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(Rcccivcd August 31, 1992)

1.  Introduction

lt is very intcrcsting to considcr hypcrfunctions using nonstandard analysis.  In

thc prcscnt papcr wc、 vould likc to cOnsidcr hyperfunctions using thc notion of lifting

of functiOns in thc thcory of nonstandard analysis.

Thc following dcnnition was given in[3].

DEFINITION l.1.Lct R+=(ノ ∈RIノ >0),and F=((0,ノ )|ノ GR十 }.Thctt F has
thc initc intcrscction propcrty.  Wc dcnotc byど 察 onc of thc ultranitcrs containing F.

Lct K bc a noncmpty sct and χl(ノ )ぅ
χ2(ノ)∈ Π Ko Wc dcnne a rclation～ as

follows:

χl(ノ)～ χ
2(ノ),if and Only f a condition{ノ ∈R+lxl(ノ )=χ2(ノ)}G夕 ねSatisncd.Thc

rclation～ is an cqllivalencc rclatton.Wc dcnne*K to bcthc quottcntsct Π K/～ .

ノeR■

An clcmcnt of the sct *R (fesp.*C)iS Cancd a hyperrcal(rcsp.hypercomplcx)

numbcr,and an clcmcnt of thc sct*�lap(R,C)is Callcd a gcncrclizcd fllnction.Thc

cqu�alencc class dctcrmincd by a funcdon χ(ノ )と Π K Will bC denotcd by[χ (ノ )]・

ノcR+

We can consider thc sct *R is a subset of thc sct *C.  Thc scts *R and *C arc

madc into co■ 1lnutativc nclds by dCnning thc additiOn, thc subtraction, thc product,

and thc quoticnt in thc usual way.

Similarly we dcanc a sct*Map(K× R+).Lct α=[χ (ノ)]bC a hyperrcal(rCSp.
hypcrcomplcx)number.Thcn the clcmcnt[(X(ノ ),ノ)]Of thC SCt *(R× R十 )(rCSp.
*(C× R+))is uniquely dctcrmincd.Thc cle■lcnt[(Dc(力 , ノ)]iS CallCd a graph of
[χ (ノ )]・

According toヽ〔.Saito[43,wc shall give thc f61lowing dcnnition.

DEFINITION l.2. Letデ bc a COmplcx valucd function on an open intcrval r,and

F bc a cOmplcx valued function on thc sct R× R+.  Thc function F is callcd a
unifornl lifting oF thc function/if thC f01lowing condition is satisned.

(1.1)           st F(α )=デ (St α) fOr evcry α∈*r

lf conditiOn(1.1)iS SatiSacd cxcept a nun set,a set which is Locb l■ casurc zcro,wc
say that F is a lifting ofデ
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2.  Lifting of functions and hyperfunctions

Wc considcr a real vattablc and complcx valued function/and a cOmplcx valucd

function F dcancd on the sct R× R十 .  We would hke to use a notation

(χ,ノ)→ (χo,+0),WhiCh means(χ ,ガ tCnds to(x。 ,0)SatiSfyingノ >0・

THEOREM 2.1.SP/PPο sじ r力αrデ α盟′ r7∫α√jめ チカθ υ修′′ο147肋σ εOη ttr′ ο々 αどχ。∈R.

9→       はガ靴 ,+①
Fは,ガ =力∂

T7Dθ tt I17θ 力αυ9ぅ ア α =[χ (ノ)]∈
*Rα 打″ st α =x。 ,"θtt St[F(χ (ノ),ノ)]三 デ(χ。).

PROOF.  For a givcn positive rcal numbcr 8,、 vc can nnd a pOsitivc rcal numbcr

δ such that lFは,ノ)― デ(χ。)|<8 fOr all χ andノ Satisfying(x,ノ )― (χo,0)|<δ and

ノ>0,
Wc put И ={ノ ∈R十 11χ (ノ)一 Xol<δ /2)and B=(0,δ /21.SinCC St α=χo we

havc И∈夕 ,and dcarly wc havc B Gグ.Hencc wc have И∩BG夕 .

Ifノ ∈И∩Bi thCn(χ l」
7),ノ )― (Xo,0)|<δ ,and it follows that

lF(χ (ノ),ノ)― デ(X。)|<ε・

Finally,wc havc

{ノ ∈R+|IF(χ (ノ),ノ)― デ(X。)|<ε}⊃ И∩B・

Sincc И∩B∈ F,wc havc st[F(χ 的け,ノ)]=デ (χ。)・

THEOREM 2.2.Lθ ど xocR.Sttppο∫θ ど力αど チカθr? ?χねrs α pο∫カテυ9 ′じ,′ 狩ク刑う?′ δ

∫
"じ

/2 チカα√

ュ晋。F(χ,ノ)=デ (X)〕/涎 (χ。―δ,x。 +δ).

a1 /4∫∫夕麗?ど力αチじθヵ加万θη (2.1)な ∫αナデジ″  例拷刀 チカ?ヵ筋0,ο乃デ ね じθ刀′加クοク∫αオχ。.

b)ル 修 激夢力θ f7 αr(χ,0)ノοr?αど力 χ∈(x。 ― δ,X。 +δ)うノ カ″肋σ F(χ,Ol=rlχ)α刀′ α

∫Cr y注 ノbrク フο∫Jr力?′ια′ηク用う?r'どο う?α ∫ay(χ 。,冴 )∩ R× R・ .

И郎
"rTTぞ

チカαど

(2.2) ど力θrじ ゼχねr∫ β r?α′ηιJヵ う々θr冴 ″∫∫ r力αμ δ,pJ9rJど力θ力解じガοtt Fな じοηrヵクο
"∫

0狩

r/tぞ ∫?ど 」注.

助ぞηr力生みηどr力η∫デαη″F∫αどテ

"じ
οη所ど,ο

“
(2.1).

PR00F,  a)For a givcn positive rcai numbcrじ ぅthcre cxists a positivc rcai numbcr

δl,which is slmallcr than δ,such that if l(χ ,ノ)― (XO,0)|<δ l andノ >0,thcn

IF(χ,ノ)― デ(X。)|<ε・

Lct lx― χOI<δ 1/2,then thcrc e� sts a positivc real number δ2 SuCh that if

O<ノ <δ2,thCn
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IF併ぅノ)― /(χ)|<ε .

Hcnce,for cveryノ With O<ノ <min{δ 1/2,δ2),WC haVC

Iデ (χ)― デ(χ。)|≦ |デ (χ)― F併,力 |+IF(χ ,ノ)― デは0)|

<ε +ε =2ε .

This completcs the proof of a).

b)SinCe F is continuous On a compact set t/が ,デ and F satisfy conditiOn(21).

Lct α=[χ (ノ)]bC a hypcrreal numbcr, then[F(χ (ノ),ノ)]iS a hypercomplcx numbcr
dcnned on the graph of α,sO wc shall Writc[Fは (71,ノ)]=F(α ).

Assumc thatデ and F satisfy conditiOn(2.1),and St α=xo fOr a hypcrrcal numbcr
α Then wc havc

st F(α )=デ (χ。)=デ (St α)

Hcncc wc havc thc follo、ving thcOrcm.

THEOREM 2.3 a)И ざ∫ク陶?rヵ ,ど デ αηプ F∫α,tめ じο々 加 ガοη (2.1)α r θυ9,ッ ク0カど 9/
α々 ψぞη加どθrυα′r.T/J?μ Fね α//Pヵ′陶 チヵ滅ヮげ デ
b)丁 θ

"加
r′οヵ(2.1)な ∫αど】ジθ五じχどυr,デヵメr?∫

"う
∫どrげ r,rル々Fた ,′ヵ加σげ デ

Let `2 bc a complex ncighbourhood (scC A. Kancko [2])of an Opcn intcrval f

having a propcrty,

lёt Ω+=Ω∩R+and Ω_=Ω∩R~whcrc R~={ノ CRノ <0),thCn

Ω＼r=Ω +∩ Ω_

Let y(z)bC a hOrOmOrphic fllnction dcnncd on Ω ＼r,and let y士 (Z)=y(Z)|。 ..

Supposc that

/(χ)=ノ 4甲。{y+は +'ノ)一
y(χ ―ウ)} fOr cvery χ∈r.

Thcn thc Function F deancd by

Fは,ノ)=υ +併 十ウ)一
yは 一テノ)if X+ウ∈9+and χ―

'ノ

∈Ω ,and

=0                    0thcr、 visc,

has thc fOⅡ O、ving propcrtics:

c)If F satisncs condition(2.2)at cvCry point of r,血 cn F is a unifOrm tifting ofデ

d)If F satisnes condition(2.2)cxccpt a nnite subsct Of r, thcn F is a lifting ofデ

ExAMPLE 2.4(HcaviSide function). Lct F bc a FLInCtion dcnncd by

Щ為の三身脱←χ+籾 府まう 朔,

and lctデ bc a fllnction dcnned by
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デ(朔 =O fOfメ <0,デ 10)=1/2,デ (〆)=l fOr χ>Q

th.en F is a liftilllg of√

EttAMPI】 2.5(piFac's delta fllnctiolll. Lct F bc a function doincd by

ユhガ =―先(荒―島 )=顧襦 ,

and letデ be a fllnction dcnned by

デ(⊃ =O fOrメ
～

0,デ(0)=+∞ク

thon F is a lifting ofチ
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