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Introduction

The E,-term of the Adams-Novikov spectral sequence converging to the
homotopy groups 7, X of a connected spectrum X is the group H *BP X
= Ext}p zp(BP,, BP,X) for the derived functor Ext}p,pp(BP,, ) of the functor
Homgp, gp(BP,, ) where the pair of algebras (BP,, BP,BP) = (Zplvy, vy, ],
BP,[t,, t5,-++]) is the Hopf algebroid arosen from the Brown-Peterson ring spectrum
BP at a prime p. The E,-term has some information on the abutting groups 7, X. In
[1], Miller, Ravenel, and Wilson introduced the chromatic spectral sequence
converging to the Adams-Novikov E,-term for the sphere spectrum S and for the
Toda-Smith spectrum V(n), determined the second line of the Adams-Novikov E,-term
for an odd prime p, and gave some relations in the stable homotopy groups 7,.S of the
sphere spectrum. The E,-term of the chromatic spectral sequence is the Ext group
H*M;, for the BP,BP-comodule M; defined inductively by N° = BP,/(p, v, -, v,_1),
M; =v, !N, and Nj*' = M$/N5 as a comodule. The E,-term H°M? is determined
for s =0, 1 and any prime p and for s =2, n =0 and an odd prime p in [4] and [1],
and for s =2, n =0 and the prime 2 in [7]. This E,-term is also an E,-term of the
Adams-Novikov spectral sequence for some corresponding spectrum constructed by
Ravenel [5]. That is to say, the computation of the E,-term may contain some
information about the localized stable homotopy. In this paper we determine HOM?
for n > 2 and an odd prime p (see Theorem 1.2). Now the undetermined cases for the
E,-term H°M; are the following: 1) s>3,2)s=2 for n=1, and 3)s =2 for the
prime 2.

§1. Statement of results

Let (4, I') denote the Hopf algebroid obtained from the Brwon-Peterson ring
spectrum BP at a prime p. That is, A= BP, = Z[v,, v,,-~-] and I'= BP,BP
= BP,[t,, t,, -], with degree |v;] = |t;| = 2p' — 2. Then A4 is a I'-comodule with the
structure map » which is the right unit of the Hopf algebroid. Associating to A, we
have families of comodules N} and M! defined by

N}? = BP*/(p7 Ugs oty Un—l)’ M:z = Unv+1iN:'n and th+1 = MILT/N;I
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By definition, every element x of M}, is a linear combination of elements of the form
yjoen - venit for ye vy SBP /(D vy Uy 1y UF s Uii-)and ;>0 (n<j<n+i—1)
with relation that y/ver---v2i=i =0 if y is a multiple of one of v¥’s in the
denominator. We also denote # for the structure maps of these comodules.

Let M be one of these comodules. Then Ext group H°M is defined to be:

H°M =Ker{d=n—id: M - M & ,I'}.

In order to give generators of HOM?2_,, we define elements x(i/j; n; k) of v, ' BP,/(v;>+)
for n>4. Here BP,/(v;"-,) denotes the cokernel of the canonical inclusion BP,
- v, ! BP,, and every element x of BP, /(v ;) has a form y/v}_, for k > 0 and yeBP,
with a convention that y/vfk_, =0 if k <0 or y is a multiple of v%_,. We first recall
[1, p. 494] the elements x,,; of v, !BP, for n>2:

Xn,0 = Ups

xn,i = vfx) - Uﬁ—lvn_lvn+ 1s

Xpi= X5 for 1<i#l{n-—1),

. i pi—1 .
Xy = Xh iy — vpmiy ol 7F ofor 1<i=1(n—1),

where for i=1(n—1),
o=@ = D" = 1/p"" = 1).

We also recall the integers:

an,O = 1)
an,l = P,
Qy; = Py i1 for 1<i#l{m-—1),

Gpi=pa,;—1+p—1 for l<i=1(n-1)

In [9, (42)], we introduced similar elements X; of v, *BP, such that X;=x,;
mod (v1X¢). The definition of X, is slightly more complicated than that of x, ;, and
we will only take the necessary information from [9]. From here on x,; sometimes
denotes the element X, but there will not be any confusion in the sequel. We further
use the elements u,, of v, 'BP, for n>2 and r >0 (cf. [9, (2.8)]) defined by

tyo =0y, and Y, . v, ;=0 for r=1.
Let i, j, I, r and s be integers such that
(1.1 i=sp” with pts, and 1 <j<a,, with pJtj,
Lr=0,r=1(n-—1) with l<n—1.

Now we define x(i/j; n; k) for k > 0:
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i) For r=0, that is, i=s and j=1,
a) in the case that i 1(p),

x(i/1; 15 0) = X5.0/V0-1,
x(i/1; n; 1) = x(i/1; n; 0 + v2_,v,x% ; /vEP 11,
x(i/1;n; k)= x(i/1;n; k-1 for 1 <k#1(n—1), and
x(i/1; n; k) = x(i/1; n; k — 1) — (i — 1)o2 o+ jp2rpe 7 —panic- a1l
for l<k=1(m-—1)
b) in the case that i =1 (p),
x(i/1;n; 0) = xi,O/vn—-l
and
x(i/15 n; k) = x(i/1; n; k= 1P 4 (= D Lo EPobrtdt Dy, o=
for k > 1, where
Pn,r)=p"+p" '+ - +p" "' and
O, ry=p" —p" "t — e =T
ii) For the case that r >0, s — 1 (p) or s= — 1 (p?), or that j =gq,,,
x(i/j; n; 0) = x3,./vi-1,
x(i/j; ns 1) = x(i/j5 n3 OF + jui_ 0,0 /vl + v(, j),
x(ifj; n; k) = x(fj; ns k — 1P + wi, j; k) for k>2,
where
0(i, J) = — SV qtty— g X00 TP JOS P
forl=1and a,,—p+2<j<a,,
o(i, ) = (@, — Dsoh 037" 772207
for =0 and j=a,, — 1, and
v(i, j) =0 otherwise ; and

rk o prtk—14 pk—1 k-1
4 p P
P /Un—l

(lJ k)*]SUﬁ 2 vn 1Un
for 2<k<n—2l=n—1—kandj=a,—1

.o 2 v+1+1 p+1
W(l7J’k) _Svg ZUSP r X, 1/U

for k=2 l=n—2and j=a,,— L
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.o ot dn-1, p spk k4 ple= 1
W(lajak)"]vn—Zlk Uy 1X,”./U{,p1

forn—-1<k=1(n-2)and j<a,, —1,

w(i, j; k) = — 08 v, xSy b e PP P T an it p
forn<k=1(n-1)and j=a,, and
w(i,j; k) =0 otherwise.

iii) For s=sp—1(pks), j<a,, and 0<I<n-—3, using h=(+ 1)(n—2) + 1,
x(ifj; n; k) is same as that in (i) for k < h.
x(iff; n; h) = x(ifj; ny h — 1P + josnpn =Py, x50 jpip" e
+ jops xnr+h+1/v M L
x(@fj;nyh+k)=30/j;n;h+k—1P for l<k#1(n—1), and
X(@/js ny h+ k)= (i/js n5 b4k — 1 — o mP Py s B o T e
for 1 <k=1(n—1), where
c(k) = p @y iy +jpEN + PHIT  pk g pET L

iv) For s=sp—1(pfs), j<a,, and I=n-—2, putting j=ep — f with 0 < f <
p—1
x(ifj; n; 0) = vr{—lx;,r/xs—l,l _fU;1—2U;{—_11xfx:r+ 1/S/xﬁl—1,1
(— sv8uy v TP v if n=4) for ¢ =e+a,,,
x(@/j;ns ky=x@/j;n; k— 1)+ 23, j; k) for k=1,
where
200, 3 K) = JU + D030, 25 f5/05 81 rnrencs
for f£1land k=1m—-1),
2(i, j5 k) = (e + Doy v Lo, - xin ol
for f=1, et ~1(p)and n—2>>k=0(n—2),
z(i, j; k) = (e + Dopy br =Ly, x50 ol F o™
+ (e + 1)02"-‘2""’”Xi',,-+hf+ 1/~9’U{;p~w1+pw‘Lan’rﬂlurl
for f=1,e# —1(p)and k=h = (n — 2)?,
2, 5 ) = — (& D)o o s H P P4 s s

forf=1eZ -1 and W=n-2<k=1(@n-1),
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200, K) = of 5 T [ o
for f=1,e=—1(p) and k=1(n~— 1), and
z(, j; k)=0 otherwise; and
(k) = jp* + 2p* + @y py 0" + P
and
¢"(k) = jp* + D" + Gypar+ PV P A pETIITL

Consider integers a = sp"** = ip* b =jp*, c, h=(1+ )(n — 2) + 1 and I’ = (n — 2)*
such that b and ¢ are positive, pts, pfj, r=ln— 1) with0<l<n—2, ¢c<c,a b)
and b <a,,,, if i #0, where the integers c,(a, b) is given by:

¢,(a, b) = p* either for r =0 and i# 1 (p) or for j=a,,,
cla, b) = Pk, k+ 1) for r=0,i=1(p)and 0 <k <n-—2,

¢,(a, b) = Plk,n—1) forr=0,i51’(p)and an—.l,

cfa, b)=a,_, either for i =0, for j < a,, and either s & — 1

(p) or s= —1(p?), or for j<a,, k<h and
s=sp—1 with pts,

cola, b) = p*a,_,, + p* for j<a,, s=sp—1 with pys, and k>h
with [ <n— 3,

c,(a, b) = 2p* for I=n—2and j# —1(p),

cua, b)=a, 1441 ‘ for I=n—2,j=ep—1 with pf{e+ 1), and
0<k<(n—2?

clla, By=p* a,_ i+ forl=n—2,j=ep—1 with py(e+ 1), and
k> (n—2)7?,

cla, b) = p**1 + p* for I=n—2 and j=ep — 1 with p|(e + 1).

We define the element x(a/b, ¢) of MZ_, for the above integers by:
x,(a/b, ¢} = x(i/j; n; k)/v; - ,.

Note that if x/v,_,e H°M_, for xev, ' BP,/(v>°,) with x # 0 mod (v,_,), then x/v§_,
generates a cyclic Z/plv, . ,]-module isomorphic to Z/p{v,_,]1/(v;_,). Then we have

THEOREM 1.2.  As a Z/(p)[v,— ,1-module, H°M?2_, for n > 4 is the direct sum of the
cyclic submodules generated by x,(a/b, c,(a, b)) for acZ and b >0, and b < a, . if
a#0. Here v(a) is the maximal exponent of p that devides a.
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§2. Computation of 4

In order to study the differential d =% —id: M - M Q ,I" for a comodule M
associated to the comodule (BP,, n), we consider the map d' = proj® 1(y — id): L
- (L/J) & 41" for some comodule L related to M, an ideal J of BP, and the canonical
map proj: L— L/J. In this situation we write

dx =y mod J
for xeL and yeL® 41" such that d’x =y. In practice, for the elements x,; of L
=, 'BP, given in §1, if dx,, = v,y mod(p, vy, v, v371), then we have the
equality
dxn,i/v;:ii = y/vn— 1
in M= M]_,. The explicit formulae are given as follows:
(2.1)([1, Prop. 5.17]) For integers n, i and j such that n > 2, j=i—1n—1)and 1 <j

— n-1 2
<n-—1,dx,o=0,_1ty  mod (p, vy, ", V,_2, V5_) and
— pfn,i PP piT i pd
dxn,i = v, Uy tl

1+an,:
mod (p> Uity Uy— 2 Un—f ’)‘

As we have said above, the element x,; sometimes means the element X, given in [9]
and so in some cases it also satisfies:

(2.2)([9, Prop. 4.1]) For integers n, i and j such that n> 2, jsi—-1lm—1and 1 <j
<n-— 17 dxn,O = Un—ltllznm1 mod (p’ Uiy ooy Upms Ur%—l) and

A, = vt o P
Iian,li-1+a,,,f~ 1)_

mod (p, vy, -, v,_,, VB

We have similar results for the elements x(i/j; n; k) defined in §i by setting M
=My ,and L= v, 'BP,/(v,). To state this we recall [9, (2.10)] the elements w, , of
v, 'BP, for n> 1 defined by:

(2.3) W0 =0 and w,, = Z;.:l e, B, )T for r >0,
where e,(x) is an element of Z/p[v,, v, ', v,41,; ty, t3,--] such that gx = e, (x)
mod (p, vy,-+, v,-,;) and T; is an element such that T; = t? mod (p, vy, -, v;_,)(for

explicit definition, see [9, above (2.5)]). The algebra L= v, 'BP,/(v>° ;) has an ideal
J(k) = (p7 Vgs s U35 U:{x~2)'
Recall above the integers i, j, [, r and s which satisfy (1.1). We now have

LemMa 24. 1) Let r =0, that is, j = 1.
(@) For the case that i# 1 (p), mod J(1 + p"),
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dX(l/l,n,O)E(l— )n 2Un tpn 2/vn 1 +lvn ZU lvl 1Wn—l,Z

dx(i/1; n; 1) = (i — Dl vt ot — <;)U,€—2Uip_pul(2vn+1t1 — vIt})/v,—4

and
dx(i/1; n; k) = (i — 1)oP* ol ed* 2P Foem ! ~ansc o yp* 2 JpP]

for k> 1, and some z,€ BP,BP, where e =k —1(n—1) with 0 <g<n-—2.
(b) For the case that i=1(p), mod J(1 + P(k, k + 1)),

dx(i/1; ns k) = (= Doyt Do@E k25 =y
for k= 0.
2) Let j=a,, with r > n, then mod J(1 + p*),
n-—2 — n—2
dX(l/] n 0) - Un 2x9 tp /vﬁ':rl+1 - Svn—zxftl,,r~11(wn—1,2 - ti+p /Un—l)
and
dx(ifj; n; k) = 0B B ey ol epr H P PR e B OB R

Sfor k>0, where z, is an element of BP,BP, ¢ is an integer such that s =k —1(n—1)
with 0 <e<n—2.

3) Let r>0 and either s# — 1{(p) or s = — 1 (p?).
(a) For the case that 0 <j<a,,—2,

dx(ifj; n; 0) = — jv, %88 it — 8o, oy IX W12
mod J(2) and
dx(ifj; n; k) = — jobnp < xs2 e ol 1P mod J(e + a,_y )

for k> 0.
(b) FOF J = an,k - la
dX(l/j, }’l; O) Ejvn—Zerx,r[Il]n—Z/v;:':rl - §Un~2vn—1xfl{)r~—11 Wn—1,2
mod J(2),
dx(ifj; s k) = Jol< bl ad " folre e
ﬁj‘sv'l;——zvf‘pr‘ik_pr-?k—l+pk“lt11,k+l"l/ 51(_—11
mod J(1 +pY for 1<k<n—1—=2and 1 #0, or for k=1 and | =n — 2,
dx(ifj; n; k) = oy Roh o8 foll

mod J(e+a,_ ) fork=n—1—1withl#0,n—2,k>1withl=0and k > 2 with ]
=n—2
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Here ¢ is an integer such that ¢ =k —1(n—2) with 0<é& <n—3, and

{O (I#1) . {1 (I#1 orr<n)

Tls (=1, 7712 (=1 and r=n),

LU e<n—1)
EC=2 hz=n—1).

4y Let j<a,, s=-—1(p) and s% —1(p?), that is, s=s'p—1 with pks'.
(a) For 0<l<n—3, dx(i/j;n; k) is same as that in 2) if k <h=(1+ )(n—2)
+ 1, and

dx(l/] n; h+k) v” an 1,n+pk x:x{)ih“f'lt /UC(k) Ann+k-1

PRay - 1,5t pi jphtk g phtk—1t pplktt
—,_vn—yI Z/Un—l

mod J(1 + p* + p*a,_,,) for k=>h, where k>0, z,e BP.BP,e=k—1(n— 1) with
0<e<n—2, and c(k) = p*a,, ppy +jp* "+ p*H 0 4 ph 4 ptinl
(b) For l=n—2 and j# —1(p), mod J(1 + 2p",

dx(ifj; n; k) = — j(j + Do22Sxsry (17 [s'og W ammricn o g2 5 Jpipt F20<

where z,€e BP,BP, e=k—1(n—1) with 0<e<n—2, '=(n—2)* and c'(k) = jp"
+ 29 + pray, g + 0
(c) Forl=n—2andj=ep—1 with e — 1(p),

dx(ifj; ny k) = — (1 + @iy x3hies ol 7
mod J(2 4 a,_y,4q) for 0 <k < h/ =(n—2)* and

Ax(ifj; 15 K) = (1 4+ equpl/onm e hp 0 i g o

+vpk Wap_ g w1+ PR /Ujl,k+pzc+pk n
n—2

mod J(1 + p*™" + p*a, i) for k=W, where ¢ = k(n—2) with 0 <& <n-—3,
e=k—ln—D)with0<e<n—2, h=®n—27%and "(k)=jp* + p*+ p* "a,,r1+1
kT g pkh e

(d)y Forl=n-—2and j=ep—1 with e= —1(p),

dx(ifj; s k) = — B P T T o Wk g S g folP 2R
for k=0, where " = k(n— 1) with 0 <¢&" <n—2 and c'(k) is same as that of 4)(b).
Proor. 1) We have the formula (¢f. [3, (12)])
(2.5) Hop = 0, 4 Uy 10— 0Pt vt — 0Pl
mod J(p?) for n > 4, and so
nok = vl 4 v, 08T i, 08 i — D)uy 0, vk 2T

mod J(2) + (v2_,). We also see that
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(2.6) (dxy) = (dx)y + (nx)dy
by the definition of the differential d. These give the equality
2.7 dx(ifj; n; 0) = — v, Wht]" o2 + v, vy (B8 — 8T v,
mod J(2). Noticing that

Waota = — Oy Pr b, a0 2 o g P (87T — g T,
we haye
(2.8) dx(i/1;n;0) = (i — D)o, _ o052 2 /02| +iv,_ 0P " 1ol Tw,

mod J(2), which is the equality for the first case.
We generally know that

(2.9) If dx =y mod (p, a), then dx* = y? mod (p, a”).
By definition of the element x, |,
i 2p+1 .. +1/7.2p+1 :
Url:—zvnx:x,l/vngl ZD:xp /U"K w;’;~20 pvlz+1/vn~1
i .
—-2p—1,2
+ (2)1)5_20:5' Ptk /o, -1 mod J(p + 1),
Using (2.5) and (2.6) we compute
dl)p 2U1p+1/1)2p+1 — z(lvlp p+1[pn/l)f;f% +<2> ip— 2p+ll'2pn/l),,‘1
+ Ulptpn l/vzp + lUlp ptprl+p»| I/Un_l
i +1 __ apip—ppntl
— oPEy o] — PR ),
: ip— 1 — : +1.pn ) pt+1 i +1
— divD_ 0P P, fobt = — k(TP 0T — oty ol Ty
n—1 ip— "4
+ o TP ok = TR o,y
. i _2 n
+ (i = Do 2P vp0 1 1] /0,4
2p+1,.2pn
+ (= Do 2 v,y
. ip—pppn+1
- (Z - I)Uplzp ptlll /Un——l)7

and

i . i
ip—2p—1,2 - P zp 2p—1¢,,242p" 2ps2
d<2>vﬁ~21)n Un+1/vn—1 - <2>Un— (l) t + Uy tl

n ptl,pn+1
+ 2vnvn+1ﬂl; - 2Ufl),,+lt1 - 21),, 151 )/Un—l

mod J(p + 1). Collecting terms shows
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dv?_ v,k (JoFP N = vl (0Pt o2 + (i — )oiPey foRt Y

. ip— nyopn-1 n—
+ lU:xp p(tg e tp l)/Un 1

( >(Ulp N =207 o, 4 8)/0,-4)

mod J{p + 1). By (2.7) and (2.9),
dAx(ifj; n; OF = — vE_viP el fo? | — ivh Lol Py — 8ol
mod J{p + 1). Therefore we have

dx(i/1;n; 1) = (i — Dof_ 07t /oh 2]

i . ,
..1 — —
+ <2>vﬁ—z(v;” 15— 20777 o,y 10)/0,-4

mod J(p + 1), and dx(i/j; n; k) for k <n— 1 by (2.9). The definition of the elements
x(i/j; n; k) and (2.9) show that if the result for dx(i/j; n; k) with k % 0 (n — 1) is valid,
then so is the case for dx(i/j; n; k + 1). Now suppose that the case for k=0(mn — 1) is
valid, then (2.9) shows

_ f+ 1 K+ 1 -t 2 k+1+ K — n,
dx(i/1; n; k)P = (i — 1By ol e fulT P ek g gl AR fuR
mod J(p**! + p). Notice that pa,, +p—1=a,,+,, and we compute
. d(i _ 1) £k+zlvpk+x+1/ 2pk+‘+pk—pank+1
—_ (i _ pk+l lpk+‘ pn‘l 2Pk+1+Pk—pan,k
= —(i— Doiyof tf Jug%y
+ (i _ l)vﬁk".zl ;pk-(- / 2pk+l+pk_ank+1
_ l(l _ 1)1),’:k+210pk+1_pk+17]1) tpk+n/vpk+pk+l_pank+1
. “fe _ — i — pk
mod J(p**! + 1) by (2.5) and (2.6). Putting z, ., = zf — i(i — LpPony =P~ 1yipeT I mpet

nu,t?"" and adding above congruences prove the case for k + 1, and we have 1)(a)
inductively.

(b) The congruence (2.8) implies the case k=0 if the condition i=1{(p)
holds. Suppose that (b) is valid for k — 1 <n ~ 3, and (2.9) again shows

dx(i/1; n; k — 1P = (— 17 ofpp@briks byl =syr

~mod J(P(k, k) + p). A direct calculation shows

k—1 7., Pck), Qk+1,k+1 Dk — pk
(-1 dvn(~2)vrg(~1 4, — 1k+lv:x F
_ K, P(k,E), Qk+1,k+1), p
=((— D,y Ur?—l Wi—1,k+1
ko Pk +1),,0(k+1,k+2) ipk — pk
+ (= Do, &7 Vol Wy k4207 7

mod J(P(k, k + 1) + 1), in which we use the congruence
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k+1 -1
= — WP —
MUy -1 k+1 = E r=0Un—1, A Woetk+1 ™ Up—2Up 1 Wy k42

mod J(2) shown in [9, Prop.22] and the equality o@%f%**Yy . =0 in
vy 'BP,/(v2.) for 0 <r <k These imply the case (b).

2) Suppose that j=a,,, then we see r=1(r—~1) and r>1 by the condition
p4Aj. Here we denote

a=a,,.

Since x5, = x32_; + sv@rlu, o (xP 75 mod (vinntt), a computation shows

5 — .5 An,r SP— 1 — An,r SP— 1
(210) ﬂxn,r - xn,r + Sun~1xn,r~1t1 Svn~20n~1xn,r—1wn—1,2

mod J(2) + (v®;*'). Here note that the ideal J(2)+ (v%"') is invariant since

n—1

pla,, + 1. By (2.10) we have

dx(ifa; n; 0) = v,_,%;,8" *foslt + zo/vBt ]
mod J(2) letting zy = — sv,_,v2 Lo TP L, o+ su, 0B xSETLE TP We also
obtain dx(i/a; n; 1) from this result with (2.9) and

s a+ +1 - xS -1 a +
- dvp 2Un anr/l)f:_ P Uﬁ nprtp /Uf;_ lp

PP
+ vl _oxiP it foBitE — gpb_ L oSPTTIRTE Lgh fpp el

mod J(p + 1). Now the case k £ 1 (n — 1) follows from (2.9) and the case k — 1. We
get similarly the case k = 1(n — 1) with an additional congruence

3 Kk ke Jo— 1 — k
_ dvp 2Up xipr/vp atpltp e tP = _ P

splepn=1 . pka+ pk+pk=1—pap -
n—2% t /n~1 "

nr

PR espRy fpRatpRpRtl—an .
+ v - X by /o "

. spltl—phk pky pk+pl=l—ap+p
SoR— (o )Xyt - TP el /of g

mod J(1 + p").
3) i) First suppose that 0 <j<a,, and j<a,, —p if I <r=1(n—1). Under
this supposition, the definition of the element x,, shows
x(ifj; n; 0) = x;,r/UjAl = xi{’r~1/v{;~1

and so

dx(i/j; n; 0) = — jo,_ x5, 00" /o4 mod J(2),
which implies

dx(ifj; n; OF = — job_, x50 [oi2*? mod J(2p),

by (2.9), and furthermore we compute,

Sp [Jptp+1l . P sp ep" Tl iptp P sp Jpt1
2vnxn,r vn~ JU _2X t /Un—l Jvn ZX tl/vn~1

djv?

n—

spr+l_pr+1 pl’ . .
(+]SU"__2U" tl /vn~1 lf] - an,r - 1)
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mod J(1 + p) for an integer " such that r=1l'(n—1) and 1 <i'<n—1, and
djsvg v TR 207
= jsvg_zvflp"+1—1)"(20"_1v"t111"“‘)/203_1 mOd J(l + p),

if j=a,,—1 and I=0. These give dx(i/j; n; 1), and then we get dx(i/j; n; k) for
k<n—2 and for j=a,,—1 and k<max{l,n—1—2} by (29) since w(,j; k)
=0. For the case j=a,,—1 and | =n — 2, we see

Cdx(ifj; n; )P = 0B, xSEE [olP? TP — syl? Lps T e
mod J(p + p?) and
dsvB” ,psp TP Ty o2t
= spP? uSP TR eyl P ST ey
+ spPL Lo ey
mod J(1 + p?), and for j=aq,,— 1 and I=n—1—k with 2<k<n-2,
dx(ifj; n; k — 1)P = ol ,xseeeh™ ™ jpie o

spv+k_pr+k 1+pk ltpn 2/ pk~1

“—]Sl)g 2Uy Uy

mod J(p* + p), and

Yo P 1 sprikprik=1ppl=1 k~1
djsvn*Z Vy—1Uy /Ug~1

sprtk—prik—1 g pko- ll_pn 2/ pr—1
Uh—y

= jsv? s
mod J(p* + p — 1). These give
dx(ifj; n; 2) = v2= xS 8 /vl 7P mod J(1 + p?),
and
dx(ifj; n; k) = joB" x5 e2 ™" jolP* PP mod J(2 + p"),

respectively, and we have the case for k<n—2. Assume the case k—1 with
n—1<k=1{n—2), and we obtain

i e L AP 3 Pln— 1k~ 1SPR PP T 2 1 jple k=1
dx(l/.]n n, k 1) - ]vn‘Z xn,r tl /vn—l mOd J(2p + an—l,k—lp)
and
. r sp¥ 1, jpk+pkot
d]U ”< Un*lxnr/vn—l
= jpdn=t e pt 1 splepn= 2 jpk= 4 pko1 1198t spkp [Pkt
—]Un—2 xn,rtl /Un—l —JUy 21 kxnr 1 vn~1

mod J(2 + a,_, ), which bring the case for k with n —~ 1 <k=1(n—2).
(i) Next suppose that 1 <r=1(n—-1)andg,, —p+2<j<a,, — 1 Since we
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see that  dx(i/j; n; 0) = (dx3,)/vi_ 1 — ju,_ x5, 8" */vitl  mod J(2), we have
dx(@i/j; n; 0) by (2.10). For dx(i/j; n; 1) we verify

dx(ifj; n; O = — svE_, 0By “PxSEIPWE_ ) — joB_,xSBa T fulete
mod J(2p),
djvl v, X380l = ok, xSt ol — jub_xshi, foln
(— 2508 o TPt gy i j=a,, — 1)
mod J(1 + p) and
—dsvl_,u,. 1,2xfnl,'r2:f/vjp plnr

= _ P P WP X522 =P [yiv e
= — sof (- 1,1 8] + g 0, — WH_{ )X nr—1/v ™

Unless j = a,, — 1, we have the case ii) and 3)(a) and (b) in a same way as i). For the
case j = a,, — 1, we have

dx(i/j; n; l)pn—a _ van 2 :prn thn 3/v”,n 24 pn-3

n—2

N pn Spr+n 2 prén=34pn=3 pn-2, pm-3
SOy e T ol

mod J(p" "2 + p"~3) and

pn- 2~1 sprin=2pren-34pn- 3/Upn--3

dSU Uy 10Uy n—1

— QPR sprinT2oprén=34pn=3 pn-2) pn-3
= sv_, vl 8 ok

mod J(p"" 2+ p—1), which give us the case for k=n—2: dx(i/j;n;n—?2)
= Job ) xS R /pdet 2 HP 72 and we obtain further congruences in a same manner as
i).

4) (a) For0<l<n—3,put h=(+1)(n—2)+ 1. The result of 3) shows

dx(ifj; ny h — 1)P = — joBang tn=1x30h e =2 pyiet o

mod J(2p + pa,,-,). We compute

n hyph=1 . s —p+ R, pn=2 hph-1
RO = o ey ol

djvan—l T Pv

n-—
— oty tl/vf;”—" e
mod J(2 + a,_,,) and
d]va':—_Zl hxn r+h+1/vn(9)1—p" ot wjvan—l hxn r+ht1/vjlilfphk‘
+]Uan_l h-‘—lxnr+h+1L‘pn—z/l)fl(g)lhpn_1

mod J(2 + a,-,,). Here we note that r +j + 1 = 1(n — 1) and so p""zlc(O) Notice
further that x5, ,, = x$%' mod (/2"}#"""). 1In fact we have Xopvo = = x° mod (v&urreP)
for r+e=1(m—1) with 1 <e<n-—1. Thus x,,.,=xZ, mod (vf,’"_ [ e PRI

Furthermore we see that p"~a,,,,—p" **!' — (jp" + p*~ ')y > p'a,, + p" =+t —ph~®
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—ptert —phq  + p" — p""1 > 0. Therefore we have

O LI 0)—pn1 e tnt 1 jph 4 ph =1 +
dx(ifj; n; b) = jo Xy e 8800 b o g ol PR

mod J(2 + a,,) for some z,€v, ' BP,.
Next suppose that k = 1 (n — 1) and the case for k — 1 holds. Then the case for k
follows from the congruences -

. _.k"4’+k “pk n—1 k)~ pn,n+ik—
dx(ifj; ny b4k — 1P = joley ot ] o0 e

pRan -1, ntpRp jpktTh4pktn—tgpltt
+ Un—% Zk—l/vn—l

k k
mod J(p + p* + p*a,,), and
_ djv”k“g“"‘“’kv xS +/+1/UC( Y+ 1= pan,n+r-2
n— nr T
— i PRap- g ntpR L s'pk pr— 1y (k) — pan, -2
= — Jun-3 XpSinarth Jog2p Pomnrr
s DRay - 1+ PR s pK )= annex—
+Jug 3 X hna 1 U2 et
_jvp“ag—ul (’717 )xS wnls /Ujp"”‘+p"”‘ L pktpkan=1l—g, -1
n— n nr

mod J(1 + p*a,_{, + p*). The other cases follow immediately from (2.9).
(b) Here we assume that |=n—2, j=ep — fand f# 1. Since

X(ifj5 15 0) = X5, /0d— 1 = fon- 3 X501 /SULLTT O mod (v)-5),
we compute

dxfl,r/vzl—*l (dx r—l)/v{;-— .]vn-—Z(”xn r) p" 2/Uj-'—1
j+1 . ez,
+ < 2 >vr%—2(}7xn,r)t%p /Uiizl

mod J(3) and
— fdv, o, SO = fo, x0T 0l
+ G+ Do axy, e ] s 0T e
mod J(3) to get
dx(ifj; n; 0) = f(1 _f)vr%~2xrs1,,r+lﬂljnw2/s DA RR S Y AV L A1

mod J(3). Assuming the case for k — 1, we get the case for k # 1 (n — 1) by (2.9) and
the case for k= 1(n — 1) by (2.9) and a congruence

2pk s’ pk s (kYL = panner-2 — 2p’< s'pl pnT bty (R) - pannv -2
dUn-zU xnr+1/svn—1 mn = n~2xnr+1t /Sl)n_ Tn T

2pk r.c'(k)—a
- Un-—anH—ltl/S Upy TR

mod J(1 + 2p").
(c) Inthecasel=n—2andj=ep— 1 withe# — 1 (p), we compute dx(i/j; n; 0)
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similarly to (b). So first have we x(i/j; n;0) =0, (X5,/X 11— Vo2 Xhpr1/
spitltansss mod (v2*31) and
AV, 1 X5 /X011 = Uy p X5, 8] 2/Un— — O Xt /UR 4
+ Uf,’—zxi’frill (qu)t8" > o bR o — el x5t ot
(+ sx4”2"pt”/ve1’ — svﬁxi’ff:ﬁ’wg,z/ugp'l"”"'" if n=4 by (2.10))
mod J(p +1). We note that ep+p=j+1+p<a,, since j<a,, and e # — 1(p).

Then the third term of the above congruence is 0 and so is the first term in the
parenthesis if n =4. The inequality j + 1 + p < a,, is also used to show

dvBus L0 TV ol = o8P TP WE /v mod J(p + 1).
Now we have
’ +ltanre1 — n-2 j 1
dvy Xy 41 [SOETTO M = 0, x5 a8 /0] mod J(p + 1)
to gain the desired congruence

dX(l/], n; 0) = (e -+ 1) 2xnr l/vn~1
(+ 02 xS (o)t Job_ i j = a,,— 1) mod J(p + 1). This implies the cases for
k#£0(#n—2) and k <(n—2)%. For the case k=0(n—2) and k < (n — 2)?, we need
more calculation:

dx(ifj; ns k— 1) = — (e + Dot txxsh (8" folrt T r*
and

I * k4 pk ~ K, pn—2 ipk 4 pk _ I k 4 pk
dvpan 1,k 11) _lxsp /U’J,P_i*‘P :vf:lﬁle,kxipr tP /v{,”_fp _van 21k+1xsp t /v“’ p

both mod J(2p + pa,_,,). In case k=Hh = (n — 2)?, add further

PRAL ' +Ph Fanpan+t = SR P+ ph
dl) - xnr+h +1/SU - Uy pa xnr+h’ l/vn—l

ap-1,pre1t1 prolye(h)—-pn ! Ap-1,n+1+1 Jp A ph 4+ 1
+ 0 Xorewe1 D /050 + 0,5 Zof Uiy

mod J(2 + a,_q 4 4q) for zg= — v TPy, and we obtain the case for

x(i/j; n; h). We have the case for ¥ <k # 1{n— 1) by (2.9) and the case h' <k =1
(n — 1) follows from the congruences:
dx(l/] n; k— 1)? = (e + l)v”k Wap—1,n s +pe=h xif’;hh 1t”" /vc (k) ~ Pank-h +n-2
3 Up" Wap g e H PR 2P, *l/ujpk+p"+p’< e
and

PET Wy g plee s ple =R <’ (k)+1—pa K—h'+n-2
(e + l)dvn—z " nxn r+h +l/U ™ v

e~ "a St FPRTR s pk R =ty (k) — pan k- nt 4 n-2
=(e+ Do, MUY L S LA "

_ PR ay g g R pET R st pk R ") = an ke~ n 401
(e + 1)Un~2 " xnr+h +1t / n—l " v
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+l)pk ha, - lh+1+Pk h~/ ka+pk+pk h’

mod J(1 + p*"¥a, 4 iy +p*7Y).

(d) Lastly we assume [=n—2 and j=ep — 1 with e= — 1 (p). The following
congruences give the case for k = 0 by noticing the equality ep + 1 =ep +a,,.{ + 1
:.] + 2 + an,r+1 = C,(O) - an,n—l:

dvn lxn r/xn—l 1= =0,- sz tp" 2/xﬁ—l,l - Un 2xnr l/anl 1 + Dn Z(ﬂvn lxn r) l/vn~1
(— Svgxf{ff:gwg,z(n%)/vé_”“'”1 if n=4) (— svixi," va(qa)ty /o5t if n =4 and
j=a4,—1 with r=4)

s n=2, e + 1.8 re’pt1
mOd J(p+2) dvn ZX,,,.+1/SA“_11-—U,, 2x tp /Xn*1,1+v;lx)~2xn,r+1t1/s vn—l

mod J(p + 2), and

sprtl—pr i+1—aa.,
dvius o030y 7 lvh -

sprt—pr

vh vy W 5(u)/vht 1M — ppt Ly jpit etz aer

I

r— pr—1 . . .
(— vgo "7 kB if j = a,, — 1 with r > 4) mod J(p + 2) for the case n =4. For
the case k = 1 (n — 1), we have the congruences
K+ 1 4 pk s'pk 1K)+ 1= pancsn—2 — ,,pF+ L+ pk s pk oyt (k) pan e n -
dvf:~2 P U,,X"I:_{_I/S U,,(_) Pl tes = Dn 2 xn,I;+1ﬂl, /S Un~1 b ?
Je+ 1 13 k K+ 1 ko ipk 3 k+n-1 —
— v +p f,r+1t1/sll)c(k) Gnfern=1 4 Pt +p ),/l,{,{;er +p +1—pan,k+n-2

mod J(1 + p**! 4 p¥), which and (2.9) bring the results inductively. g.ed.

§3. Proof of the theorem

By the definition of the comodules M3, we have the short exact sequence
0_)Mn r+1_i)M:n Un - M:z r 0;
for i defined by ix = x/v,_,. Define d;: M QT M, R, by

dim@y=m®@y —mdy + m@y 1,

for a I'-comodule M with structure map #, where (4, I') denotes the Hopf algebroid
(BP,, BP,BP) associated to the Brown-Peterson spectrum BP. Then we can verify
that d,d = 0, and define

H'M = Kerd,/Imd < Coketd.

Now the snake lemma implies the exact sequence

(0n - ,)* H Mr

n—r

3.1) 0 — HOM"ZL,, —5 HOM,_

H—r

r 1 r—1
H Mn-"r-l-l’
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in which J, is defined to be:
d,x =i~ {dv; 1 x}.
In the exact sequence (3.1) for r = 1, the module H*M? is given in [4, Th. 2.2]:
H'M) is the Z/p[v,, v, ']-vector space with basis {, and hy = {t8"} for 0<j<n,
and Im 4, is in [1, (5.18)]:

Im &, is the Z/p-vector space with basis v3™ h,_,, v """ "h; for j with j=i— 1
(n—1) and 0 <j<n—1 and for any s prime to p.

Since the sequence
r - i n-r
HOM:_, 2o HIMZE | o HUMy | Lo, gipgr

is also exact, we have an isomorphism i,: H'M{/Im 6, ~ Ker (v,_,),, and

LEMMA 3.2, Let p be an odd prime. In the above exact sequence for r =1,
Ker(v,_,), is the Z/p-vector space spanned by:

(@) vih,_y/v,_, for meZ such that pl{{m + 1),
(b) oph;/v,_y for 0<j<n—1 and m=Ip*eZ with p ¥ such that

either k#jn— 1), p# —1(p) or k= — 1(p?), and
{©) vl v,-, for any meZ.

Consider now the exact sequence (3.1) for r = 2. Then the first module of the
sequence is known to be:

(3.3)[1, Th. 5.10] H°M,_, is the Z/p[v,_ 1-module generated by x;, /oy for i >0 and
s # 0(p), and Z/p-module generated by 1/vi_, for j> 1.

We will determine the module H°M?_, by the fact that

(341, Remark 3.11]  If a submodule B of HM?_, satisfies that (v,_,),B < B and the
sequence B =25 B 22 HOM?2 . s exact, then B = HOM?_,.

Now we can prove the theorem.

PrOOF OF THEOREM. Let B denote the direct sum of the cyclic submodules of
H°M?_, generated by the element x,(a/b, c,(a, b)) for a and be Z such that b > 0 and
b<a,,qifas#0 Thenitis trivial by definition that B < H°M?2_,, (v,_,),B = B and
0,(y-2), = 0. It is sufficient to show that Ker §, c Im (Vy-2)y- Suppose that x
=Y A,g€ B satisfies that x¢Im (v,-2) and 3,x = 0, where g is one of the generators
and 4, € Z/p[v,.,]. By Lemma 24, for b =jp* a = sp"** and i = sp” with p}tj and
pAXs, we obtain the following
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Saxulafb, cola, b)) = (i — Dol fvg_y + -
for r=0, i% 1(p) and k=0,
83%,(a/b, c,(a, b)) = (i — D)ol th fu22' o 7 o 4
for r =0, i 1(p) and k > 0,
82%4(a/b, c(a, b)) = (— Dfo2E Do P,y iy + o
for r=0,i=1(p) and k<n-—2,
523afb, cyla, b)) = KU o PP
for r>0 and j=a,,,
3yx4(a/b, c,(a, b)) = — jx5 872 foit + -
for r>0, j<a,, and k=0,
82x,a/b, c,a, b)) = — jxsmieh” folt T 4
for r >0, j < a,, k>0 and either s# — 1(p) or s = — 1(p?); or
for r >0, j<a,, 0O<k<h, s=sp—1with p¥s, and I #n -2,
52,(0b, €,(ay b)) = XEES £ JoL o I TR R
forr>0,j<a,,, k=h s=sp—1 with pts, and [ #n -2,
82%,(afb, (@, B) = — J( + D)Xy 8 fopopr s P T2 Sy
forr>0,j<a,, with j#£ —1(p), k>0,sp—1and [=n-2,
S,x,(a/b, c,(a, b)) = — (1 + e)x3reh” JuiP [ 7" +

for r >0, j<a,, with j= — 1(p) and j# — p — 1(p?),
O<k<W,s=sp—1and l=n—2,

52xn(a/b’ C”(ll, b))

= (1 + e)XS’p’;‘h’,"Jr1tlf/vjp";rpk+p"""an,r+w+1+p"""+p"""+"“1—an,n+k—w-x 4 .
nr -

for r >0, j<a,, with j= — 1(p) and j £ — p — 1(p?),
k>W,s=sp—1and l=n-—2,

52xn(a/ba cn(a: b)) = - xfx:eiltpﬁ /S v{pk+2pk—' Pl bR 1—0" mked -+ .-

for r >0, j<a,, with j= —p — 1(p?),
O0<k,s=sp—1land l=n-2,

These show that there exists a generator g(x) of B and a nonnegative integer e(x) such
e(x)

that ve®; 8,(x) = A, ve® g(x). Here notice that x,, = vf” mod (v,_;). Since vy g(x)
is one of the elements in (a) and (b) of Lemma 3.2, they are independent and so A,
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= 0. Inductively we deduce that A, = 0. Therefore x = 0, which contradicts to the

assumption x¢Imuwv,_,. Hence we have that Ker §, = Imu,_,. g.e.d.
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