcs in the,― ttl

row do not cxcccd η―,,Thcn wc will obtain a bも ectiOn bctwccn 7“ and thc sct

of totally sy■ 1lnctric sclf― complcmcntary plane partitions in Scction 3.

Example l.1,  73 iS COmposcd of thc following seven elements.

り
,□ ,田 ,□ ,田 ,211,日F

Theorem l.1. T力ι′ど∴,αη θフカじ力う″cr力η(∫
ゼ?じο′ο〃り,3.1)bす 17θ?η √力θ∫θrてァ肋θ

′οrα′ルッ陶糊釘′力(24,2η,2η)ど9丁セοη膨湖じ
“
Jryr/P肋刀?Pα ttJガθηS αη′7..

This Tれ is thc main ottcct WhiCh we study in this papcr. To study 7И  we
rcdcllnc thc Aュnctionし上 whiCh is introduced in E｀ 江RR3]as thC function of 7И  into

N by using thc bttcCtiOn bctwccn TSSCPP and 7“ establishcd in Thcorcln l,4.This

function t4κ  iS CXpcctcd to havc thc same distribution as that of l's in the top row
of altcrnating sign matrices(see[MRR3]).Namcly wc can cxpcct that thc number
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of elements 7 in 7,such that Чκ(7)=″ WOuld be equal to thc numbcr of altcrnating

sign matriccs which have l in thc(r+1)― St pOSition of thc flrst row. If wc put

Ч陀(7)=η -1-L4κ (γ)fOr eaCh l≦ た≦η and γc7.,thcnし 4κ (7)has a Simple
interpretation as iollows,

Let γ bc an element of T″ .  If a non― zero entry in thc ,‐ th row of 7 cquals

η――,, wc can this entry a maximal part of γ.  ふ江aximal parts can occur only in the

arst column becausc 7 is row‐ strict. We will provc that thcし吼(7)iS thC Sum Of the

numbcr of parts which arc cqual to たand thc numbcr of lnaxiinal parts which arc

lcss than た。  Namely thc fonowing proposition will bc provcd in Sectin 4.

Proposition l.1. Fo′  ιαじ力 γ∈7“ α刀′たc[1,η], ψゼ カαυθ

Чよγ)=洋 ((',デ )C[1,猾 ]21γ」=た}+洋 (1≦
'≦

た-117И _,,1=テ
}・

From Cottccture 3 in[Sta3]wc can expect the following。

COtteCture l.1口ばRR3]. Я970≦ r≦ η-lαヵ′1≦ た≦η,ν?∫
"

7存
,″
={γ∈7“ 1玩(7)=r).

勁 例 ′力θじα崩 物α力ν げ 7与
,″

ψοク″ bθ σ力?η ″

|(2η〆「
2)И

,1

ィfa    m
Dennition Ho Lct И bc an η by tt rcctangular matrix(1≦ η≦翻):

Thcn wc put

αl,l αl'2 ~・  αl九

d“ (И):=   Σ
l≦ Jl<ザ 2く  <J〕 ≦脇

α
tt 

α
?2…

α
?xl,

α万1 αげ2 ~・ α

“
Jx

i.e.d.(И)iS thC Sum of all■ ×η minors of Й.

Let us givc a formula which exprcsscs the multivariable gencrating function of

7打 weighted byし軋 and in terms of d".

Theorem l.2. L,■ αヵプたう?ροJカカ?力′9♂θ′∫
"じ

力ど力αど1≦ た≦η.レ″あげ
'ヵ

ιrヵθ猾

″ (2■ -1)′9Cチαησク肋′解αrrtt Pttι ,χ)″

“
　
　
　
“
　
　
　
　
　
　
　
　
“
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リカ?′θ

=よ

ケ,X):=ψ鰐し,χ));三
&i:ち〒12

p?(と,χ)=掌 :01XⅢ 才2X2ダ
~夕

牛 1牛 1,(ュ ιV)χ)・    。 .5)

勁 9η

Σ ι
y°

)χツ=d“ (ri(ι,x)).          (1.6)
γG7■

Fr9′99P(xl,χ2,…
°
,X“)ね 肋g?た

"η
例′α//ッ

“
陶arた ヵ乃じ肋

“
げ虎σr留 ′ψカカη υα″加う力♂

χlが 2,中
●,x2α乃′ι」①∫どαηみヵ′Π,=ょ ι『

たω.丁 7じο刃√α力ざηl l's,脇22's,“ 33's,ぃ ち

サカθη″?w′力ぞχツy9/χTlχT2χζ3._.

By using a formula g�en in EOk],WC express thc sum of minors d2(rり by a

pfaFnan.

Theorem l.3. 二θ′η bじ α Pο∫カカ9カ′9σι′.

(1)r/η 9υιヵど力θη V9カαυ9

Σι」(労χツ=P塩 t鳥 (',デ ;ケ,χ))0≦ らJ≦“
-1・

γc7.

(2) ▼
Fη ねθ】″サカθ刀り?力αυ9

Σ ι
y仲

)χγ=P亀 _1(元 (',デ ;ケ,X))1≦ L′≦“
-1'

γe7・ l

】力ど力?αbουι θη κ∫d力刀∫サカθ θηチ1ノ 允 (',ブ ;ケ,X)ね σ力θtt α∫プZ焼門・

汎(',デ ;′,χ )

=Π ケッΠχν Σ ?r+〕 (ι「
lX『 1,…・,工七χ出,(Π ′

「
1)イ I,ιュχl,・

・・,ιゴー1為 1,(Π ケッ)χ)ν=1ぉ v‐ 1,ァ≧2:一J            IF:             |=J (1・
7)

一
Π

ιν Π
Xν  Σ  9T十

〕
(ι l xl,中

●
,と,1れ 1,(Π  ιOXl,'「

lX「 1,…
,ι弄 上 x/1,(Π ι

「

I)ィ 1)・

ソ=l  ν=1   ,≧ 2ゴ ー:                       ッ=:                          V=ゴ

Here P亀 standS fOr the pfaman of an η x■ skew― symmct�c matr� .

Now we considcr a special casel i.c.wc substituteれ =l for l≦ テ≦乃andヶ,=1
for l≦ 1≦ η ex∝pt for a nxedた。 In this case we can simplify the cntries of thc

pFarfan and Obtain the following corollary,

Corollary l.1.

(1) ワ
r豫 ね?υθヵチカθη ψじ力αυθ

Σ ι
υ約)=(1+ι

)P身 (カェ,す (ι ))2≦ 勇ゴ≦ヵ-1・
ッc箸 .
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(2) 丁 ね ο所′サカぞη り?力αυ?

Σ ι
yk°)=P塩 _1(力

iJ(ι ))1≦ 売J≦“
-1

γG7■

打θ′θど力θ θηrr/カゥ(ι)ね σ力θη α∫力〃οり∫: Jθ′テ=ブ =lψ?∫)カサ(ケ)=O αη″力r(',デ )

∫クじ力肋α府 +ブ ≧3躍 ∫夢

ち0=F鵠辞杵辞等も(1,1)O+n

+ユ里二処堅正
|ギ琴完寺評撃最:幸士署害差辛子薪が豊手誓子

二坐止2二塁

If wc put ι=l in this formula and computc thc cntrics of thc pfaman, then we

obtain thc following corollary.

ヽ

ｌ

，

／

”

一
ブ

．
，

　

（
Ｚ

／
ｒ

‐

ヽ

＼

×

Corollary l.2.

(1)

(2)

r/η ね 9υθη,

#7“ =2P身 (biJ)2≦ らJ<″ -1・

r/ヵ ね。】班

洋7И =P転 _1(bt,,1_,こ
“
-1・

脆 r9サカ♂?肪r/b:,ブ ねσガυθη″

ら奪=涌ポ%岩警≠祭||1名(j,1)    。9
Notc that this formula is cquivalcnt to thc formula obtained in[StC].

This paper is organizcd as follows,  In Scction 2 we givc ctcmcntary deanitions

on planc partitions.  So thc rcadcr who knows thesc ottCCtS may skip this scction

and only Fefer to it afterwards whcn ncccssary,  In Scction 3 wc provc Theorcm l.4

by constructing a biiectiOn concretcly,  In Scction 4 wc rcdenne thc function L4に ,

invcstigatc the rclation betwecn 7.and thc shifted planc partition dcnncd in[� IRR3]

and provc Proposition l.1.  In Section 5 wc employ the latticc path mcthod and

givc thc gcncrating Functions ofヽ 7“ in thc form of thc sum of■ linors.  Theorem l.2

and its corollarics will also bc provcd in thc scction.  In Scction 6 wc translorm a

sum of minors into a pfattan and simplify thc entrics of thc pfaman as far as

possiblc.  Thcorcm l.3 and its corollarics will also bc obtaincd.

Rcccndy J.R,Stcmbidgc[Stc]Obtaincd a formula on the numbcr of totally

synllnctric sclf― coEllemCntary planc partitions and G.E.Andrcws evaluatcd thc piaman
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and proved thc cottccture On he numbcr of totally symmctric sclf― complcmcntary

planc partitions in ESta2].  But thiS Work is indcpcndcnt of thicr results and most

parts of this paper are writtcn as my master thcsis in January of 1988.  It was

delaycd to translate them into English and publish thcm,and it was thc authcr's fau比 .

Thc auther cxprcsses spccial thanks to H.Kimura and I.Tcrada for chccking Englsh.

§2 Preparation

ln this section we introducc somc notation and tcrl■ inology conccrning planc

partitions,  Somc tcrH� nology dcscribing various synllnetrics of plane partitions will

bc deancd at thc cnd of this scction.

We use thc following notation. We dcnotc thc set of positive intcgcrs by P,

thc set of nonncgative intcgcrs by N and thc set of intcgcrs by Z.  Wc writc

[',J]:={χ CZI'≦ X≦デ}.

We denote by#χ  or Card/thc numbcr of elements of thc rlnite sct X,and by

OthCbinttЛ
coefncim.

Thc C,夕郎ブαη う肋ο陶力どじοttCC力刀r is by dcanition

[η]9!

[r]互 ![Pt―― r]III (2.1)
〓

司

―

―

コ

η
　
　
ｒ

Ｆ
Ｉ
Ｉ
Ｉ
Ｌ

� ∝ 団 ♂=団 ″ ― 現 … 団 T ttd ttT=穿
斗

・
←

C agrCC tO demc tto h飢

[;]電 iS Zero if r<O or r>η
。
)

ねa滝ぶ駕承紹毬温規

'二

:In:駅よ;I逮ぞサとはF比 :耗11耽F維

“

路
梯材ゴ″∵ア辞彎i駐 起

C党
税ゲ洗r締佑r°:み夙

t,み

オ∵4士:吼鶏澪∵留τ
subset of P2 dcanCd by

Dは):={(',デ )∈ P21プ ≦免,) (2.動

From now on we idcntify a partition tt with its Young diagram and dcnote D(D

Si=4ply by 免.

Ncxt wc deanc the plane partitions in accordancc with[� rc]and[stl].

Deanition 2.2. Let tt bc a partition.И ″肋η9pα rr力わηπ:=(πづ(,,〕ctt iS a nhng of

thc Young diagram tt which satisnes thc fonowing COttditions.

(')

('')

π巧∈Z

冗サ≧ π,+lJ

if(ら ブ)G九,

if(',ブ),('+1,ブ )C免 ,
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(''')          πサ≧π,J十 二  if(',ブ),(',デ +1)∈免・

Thc cntrics πり((,,デ)∈λ)arc called thc pα ′ねof π,and l冗卜=Σ c,〕 Gtt 
πtt the ψθ懃力′

of π.In particular we denotc by ② the planc partition which has no entry(i.e,免 =2).

In most parts of this papcr wc omly considcr thc plane partitions whose parts

are positive integcrs,  So froIIn now on we assumc that thc planc partitions havc

onty positive parts and wc regard that points outsidc tt are nllcd with zcro uniess

otherwisc mcntioned.  Thc subset of P3 dcflned by

F(π):=((',ブ ,た)CP31(ら デ)∈ 免,た ≦π巧}          (2.3)

is called the r砂 ′rθ r∫ σ′,p力 of π.  A Ferrers graph F of a plane partition always

satistes thc lollowing cOnditions:

”　

―
，

肘

ト

ーｉ
ｇ

，
Ｆ

卜

μ

障

睡

性

ド

ｉ

(')

('テ )

Note that any subset of P3 which satisacs thc above conditions deancs a Fcrrcrs

graph of a plane partition, So we will hcnccforce identify a plane partition with its

Fcrrers graph and denotc it by the samc symbol.  Now lct π be a planc partition.

The partition dcaned by

bS(π):={(χ,ノ)CP21(χ ,ノ,1)Cπ }

is usuany callcd thc d力 9p? of π, but in this papcr we somctimes call it thc bο rチοη,

∫力9ρι of π in ordcr to distinguish it froni thc sidc shape dcancd below.  Thc partition

deaned by

SS(π):={(χ,Z)∈ P21(χ,1,Z)∈π}

is by donnition thc dと ,c∫力9〃θ of π.

Ncxt wc recan somc dianitions conccrning thc symlmctrics of planc partitions

which will bc nccdcd later.(For thc dctails scc ESt3].)

Deanition 2.3. Lct π:=(π ,)。 ,〕cP2 be a planc partition.

1) Wc say π is じο′
"η

,刀―∫ど′′じ́

if駒 >π,+lJ for all(,,デ )C P2 suCh that πげ≠ 0.

Wc say π ls rοψ―∫ど′ιじサ

if πサ>π奪+l for a11(テ ,デ)CP2 suCh that πサ≠0.

Wc say π isッ陶陶
"′

たァπ Satisncs
V(χ ,ノ,Z)C P3:(χ ,ノ,Z)∈ π‐

(ノ ,χ,Z)。 Cπ .

Wc say π isヮθ′たα7r/ッ陶阿rrた if π satisnes

V(χ,ノ,Z)C P3:(χ,ノ,Z)∈ 冗‐ (Z,χ,ノ)∈ π・

Wc say π is′ο′α′ゅッ胸解″た

If(χ
′
,ノ ,Z′)CF,then any(χ ,ノ,Z)C P3 satiSfying

χ≦イ,ノ ≦ノand z≦ z′ bclongs to F,

Card F<∞ .

年
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if π is both symlmetric and cyclically symmctric.

6)     For Lれ ,η CP sctズ
T脇

“

:=[1,I]× [1,珂 × [1,η].

We say π is(L附 ,つ‐留歩εοηル
“
9肪αリ

if π satisncs the following conditioni

π is containcd in/:"“, and
for all(χ,ノ,ZIC/1“打,(χ,ノ,Z)Cπ and Only if

(!+1-X,“ +1-ノ,■ +1-z)学 π.

Thc condition of π being a(ど ,れ,■ )‐ Seld‐ Complcmcntary is cquivalcnt to saying that

π is containcd in thc box /:“
“
 and π and /1“

“
―π arc sy■ 114etriCal to each other

前 httm tO thc centerじ ,署 ,90fthettX為 ″

§3 Certain Classes of PIane Partitions and BttectiOns Among Them

Thc aim of this section is to construct a bjcction bctwcen the sct of tota1ly symmctric

sclf‐complcmentary plane partitions and 7″ .

Let ηcPo We dcnote by刀 ,the sct of all cyclically symmetric(2η ,2η,2つ‐sclf‐
complcmentary plane partitions,  We denote by tt thc sCt Of all totamy sya11.etric

(2■ ,2η,2つ‐sdf‐COmplementary planc partitions.

Derlnition 3.4. Lct′ ,be thc set of plane partitions c which satisfy:

(i)8⊂ [1,■]3ぅ

01)fOr all(χ ,ガ CP2 we haVC

(χ,ノ,1)∈ ε→(η +1-ノ,1,η +1-χ)≠ ε・ (3.1)

Example 3.2.

♂1={②},

ぴ2={D,1,2,1 1)

Theorem 3.4. L"0:刀 .→ どИう9す力θ ttη リカた力α∫∫οε力′θ∫ρ∈勁
“

ψ′励 ε∈ぴ
“
】ヴη9′

"r力

gじοη力′θη:

V(χ,ノぅZ)C P3:(χ ,ノ,ZIC8‐ (χ,ノ 十 η,z+狩 )Gρ.      (3.21

勁"0ね αう″何ヵη/rο
“

刀
“
′ο♂

“
.

P′οげ  In Ordcr to show that O is well deancd,wO havc to verify that 8c♂ ヵ.But
it is clcar that ε dcnncd above is actually a planc partition and is containcd in

[1,姻
3,so wc haVC Only to shOw that

Vは ,ノ)CP2:は ,ノ,1)∈ ε⇔ (η +1-ノぅ1す η+1-⊃挙ε. (3.3)

Using the prOperties of ρ and the dcanition of ε,this inllnediatdy follows by an easy
calculation.  Next we construct the invcrse map yr:ど И―→と2И .  Wc derlne thc domains
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D′Tr(WhCre p,9,rc(1,2))as f0110Wsi

D″
T″
:=[υ -1)η +1,pη]× [(9-1)η +1,9η ]× [(r-1)η +1,r猾]  (3.4)

Givcn ε∈♂刀,wc dcanc ρ∈刀
“
by spccifying thc points of ρ in cach domain D"r as

follows:

(1) Vは ,ノ +η,Z十 乃)CD122:(χ ,ノ +れ,Z+η )∈ ρ⇔ (X,ノ,Z)C8,

(2) V(x+れ ,ノ,Z十 ■)C D212:(X+η ,ノ,Z+猾 )∈ ρ⇔
(ノ,Z,χ)G8,

(3) V(χ +η,ノ +η,Z)C D221:(χ +η ,ノ +れ,Z)∈ ρ⇔ (Z,χ,ノ)∈ ε
,

(4) V(χ +η,ノ,2)∈ D211:(χ 十 乃,ノ,Z)∈ ρ‐
(■ +1-χ ,η +1-ノ ,η +1~z)18,

(5) V(χ ,ノ +η,Z)∈ D121:(χ ,ノ +れ,Z)Cρ ⇔
(η +1-ノ ,η +1-z,η +1-⊃ 18,

(6) ∀(x,ノ,Z+η)GDl12:(X,ノ,Z+η)∈ ρ⇔ (η +1-Z,η +1-χ ,■ +1-ノ )¢ε
,

(7) V(χ ,ノ,Z)CDlll:(χ ,ノ,Z)∈ ρ,

(8) V(χ +η,ノ +η,Z+猾)CD222:(X+η ,ノ +乃,α +η)学 ρ,

(WherC χ,ノ and z bclong to [1,η ]in thC abOvc notation.)

First wc havc to show that ρ cと2",  It is enough to show that ρ bccomes a plane
partition sincc it is clcar from thc dcanition of ρ that ρ is cyclicany syml.etric and

(2n,2n,2n)ぃ sclf―COmplcmcntary, Supposc that P′ =(χ
′
,メ ,Z′)be10ngs to p and lct

P=は ,ノ,Z)G[1,2η]3 bc a pOint satisfying χ ≦ ノ ,ノ ≦ ノ ,Z≦ Z′ .ThCn wc havc to

show that,P∈ ρ. This is ctcar if P and P′ lic in thc samc domain.  Furthcr in thc

casc that PcDlll or P′ ∈D222,thiS is trivial.  So thc rcmaining cascs to bc considcrcd

are as follows.

P c DPTri(WhCrc onc of p,9,r is 2 and the rest arc l)

P′ ∈Dsι″:(WhCrc onc of s,ヶ ,"is l and thc rcst are 2)

p≦ s,9≦ ′,r≦ ク

For cxamplc wc consider the casc whcrc

(3.5)

P=(χ ,ノ,Z+■ )CDl12,P′ =(X′ ,ノ キ ■,Z′ 十 力)∈ D122:

χ≦ X′ ,and z≦ z′ .

(3.6)

Sincc thc clail■ 、vas shown in thc casc where two points lic in thc samc domain, we

can assumc that χ=χ
′ and z=z′ .  ThCn an easy calculation as follows lcads to thc

coclusion.

P′ =は,ノ +η,Z+つ ∈ρ⇔は,メ ,Z)∈ ε

⇒は,1,Z)Cε →
(η +1-Z,η +1-χ ,1)学 ε

⇒
(η +1-Z,η +1-χ ,乃 +1-ノ)18⇔ P=は ,ノ,Z tt η)学 ρ

So in this case thc clai14 WaS Shown,  We can provc thc other cases si=nilarly, and

this shows that ρ is a plane partition.  The remaining task is to sho、 v that φ and
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t/ arc thc inverse mappings of cach othcr.  It is clear from thc deanition that

°°y="どれ'S°
We havc to show that O is itteCtiVe.This is cquivalent to show

that,for any 8∈ ど.,ρ =7(ε)C刀
“
iS the only onc which satisacs o(ρ )=ε. But this

is an easy conscqucncc of thc fact that ρ is cychcally synllnctric and (2n,2n,2n)‐

self―complementary.  □

Dennition 3.5. For ηcP,wc put

7И :(γ 7iS a Юw…stict plane partition satisfying(χ,ノ,Z)∈ γ⇒ X+Z≦ η),(3.7)

9“ :={δ δ iS a plane partition satisfying thc conditions:

V(X,ノ,Z)C P3:(x,ノ ,Z)Gδ く夢
(χ,z,ノ )∈ δ

V(χ,ノ,Z)C P3:(χ クノ,ZICδ ⇔χ+ノ ≦η
}・

Example 3,3.  93 iS COmposcd of thc following scven clcmcnts.

(3.8)

②
,□ ,田 ,□

□
,匿P,□

□
,田F

Proposition 3.2. Lす 02:∽
“
→ 7“ b"力θttη ψ肪じ力郎∫οじねrじ∫δ∈ワ

"リ
カカγ∈7刀 冴宅βη9ガ

b/

VIX,ノ,Z)C P3:は ,ノ,Z)∈ γく多
(χ,ノ,ノ キ Z-1)∈ δ, (3.9)

η々θ力。2ね αう夢じじガο力・

P′οヮ£ The planc partitions inり ,arc syl■mctttc in thc dircctions ofノ and z(1.e.

(χ,ノ,Z)G δ if and onty if(χ ,Z,ノ )∈ δ・),WhCrcas cach row of thc plane partitions in ttЪ
is a strict partition. Thcrc is a vcll known onc to onc corrcspondencc bctwecn

symmetric partitions and strict partitions so that it is casy to verify thc above

construction gives a onc to one corrcspondcncc bctwccn 7" and 2“ .  回

Theorem 3.5.勁θ rθdrrヵどヵηげ どル 脇pppttσ O:"И → ぴИ加 勁 θθ′9胞 3.1どοノ
“
σ力ι∫

Oηゼ ′O θttθ じOrrθ∫pO乃

'c乃

じど う?′ψθ?η し″
“
 tv乃′珍,,

P′οげ  Lct ρ∈
".,3∈

ど
“
and ε=Φlp).Then

ρ is symmetric

⇔ [(X,ノ +乃,Z+4)∈ρ⇔ (X,Z+η ,ノ 十■)∈ ρ]

(→ [(χ,ノ,Z)Gε (多
(χ,Z,ノ)∈ 8]・

Finally wc havc to show that, undcr this condition, the condition

(')        (χ ,ノ,1)C8→ (η +1-ノ ,1,■ +1-功 挙8

is cquivalent to thc condition
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(X,ノ ,Z)∈ ε→ χ+ノ ≦ η・

This is an casy calculation。   □

CoroIIary 3.3,勁θ ttpppttσ 02° °17.ね αう披εど力刀/rθ
“

ノ
“
′ο7“ .

駒 ∫
"陶

η,ど力ねう″′′ο乃げ ノ
“"ど

ο7“ ねσガυぞηb/ど力9カ肪″物 rタル・

Gブυθヵδcプ
“
,りθじο刀∫′′夕じ′γ∈7И 郎力肋り∫:

V(X,ノ,Z)C P3:(χ,ノ,Z)Gγ ⇔ は ,ノ +η ,ノ +Z+力 ~1)∈ σ (3.10)

§4 Weighting the elements of 7,

In this scction wc investigatc the sct 咤?“ First wc introducc the tcr■ linology

dcancd in[�IRR3],thcn invcstigatc thc rclation bctwccn 7.and″ μ and redianc

thc functionし 生.WC Will prove Proposition 4.l and introduce two cottCCtures from

[1亜RR3]at thC end Of this scction,

A strict partition is by dcanitiOn a partition 免=(免 1,λ 2,・
・・,兜r) SuCh that

九1>λ2>中●>九′>0.  With a strict partition tt we can assoctatc a shiftcd diagram

SDは)whiCh iS deancd by

SDは):=((',J)C P211≦ ,≦ ブ≦九:),

Deanition 4.6. Let tt bc a strict partition. И ∫/tヵι′p肋刀?pα′チカテοtt π of thC Shapc

SD(λ)is a t�angular array

π:=(π ,)。 ,デ)esD(■ )

which satisllcs the following conditions

πサ∈Z      if(,,ブ )CSD(九 )

πげ≧Ъ+1,J  if(,,ブ ),(テ +1,ブ)CSD(λ )

π灯≧Ъ,ゴ+l  if(',デ ),(テ ,デ +1)CSD(九 )

From now on wc only considcr thc shifted planc partitions 、vhosc parts are

positive intcgcrs and rcgard that an parts outside thc shapc SD(九 )arC nncd with
zcro,  We can deflnc a Fcrrers graph F(π )Of a shiftcd planc partition π in the samc

way as that of an ordinary planc partition:

F(π):={(',ブ ,た)CP31,≦ J andた ≦冗サ)        (4.2)
Derlnition 4.7. We denotc thc strict partition● -1,猾 -2,…・,1)by九 (″ )・ Lct″

“
bc

thc sct of shiftcd plane partitions

β:=(β∂c,デ)csD(ぷ つ
)

(4.1)

(')

(ガ )

(''')

which satisfy

η―
'≦

βサ≦η fOr all(',ブ )C SD(九り. (4.3)
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Example 4.4.  鬱″3 haS the following seven clcmcnts.

昭,昭,昭,昭,昭,昭,昭
In[l�RR3]the set夕

“
Was dcancd,and the following thcorcm was provcd,

Theorem 4.6.島 ′ηcP,サル 陶ppp力σノ
“
→

"И
,σ =(σ∂.,〕cP2い (βづ0,〕csDはω)'ヴη″

″

βり=σ,+1,J+1~η  (1≦
'≦

ブ≦カー1)

ねαうヴθじ′わ寛・

(sec[MRR3],p.280 Thcorcm l.)

Interprcting in tcrms of thc Ferrers graph, wc can say that the mapping 7“ ‐ と笏И

takes σ∈btt tO β∈しηИ dCancd by

Vは ,ノ,Z)C P3 suCh that l≦ χ≦ノ≦ η-1:
(4.5)

(χ,ノ,Z)∈ β⇔(X+1,ノ +1,Z+η )∈ σ

Combining Thcorcm 4.4 and Coromary 3.12 of Scction 3,we obtain thc following

corollary.

Corollary 4.4. η修 脇η 参
“
→ 嘗

“
,β 隣 7】ヴカ″ α∫ぅんJJ9″∫ね α う″じ′′ο刀・ Jο′ ?α渤

β∈
"″

,7G7,ね た′ιr陶肋θプ″

V(χ ,ノ,Z)∈ [1,η]3 ∫ク渤 加,ど  χ+z≦ 猾:

(X,ノ ,Z)∈ γ⇔ (■ +1-X― Z,れ ―χ,η +1-ノ )学 β  (4.6)

助 9カ υθ′∫?陶 pppヵ
σ 7刀 → 2,ね σブυtt b/サル カ JrOりヵσ ′タル.肪 ど力 θαじ力 γ∈7“ ,りθ

α∫∫0カど?β∈多
“
力′θ′脇力gプ 妙

的 非 Lが
M,;をβと岳す とを,与

L'1_χ +ヴ岸γ
側

lヽills,Robbins and Rumsey dcflncd thc f01lowing functionし
4κ in[ヽIRR3].

Deanition 4.8. Fof β∈
"秘

andた c[1,ヵ],let

υよD:=Σ (β r,ι 十た-1~β r,r+1)十 Σ {βl,″
_1>η ―ι}

(4,8)

Hcrc wc sct βl,,=カ ーケfOr all ιc[1,η -1]by cOnvcntion.AIso(… }has value l
whcn thc statcmcnt ``・ …'' is truc and O othcrwisc.

We also usc thc Function

(4.4)
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LIκ (β):=η -1-IJz(β)           (4.9)
fOr βC"“ .Identifying笏

“
and 7“ by thc bttcCtiOn dcancd in corollary 4.5,we derlne

晩(γ)and晩 (7)fOr γ∈監 .

Dennition 4.9. Lct γ=17:)c,〕cP2G 7И .We call the parts 7げ whiCh Satisfy γ巧=η ― テ

ど力θ

“

αχテ脇α′P,κ∫ げ γ.ThC maxim』 parts,if thcy cxist,appcar only in the nrst

column.

For examplc thc maxilnal parts of an clcmcnt ofヽ 75

are thc boldfaccd cntrics.

Ncxt we show that thc LIκ (7)iS the Sum Of thc numbcr of parts which arc cqual

to た and thc numbcr of lnaxilnal parts which arc cqual to l,2,・ ・・,た
~l in 

γ.

Pro,osition 4,3. Яθ′θ,じ力γ∈7,αη′たc[1,η ],17θ 力αυ?

げよ7)=辞 {(',デ )∈ [1,乃]2γ奪=た}+洋 (1≦
'≦

た-17“ ,,1='}。   (4.10)

Prοヴi Rccall that thc dcflnition of L4L is

Uよβ):=Σ (βす,ど +た 1~βど,と +た)+Σ {β′,″ 1>η ―ι}.
′=l                    ι=PI-1+1

1f η―た+1≦ ヶ≦猾-1,

βr,И l>η ―ケ⇔
(ι,η -1,η +1-ヶ )Gβ‐

(ケ,1,乃 ―ι)学 7‐γr,1<η ―ケ.

It fonows that

“

~1

Σ {β l,И l>η ―ι)=井 {ι
G[1,た -1]lγ

“_1<ケ }
r=PI― +々1

=た -1-洋
{ι

c[1,た -1]17,_と,1=才 }.

On thc othcr hand if ι∈[1,η ―た]

βι,ι tt κ l=#{陶 ∈[1,η]|(ι ,ι +た -1,翻 )∈ β}

=浮 {陶 C[1,η]|(η +1-η,η ―た+1-ι ,た)挙 γ}   (4.121
=評 {加∈[1,η]lγ

“,И ぇ+l ι<た }

and

(4.11)
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瘍 ‖=材 lmcEl,帆腕 _判
子|二 身三与  ぃ 勤

From(4.12)and(4.13)wc conCludc

Σ(β′,サ +た 1-βι,1+た)=洋 {(',ブ )∈ [1,η]× [1,れ ―た]ッォブ<た }
ι=1

-#{(',デ )∈ [1,η]× [1,η ―た-1]17らす≦た}― た。  (4.14)

It is casy to scc that

審{(',デ )|た [1,■],デ =η ―たand 7.,J≦ た}=η・     (4.15)
From(4.14)and(4.15)

Σ(βヶ,す +た 1-βど,ι +た)=猾 ―た一洋{(',デ )∈ El,η]× [1,乃 ―た]lγ ,,ブ =た )・
(4.16)と=1

(4.11)and(4.16)immcdiatcly imply thc proposition.□
Wc introducc thc notion of altcrnating sign matrices dcnncd by WIills, Robbins

and Rumscy.

Deanition 4.10,  An altcrnating sign matrix is a squarc matrix which satisacs

(')     all Cntrics arc l,-l o1 0,

('')    CVCry row and column has sum l,

('テ

')       in every row and column thc nollzcro cntrics altcrnatc in sign.
Let ど影″″ bc thc sct of,, by ,, altcrnating sign matriccs.

Example 4.5.

プ 3=|(|||),(|||),(|||),

(|||),(|||),(|||),(|111)|

践 1悟∬IiCIri二身駅 ::lCi::i!:と :七il::;i!IC!; luttSOmcSigninCancc

洋{α =(α :♪ 1≦ 切≦“
Cジ

“
l 
αlr+1=1}=洋 (β G笏

“
1晩 (β)=r)。    (4.17)

COtteCture 4。 3([νttR3])とす η≧ 2αヵプr,s bθ 力ど?σθr∫ ∫
"じ

カチカα″0≦ r,s<ヵ.四 Zθ刀
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審{α =(α∂1≦二J≦ .∈ ジ打l 
αlr+1=1,α“"_s=1)=洋 (β∈″

"l yl(β
)=r,1/2(pl=s}。 (4.18)

By CottecturC 3 in ESta3]wc cxpCCt the following cottCCturc.

COnDecture 4.4. 上,0≦ ′≦ η-1,η′ 1≦ た≦ ηo Sす

寛r=(7C7.1曳 (7)=r}.

勁9乃 辞寛r ψοク
"う

9σ力9刀 妙

洋7与″

14.19)

COn3ecture 4.5. L9ど η≧ 2 αη′r,sbゼ 滋√θクθβ ∫
"じ

カチカα′0≦ r,s<猾. 勁 ?乃

辞{7CT″ |」1(7)=r,1/2(γ )=S).

=#{α =(αり)1≦ ,,デ≦И∈ジ,l αlr+1=1,α,.s〓 1)
14.20)

§5 Generating Functions

ln this section we will givc the generating function of 7打  which is wcighted by

thc multiphcities of parts and the function し吼.  The main thcorcm of this section is

Theorem 5,1,  Wc will obtain several corollarics of this theorem.

In the llrst place wc summarize the latticc path method by recaning somc

terminology and stating thc rcsults of Gcsscl‐ Vicnnot[GV]as Lemma 5,l and Lcmma

5,2.  Lct D be an acydic digraph in which cvcry cdgc is assigned an clement of a

nxed commutativc ring R.  This clcmcnt is called the weight of thc edge.  In our

application the ring R Ⅵた1l be the ring of polynonlials in several variablcs.  Aた っθ′ど9χ

is by dennition aと tuplc of vertices of D for a nxcd integerた . If u=("1,夕 2,・
・・,'た)

and v=(υ l,υ 2,~・ ,υ■)arC た‐Vertices of D, a た‐pαチカ from u to v is a k■ uplc

A=(■ 1,И 2,…・,ИD of pathS Such that cach Иt is a path from夕,to υ,.Theた‐path

is said to be冴 】げο力r if thc paths И,arc vcrtcx dittoint,We dcanc thc weight of a
pathス to be the product ofthe weights ofits cdgcs and denotc it by wι (И). Similarly

the weight of thc た"path A is derlncd to bc thc product of cach path and dcnoted

byりヶ(A), If夕 and υ arc two verticcs,wC Writc the set of paths from"to υ as

夕(",91 and if u and v arcた―vcrtices,wc writc thc sct ofた ‐paths from u to v as

グ(■,V).And we dcnotc thc sct of dittoint paths from u to v byフ ″
′
(u,Vl,We writc

一
И

ヽ

１

，

ノ

２
一
　

生一ｒ　
佑

η２／

ｒ

ｉ

ヽ

＼

ヽ

、

‥

′

／

一
　

１

ｒ

　

　

一

＋

　

η

η
／

ｒ

‐

ヽ

＼

ヽ

ｌ

，

ノ

２

　

１

一
　

一

助
　
η

／

ｒ

ｌ

＼

P(",υ)= Σ リケ(И )

スC夕 (″ ,υ)

P(u,V)= Σ リケ(A)
AG夕 (B,V)

(5.1)

(5.動
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N仰,→ =c元
,〕

前い)       o〕
AI

Lct Sた bc thc symmetric group on(1,2,… ォ).If V iS aた‐path and πc Sκ ,then let
π(V)=(υ ″(1),υπ(2),'~,υ π(■ ))・

Lemma 5。 1。 ([G/]attθ 。′θ陶 1)

Σ(Sgnπ)N(u,π(V))=dCt(P("ゎ υ
))、す=1,2,中た       (5,4)πcSた

Lct us say that a pair(u,v)Ofた ‐Verticcs isヵ οttρ ?′η
'ク

サ,うル if N(u,π (V))iS Cmpty
unless π is the idcntity elcmcnt.  Thcn wc havc thc following corollary,

Lemma 5.2.([G/]働 rοttr/2)r/(u,v)ね ηο/DP?′胸クケαbル,ど力9η

N(u,V)=dCt(P(クゎ均)光 ,J=1,2,… 1・ (5.5)

Wc nced sevcral kinds of sym14CtriC Functions to dcscribe thc gcnerating functions

of planc parititions,  Lct us preparc somc notation hcrc.  Wc usc countablc many

va�ablcs χ=(χェ).GZ・ For η,“,rcZ such that η≧れ,wc witeヶ力gr‐ど力 9カ陶θη″αヮ

ツ陶麗
"rた

カカじrガοη in η―翻 va�ablcs χ
"+1,χ"+2,…

・χИ aS ιμμ)(χ
).ItS prccisc

dcnnition is as follows.

h the casc η>“ wc dcnnc中 /“)(χ)by

ゆ 1芦
pttr ittγ�刈

m
(WC uSC thC Convcntion that中 /れ )(χ)=l ifr=O and ιP/“

)(χ
)=O if r<o。 )If η=附 ,

wc putギ /“)(χ
)=δ r,。 .If m=0,wc abbrc� ate θμ/9(χ)to θμ)(χ).Thc gcncrating

function ofギ /")(χ
)iS g�Cn by

Σ9μ /PI)(χ
)ι

r= 
Π (1+χ .ケ).

(5,7)

by L/1, we mean

for the mononlial

rcZ

(5.8)

We prcparc some notation to dcscribc our thcorem.

Deanition 5。 11.  By thc gcnerating function of 宅?И  wcightcd

Σγev猾 ケ
」°)χγ

.

If π=(π∂(1,ザ )cλ is a plane partitiOn of the shape免 ,wc write χπ

Π χ狩ブ・
(し ,J)e九

For γ GttИ ,Wc witc」 (γ)=(σl(7),亀 (7),―・,呪 (7))and

ι」(γ)=ケ
710)と 720)...ι浄仰)

For cxamplc, for the fonowing elemcnt γ in 75

(5,9)
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we havcケロ。

'γ

=ιニケなι:ケ£と:χユX身勇3X4・

               t of mね ors Ofgivc th gencFating Funcion of T"exprcsscd as he su劇Now wc

cnttics arc― ∝rtain elematary symmorie funotions,Wcmattix whose                         thc generating runcdon ofa reCta4gular

oan apply Lemma l in two diIFerc4t Ways to obtai4

7″ .Wc usc only onc oF thcm here.

鹿 ど脅cP αηプた∈[1,4EI.腔 聯 ・滋▼猾妙 Oη -1)Fゼθrry4σ ttr力α′′歳Theorem 5.7.

鳥(,,X)″

島(す,X):=lp鰐 (ち 工)九 =。 ,中 4~1
J=0,中●,2И -2

リカΥθ

                                       ″

(Π りれ)=    (5.10)pη)位 B=じμ.(を 1労 1,,2χ 2,・・・,ら -l XE-1,v=じ

晩 η

Σι虫
'Xν

=嗚 (鳥瞼X)).            (5.11)
,CttT

Before pro� ng the thcoremぅ we arst show an examplc,and hcn wo statc somc

∞ rollaries whiCh are immediately deduccd ttom Thcorcm 5.4.

andた =1,Whcn盈 =3Example 5,6,

仙12範 工1〕
Ps(ち 主)=・

 (i l 

ιlケ」
13χ

l

and                                                      X2+ケ

iケ213.χ 4da lP3(ら )`)=1+'lx二 十,2ナ g死2+す 1'2ι 3Xl

才1と身ιttXl労2+ι :瑳ι:えこえを,

「 lareWhereas the elcrnents ofヽ 73

3 2 1

1

1
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γ∈73 」10) 1/2(7) 1/3(')

φ,     0,     0,     0,

1,     1,     0,     0,

}島  生 亀
0,      1,       1,

:,比  名  虫

2  1,    1,       1,       1,

il, 2, 2, 2,

才
V~(γ)えダ

1

ιl〆 1

'1'2ι
3Xt

ケ2'3X2

,1サ:す:死 l χ2

ケ子|:ι:χ缶ヨ・

Putting先 =1(1≦
'|≦

■)in TheOrem 5.1ち we obtain

CorOllary i5.乃′η∈吼 んど■,(司 膨 肋?η ″ 12ヵ 一 生)kで比脇″ ね′脇α′歳 房夢″ ′妙

比lXli='μ ,(つ兆=。….1,
す=0,Ⅲ .,2,-2

勁 伽

Σえγ=dヵ (L,(ぇ )).

7彰ll

Putting χ:=α
l(1≦ ユ≦猾)in COF01lary 5.1,we obtain

(5.121

(5.131

(5.141

(5.15)

15■ 61

cOrOlhry S,5・ 肋 rη ∈P,筋 M,(abゼ 励?猾 b/珈 -1″ヵ勉狩♂
"力

″胸,ど′滋 婢 η″ 妙

嶋0洋
(府

些型

Bと ,1ォこ監雰 2・

勁 翻

Σゴ】=d,(M,('))
ッery滉

Putting q=1 14 COrOllary 5,2,wo obtttn

Cor611ary&7, Fo′ ηc吼 力′N,(χ)bゼ F力ιれ妙 12,二 1)躍0"σク加′η″″歳 級茅″9tr″

Щ先琲=Кブと,》f… _・
J=0'・ '中

2'~2

#♂.=#7,=d.(Ⅳ,).

駒 々

(5.17)
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If wc putれ =1(1≦
'≦

■)in TheOrem 2,wc obtain

Corollary 5.8. Jθ ′ηcP,ル r2,(ヶ)b"ル ηb/(2η -1)′θじ′αησ夕滋r“α″歳 所げ肋θ′うノ

Q″ (ι):=(ギと,(ι l,ケ 2,…・,ケ._1,Π ιv)):=。…И_1・
フ='   デ=0, ,2PI-2

(5.18)

",=(1-',η
―
'),  

υ,=(ん ―
'+1,0)・

(5,20)

(5。 21)

Thcn wc can dcanc a bjcct� c correspondcnce bctwccn the γ∈77)and thc dittoint

た‐paths A from u to w as folows.  Thc ,― th row of thc planc partition dctcr∬lincs

thc,‐ th path Иf of A.И ,contains thc horizontal stcp fronl(!,力 )tO(!+1,カ ー 1)in

,‐ th path if and only if γ,,J+,iS equal to力 .  Vcrtical stcps are appcnded appropriatcly

so that the ,‐th path И:bccomes a path from ": to υJ.

Rccall that

1/1(7)=洋 {(',デ )∈ [1,η ]21γげ=た}+辞 (1≦
'≦

た-11γ
“
_,,1=')。  (5.22)

To rcalize this wcight wc dcanc thc wcights of thc cdges in thc abovc digraph as

follows.The wcights of vcrtical stcps arc l.If thc ho� zontal stcp frol■ (ケ ,力)tO

(′ +1,カ ー 1)iS in thc form

,=1-,,  力=η ―
'

thcn the weight of thc step is ιれヶЙ+1-・ ι
“
χれ,  Otherwisc, thc weight of the stcp is

ιヵχЙ. Let",=(α ,,b:)and υ,=(Cど ぅ島). In this digraph thc paif(u,v)iS nOnpcrl■ utablc

if α,+1≦ αヵ b:+1≦ b:+α ,一 ,,+1, C'+1≦ C' and 冴,+1≦ 島 +° ,一 C,+1・  Since thc

abovc pair satisflcs this condition, wc can apply Lcnll■ a 2 and obtain

N(u,v)=det(P(",,υ J)光,J=1,2,_た '
(5,23)

In this idcntity we can cxpress P("ヵ υゴ)using the clcmcntary symmctric function:

PIV:9υ )=θ托こ9+t01X19功χ歩…ちち_lX“ +ゎ (v単
,り

χ
“

)。  ∞。2o

勁 釘

Σケy仲)=d“
(2,(ι )).

νC711 (5.19)

Prοげ [ア T力θοrθ胸 5.1.Wc considcr the digraph in which thc vcrticcs are latticc

points in hc planc and thc cdges go from(,,デ )tO(',デ ー1)and('+1,デ ー 1)・ The

cdges which go frol■ (,,デ)tO(',ブ +1)arc callCd thc vcrtical stcps and thosc which

go from(,,ブ)tO(テ +1,デ ー1)thC hOrizontal stcps,although thcy arc not cxactly

horizontal.  Lct λ=(九 1,九 2,・
・・ユ1)bC a partition whose length is exady た。  And let

77):=(γ C7打 l bS(7)=免 }・

we derlnc the た―vcrticcs u and v by
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Up to this point wc assumcd that l≦ ,9ブ ≦ た and免 1≧ 免2≧ …・≧ れ >0.But wc
may idcntify thc partition免 =91,免 2,・

・・ユκ)With允 =91,九 2,'・
・,允,)SuCh that

免1+1=0,…・ュ
“
=0,and fronl(5。 24)wc obtain

det(P傷 ,り光,サ =1,2,_た =dct(P(銑 ,り )t,ゴ =1,2,…″・ (5.25)

So wc sum up this generating function with tt ranging ovcr all partitions and obtain

Σι敦〕χツ=  Σ  dCt(P(",,り光,J=1,2,_打
'

(5,26)

(5,27)

(5.28)

(5,29)

νeV加 λ=('1,テ 2,・ ,̈λ 4)

whcrc tt rangcs under the condition

Now wc rcplacc 免ブ by

九1≧ 免2≧ … ≧ 免И≧ 0.

μ
“
―′=η ―プ十為  (1≦ ブ≦η

)・

Then μ rangcs undcr thc condition

O≦ μ。<μl<… <μ打≦ 2η -2.

Substituting為 ―プ+'=μ
“Jキ テーヵinto(5.24)9 we obtain

P("と ,υデ)=9比こ!+】 ―
"(才

lχ l,ι 2χ2,~・ ,ケれ
'-lχ

И_ェ _1,(

From(5.30)wc haVC

Π ιフ)χ“
_)。

(5,30)

(5,31)
P(夕

“ゎυ4)=叫―,(′ lχ l,ι 2χ2,…・,と ,_lχ:_1,(Π ιv)X,)。

Substituting(5.31)intO(5。 26),we obtain(5.11). □

・…,αr)and(bl,b2,・ ・・,br)bC intcgcrs such that

l≦ αl≦ α2≦ … ≦αr≦ れ,  1≦ bl≦ b2≦ … ≦br≦
“

.

§6 A Formula witt PFaman

ln this scction wc cxprcss d,(=″
(ケ ,χ))Of(5,11)obtaind in Theorcm 5,l in thc

form of a pfaman by using[O]ThCOrcm 3 and thcn simplify the cntrics of thc
pFafnan as far as possiblc.  Thcorcln l.3 and Corollary l.2 is the main rcsult of this

scction. Lct Z:=(z巧 )1ゴ ≦
“
,1≦ ブ≦加bc an η by tt matrix whose entrics are thc variables

Z'J.

Let(α l,α 2,

We write

and

(6.1)
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d('1,'2,・・・,α″)=   Σ  d(α l,α 2,・
・・,αri bl,b2,・・・力″)。

1≦ bl≦ b2≦ …≦うr≦ PII

Lemma 6。3.[0,7功9ο′θ,夕13] Lθ″1≦ ,1≦ α2≦・…≦
'ァ

≦η.

(1)rF rた 9υ?刀 ,′力θヵり?力αυ?

d(α l,α 2,~・ ,α″)=P与 (d(αヵα))1≦ らた,

(2) 丁 rね ο】琺 チカθ刀 ″?力αυι

d(α l,α 2,中
●
,α″)=P与 +1(χ ,J)1≦ ,,デ ≦r+1

リカθrθ

打θ′ι ψθ ttηο彦
"ル 〃り α力げ 力σ′99′ 妙 P与 .

DennitiOn 6.12. For ηcP and,,ブ cN,we put

(6.2)

加刺‐βq院】解桂引'
(6.3)

whcrc p好 )(ヶ
,χ)iS aS in Thcorcm 5.1.

If η is cvcn,by virtuc of Lel■ ma 6.1(1)WC Can cxprcss thc sum of dcterrninants

in Thcorcm 5,4 by a pFattan as in thc following thcorcm.  If η is odd, wc rcmovc

the arst Юw from thc rcctangular array of Theorcm 5,4 and thcn apply Lcmma 6.1(1)。

Theorem 6.8. L9√ 乃cP,

(1)      τF乃 ねθυθη,Σ ι
υ・ )χγ=P阜 (プ名(',デ ;ι,χ))。≦iJ≦“

-1・

γG7■

(2)     五′ηねο冴先Σ ι
υ°)χγ=P身 _1(允 (',デ ;ι,χ))1≦ 】,サ≦“

_1・

ッe7.

S.Okada pointed out that Lcrllna 6.1,which transfor■ l thc sum of lninors into

a pfarnan,is appliablc to Thcorem 5.1.From mow on we try to simplify thc pfafnan

as far as possible.Sct光 :=ヶ ,χゎズ,:=Π i=1為 ,既 :=Π ;=,オフand T:=Tl=Π 寺=1ケフ・

Proposition 6。 4. Jο r,,ブ cN ψど力αυθ

元 (',デ ;ケ,X)=T/, Σ  Cr十
)(ノ

「
1,…

,ノニ1,既 甲:ノ
「

1,ノ
1,・ …,ノJ-1,碍 +1ノ〕

″≧2,― ザ

(6.4)

+Tズ JΣ  琴
+)(ノ

1,中 ち光 _1,蜀 +1光 ,ガ
1,…

,ノ〆 1,碍 〒1/J・

1).

″≧2デ ー
'
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,。 with a

we havc

(6.5)

DcrlnitiOn

P′οりF Let S be the

Laurent series Σ αttZ

“
≦

“

Wc usc this formula

6.1, thcn wc havc

(6.7)and

;ケ,χ)

知,ブ ;ち⊃=遇渥1解七】露1桂】|

hnear operator which associatcs thc constant tcrm

~“

(附 GZ).Ifデ (Z)=Σ α

“

Z“ iS a pOlynomial,then
И≧0

S(津刺コ
to transform J名 (,,デ ;ι,X)・ Let y名

(テ,デ ;ケ,χ)be aS in

(6.6)

が伊(ケ,⊃ Σ琳)(ι
,χ )

1≧ た

� O,⊃ Σp伊 0,⊃
ι≧た

From(6.5),wc haVC

渥め 弱(詠ι員わつ  側
Using the gencrating function of thc clcmcntary sym14CtriC functions, we express thc

Sum Σ庭。pV)(ι ,χ)ZT as a product:

Σ pV)(ケ ,X)ZI=Σ ι±1,01,… ,ノ,1,Ti+1ガ zι

:=0          ,=0

=グ Σ9iと ,01,… ,ノ,-1,Ti+1ノ )Zl'
ι=0

,-1

=グ (Π (1+ノフZ))(1+蜀 +1光 Z)・

(6.8)

Combinlng

J身 (',デ

V=1

(6.8),wc cXprcss(6.6)as follOWS

=Σ
κ≧0

=Σ
た≧0

Pil)(ケ ,X)

P斜 (ケ,X)

1

1-z l

渤

　

羽

　

Ｔ“
　

Ъ

Ｌ

　

み

　

辟
　

帰

＋
　
　
　
＋
　
　
　
η
″
　

　

帯”

�
　
　
渾
　
　
坪
　
　
ノッｚ

ｖ
ｚ，

　

　

ｖ
ｚ，

　

　

＋
　

　

＋

ノ

ノ

ー

ー

い
　
い
　
Ｈ咽
同
脚咽
Ｈ

ＨΠ
口
脚Π
Ｈ
　
ｚ，　
　
ｚ′

独
　
虫
　
　
・た　
　
報

，ｚ，

　

ｐ

ヽ

河

フ

々

ヽ

、

‐， ‐

フ

　

　

ー
ノ‐
　

　

　

・
ノ
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~1))(1+蜀
+1ノtZ l)

~1))(1+碍
+1ノ,Z~1)

グ(Π (1+ノッZ))(1+蜀 +1光 Z)

フ=1

デー1

ZJ(Π (1+ノνZ))(1+碍 十二ノブZ)
フ=1

=S(子
発 4Tズ.(1lo+ノ「

1分)O+Ti.iガ
1⊃ (110+ノ vう)0+碍+1ワ

~1-z lT/YJ(11い ノフZ》 (1+蜀 +1光う(110+ノ
「

lZ》
O

This provcs thc le14ma, □

Lemma 6.4.乃′らJ≧ 1り?力αυ9肋じ r?εク崩 υじ派ノ陶
"肋

釣o=2aザー10+{(1,t与「11)+2('玩七
2)l。

+均

+{(1,と与Lを )+2(うと4L4)+('it弓
2)+2(1,と

与互4)〉

Z~'(Π (1+ノ vZ
ν=1

J-1
ZJ(Π (1+ノフZ

ツ=1
ヽ

、

‐

‐

‐

‐

‐

‐

／

ヽ

ｌ

，

／

一　

プ
ノ一

十碍＋

From mow on wc dcal with special cases sincc wc are mainly conccrned with thc

problcm to count thc numbcr of TSSCPP and it is vcry complicated to simplify thc

cntries of the pfaman in the muitivahablc case.  Fix an intcgcr た such that

O≦ た≦η-1.ヽVc substitutcれ =l fof l≦ ,≦ η,島 =l fOr l≦ ,≦ η,テ ≠た and

ι々=才  into 元(',デ ;ケ,X)・ WC dCnOtc by σけ(す)the function obtained by this
substitution.  Noticc that σFi(ヶ )iS indcpendcnt ofた  and written as fonows.

If'=ブ =0,hCn♂げ(ι)=0.
If,=O andデ >0,thCn,ゥ (オ)=2'~1(ヶ +1).

Ifブ =O and,>0,then σ,デ (ι)=-2J l(ι +1).

If',デ >0,then

爪り報告りt雰<1気 0.≧琴<;気
2〉

十ケ
tr≧憂_ジ {('+;~2)+(,手と二

2)}_7≧

尋~11('+;~2)十 (''とこ
2)}}.

(6.9)

If we usc a rccursion fofmula of binon� al cocntcicnts, wc obtain thc following

lcnllna by casy calculation.

(6.10)
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If vc  utilizc  thcsc  rccursivc  fornaulac  and

transformations in fows and columns on thc pfarnan

following theorcm.

Theorem 6.9. Fi/0≦ た≦猾-1. 7物 9ヵ 14Jθ 力αυθ

γ昼.μ
⑦ ={紹

誕 控
…

I17カ 9′θザカθ?刀″セd力
,,デ (ケ)α rど α∫Jり〃οψ∫・

丁
'=ブ

=1,オル刀ち,す (ι)=0.
丁 ,≧ 2 οrJ≧ 2,′力9η

carry out somc elcmentary
in Theorcm 6.4ぅ  wc obtain thc

アηねゼυ?η ,

アηねο冴琺 (6.11)

力二J(ケ)=
3o

(6.12)

(,+ブ ー2)(2,一 デ+1)(2,一 ブ)(獅 ―
'+1)(笏

―
')(2テ

ーデー 1

Prοり£ First we considcr thc casc whcrc tt is odd. Thc onc vattablc gcncrating

function is g� en by P転 1(σサ(ケ ))1≦ 二J≦ И_1,WC Carry out thc clcmcntary transforma‐

tions on dct(σ げ(ヶ))1≦ iデ≦
“
_l WhiCh is the squarc of thc pfaalan. In the dctcrminant

wc subtract twicc thc(η -2)‐th cOlumn ttom thc(η -1)‐th COlumn,thcn subtract

twicc the(η -3)‐th cOlumn from thc(η -2)‐th c01umn,Wc continue thcsc stcps

until wc subtract twicc thc arst column from thc sccond column,  By Lc■ 1lna 6.5

thC(',デ
)―
Cntry(ブ ≧ 2)of thC rcsultittg matix is givcn by

(6.1動

And thc ,― th cntry of thc arst c。lulnn of the resulted matix is givcn by

つ
々一

つ

　
　
＋

辟
　
　
・て

ゝ

ノ

／

・
２

　

・
１

　
丹

欄
巧
卜

ｒ

く

停

（つ

〓
司
　
ｒ

一　

　

一

二
け
昨

,+デ ー2

η

一●('+ブ 一　

一

馴
一■

り

一
一効

　

・ト

税

一Ｘ

０

＜

一
２

　

，

↓
Ｆ
　

・，

れ

ｔ

ｒ

，

ヽ

１

，

／

う
と
　

．
．

一
　

＋

巧

一ブ

．
レ

　

＾
Ｚ

／
ｒ

ｉ

ヽ

＼

つ
ね＋

ヽ

１

，

ノ

２

・片
．司

つ

　
　
＋
　
勿

＋
　
　
／
ｒ
ｉ
＼

Ｏ

　
　
　
＋

１

，
ｊ

　

，

Ч翔
中“

・，

　

　

　

　

．ι

　

＾
Ｚ

ｔ

　

ノ
ｔ

つ
た
　

　

　

　

，

一

＋
　
　
　
＋

，

　

，

２

１

２

２

一　　　　　一　　　　　　一　　　　　一

「

　

一
ブ

「

　

一
ブ

，

　

ハ２
　
　
．ι

　

（Ｚ

ｔ

　

ｔ

丁

ｔ

　

丁

ｔ
＋

―

サ

ー

ヽ

―

，

／

0        ('=1),

一 (2+3′ +2ι
2) (,=2),

-2'~1(1+ケ2)  (,≧
3).

(6.14)

Ncxt wc pcrform thc samc clcmcntary transformations with rcspcct to rows,  We

subtract twicc thc(乃 -2)―th rOW frOm the(η -1)― th rOw,twicc thc(η -3)‐th rOW

from thc(■ -2)‐ th rOW and so o■ .The(',ブ )‐
entry o≧ 2)of thC rcsulting mat� is

givcn by

ヽ

ｔ

ｒ

Ｊ

Ｉ

′

３

　

３

一　　　　　一

「

　

一
、

，

　

つ
と

／
ｒ

ｉ

ヽ

＼

２
一

ヽ

１

，

ノ

３

　

２

一　　　　　一

”

一プ

．
，

　

２

／

ｒ

ｉ

ヽ

＼

一

ヽ

―

，

ノ

一　　　　　一

”

一
ブ

．ι

　

Ａ
Ｚ

／
ｒ

ｉ

ヽ

＼

＋

ヽ

１

，

ノ

３

・庁
．司

＋

効

／

ｒ

ｉ

＼

２

丁

ｔ 十 ι
2)
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(2(1,ヽ11)+3('与i3)_(1,ゝLl)     Ⅲ・9

+(1,ゝLを )-3(j,ゝ Lを )-2(1,ヽLl)}ケ

Furthcr thc ,‐ th cntry of thc nrst cOlumm of the resulting matix is givcn by

(テ =1)

nI三
]   的

(,≧ 4)

(6.16)coinCidCS with(6.15)cxccpt WhCn,=ブ =1・  V`e calculatc(6.15)and obtain

(6.12).If η iS CVen,wc ca∬ y out the samc clcmcntary transformations on rows and

columns.  First wc transfofla rl-1, η-2,・ ―,2-th columns, then transform η-1,

η-2,―・,2-th rows. Wc obtain thc samc cntry as(6.15)cxcept WhCn ,=O or

J=0, WhCn,=0,wc obtain the cntrics

ど+1を三μ
≧動・  口D

Wc cxand the pfaman with respcct to thc top row and obtain the thcorcm。   □

If we put ι=l in the formula of Thcorem 6.6, thcn we obtain thc fo■ owing

coronary.

Corollary 6.9.

#均 ={錦
;立再ェ

1チ 与4薪・
″ルr?ど/9fじヵrr/b,,す ね σ,υθη b/

3o― :)(3,+1)(3J+1)
(6.18)

(,+ブ)(2,一 ブ+1)(笏 ―
'+
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