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1. Introduction

It is very interesting to consider hyperfunctions using nonstandard analysis. In
the present paper we would like to consider hyperfunctions using the notion of lifting
of functions in the theory of nonstandard analysis.

The following definition was given in [3].

DeriniTion 1.1, Let R™ = {yeR|y >0}, and F = {(0, y)|yeR"}. Then F has
the finite intersection property. We denote by & one of the ultrafilters containing F.

Let K be a nonempty set and x,(y), x,(y)e [] K. We define a relation ~ as
follows: ver?

x1(y) ~ x,(y), if and only if a condition {yeR"|x (y) = x,(y)} €F is satisfied. The

relation ~ is an equivalence relation. We define *K to be the quotient set [] K/~.
yeR ™+

An element of the set *R (resp. *C) is called a hyperreal (resp. hypercomplex)
number, and an element of the set *Map (R, C) is called a generelized function. The

equivalence class determined by a function x(y)e [[ K will be denoted by [x(y)].
yeR*

We can consider the set *R is a subset of the set *C. The sets *R and *C are
made into commutative fields by defining the addition, the subtraction, the product,
and the quotient in the usual way.

Similarly we define a set *Map (K x R"). Let o = [x(y)] be a hyperreal (resp.
hypercomplex) number. Then the element [(x(y), y)] of the set *(R x R*) (resp.
*(C x R™)) is uniquely determined. The element [(x(y), y)] is called a graph of

[x()].
According to M. Saito [4], we shall give the following definition.

DeriNITION 1.2, Let f be a complex valued function on an open interval I, and
F be a complex valued function on the set R x R*. The function F is called a
uniform lifting of the function f if the following condition is satisfied.

(1.1) st F(o) = f(st o) for every ae*I

If condition (1.1} is satisfied except a null set, a set which is Loeb measure zero, we
say that F is a lifting of f.
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2. Lifting of functions and hyperfunctions

We consider a real variable and complex valued function f and a complex valued
function F defined on the set R x R*. We would like to use a notation
(x, y) = (xo, + 0), which means (x, y) tends to (x,, 0) satisfying y > 0.

THEOREM 2.1. Suppose that f and F satisfy the following condition at xq€R.

(2.1) lim F(x, y) = f(x0)

(x, )~ {x0, +0)
Then we have, if o= [x(y)]€*R and sto = xq, then st[F(x(y), y)]1 = f(xo)-

Proor. For a given positive real number & we can find a positive real number
8 such that |F(x, y) — f(xo)| <e for all x and y satisfying [(x, y) — (xo, 0)] < 6 and
y > 0.

We put A= {yeR™||x(y) — xol <6/2} and B=(0,5/2). Since sta=x, we
have Ae%, and clearly we have Be#. Hence we have AnBeZ.

If ye AnB, then |(x(¥), y) — (xo, 0)] <9, and it follows that

|F(x(y), ) = flxo)l <.
Finally, we have
{yeR¥[IF(x(»), y) — f(xo)l <&} > ANB.
Since AnBeF, we have st[F(x(y), y)1 = f(xo)-

TueoreM 2.2. Let x,eR. Suppose thal there exists a positive real number o
such that

liTO F(x,y) = f(x) for xe(xq— 9, xo + 9).
yos

a)  Assume that condition (2.1) is satisfied. Then the function [ is continuous at X.
b) We define F at (x,0) for each xe€(xq — 0, xo + 0) by letting F(x, 0) = f(x) and a
set U for a positive real number d to be a set U(xg, d)NR x R*.

Assume that
(2.2) there exists a real number d less than 0, and the function F is continuous on
the set Uj .
Then the functions [ and F satisfy condition (2.1).

PrOOF. a) For a given positive real number &, there exists a positive real number
., which is smaller than &, such that if [(x, y) — (xo, 0)| <, and y >0, then

[F(x, ) — flxo)l <e

Let |x — x| < 8,/2, then there exists a positive real number J, such that if
0 <y<9,, then
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IF(x, y) — f(¥)] <e
Hence, for every y with 0 <y < min {6,/2, §,}, we have
LFC) = f (o)l = 1S (x) = Flx, )+ [F(x, y) — f(x0)]
<&+ e=2s

This completes the proof of a).
b) Since F is continuous on a compact set U,", f and F satisfy condition (2.1).
Let a = [x(y)] be a hyperreal number, then [F(x(y), y)] is a hypercomplex number
defined on the graph of a, so we shall write [F(x(y), y)] = F(o).

Assume that f and F satisfy condition (2.1), and st « = x, for a hyperreal number
o Then we have

st F(a) = f(xo) = f(st ).
Hence we have the following theorem.

THEOREM 2.3. a) Assume that [ and F satisfy condition (2.1) at every point of
an open interval 1. Then F is a uniform lifting of f.
b) If condition (2.1) is satisfied, except a finite subset of I, then F is a lifting of f.

Let £ be a complex neighbourhood (see A. Kaneko [2]) of an open interval I
having a property,

let 2, =QnR" and Q_ =QnR~ where R™ = {yeR]|y < 0}, then

O\I[=0Q,n0_.

Let U(z) be a horomorphic function defined on Q\ I, and let U, (z) = U@@)q,-
Suppose that

f(x)= lir}}o {Usx +iy) — U_(x — iy)} for every xel.
y—)
Then the function F defined by
Fx, )=U,(x+iy)—U_(x—iy) if x+iyeQ, and x —iyeQ_, and
=0 otherwise,
has the following properties:
¢) If F satisfies condition (2.2) at every point of I, then F is a uniform lifting of f.
d) If F satisfies condition (2.2) except a finite subset of I, then F is a lifting of f
ExampLE 2.4 (Heaviside function). Let F be a function defined by

Flx, y) = ;n {Arg (= x + iy) — Arg (— x — i)},

and let f be a function defined by
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fx)=0 for x<0, f(O)=1/2, f(x)=1 for x>0,
then F is a lifting of f.

ExaMpLE 2.5 (Dirac’s delta function). Let F be a function defined by

1 1 1 y
F(X, Y) = 4. U . = 2 AN
2ni\ x + iy  x - iy n(x* + y°)
and let f be a function defined by
f(x)=0 for x=x0, f(0)= + oo,

then F is a lifting of f.
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