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§1. Introduction

The Brown-Peterson ring spectrum BP at a prime number p induces the Hopf
algebroid (BP,, BP,BP) with the right unit y: BP,— BP,BP given by the unit
i: § — BP of the ring spectrum (cf. [1]), and the coefficient ring BP, is the polynomial
ring Z,, [vy, vy,--+] over Hazewinkel’s generators v,. A sequence S: ag, oy, , &, of
elements o, of BP, is an invariant regular sequence of length n + 1 if yo, = ag, Hog = o
mod J, for k>0, and «, is a non-zero divisor of BP,/J, for each k = 0, where J,
denotes the ideal (g, oy, -+, o, 1) of BP,. Let the sequence S be invariant regular, and
P.S. Landweber [2] showed that o, = v} + (lower) for some positive integer s, for each
k. Here (lower) denotes an element of the ideal (p, vy, vy, v,—1). A sequence S: oy,
oy, -+, o, is not always invariant regular even if o, = vj* + (lower). E.Tsukada [8]
investigated the case that (Jower) = 0, and gave the necessary and sufficient condition
on the integer s, that a sequence S is invariant regular. The case that (lower) # 0 for
odd prime p is studied partially by the first named author [6].

Consider the sequence

(11) S: Agy Agy7y Uy
with o, = p® and
(1.2) o = Ui + (lower),

where e 2 1 and s, = pe, > 0 with i, = 0 and p f ¢, for each k. For a prime number
p, an integer a, . (n = 2, u = 0) is defined by

(L.3) aGu=p" If 0Su=sn-—1,
Gy =p"+pp — D= D" 1) fuzn,
u=qgn—-0D+1+j(@=21,0=<n~-2) (cf[3; (5 13)].

In this paper, we have the following theorems.

THEOREM E. Let p =2 and 6 = 1 or 2. There exists an invariant regular sequence S

of (L1) if

2feii+90,0<e=<aryy,,., ad e <p"t if e, =1 for k=1l
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Here u, =iy — iy, — e + 1(k = 2), and moreover we assume 3 < e =i+ 2 and e, 23
if 6 =2.

THEOREM O. Let p> 2. There exists an invariant regular sequence S of (1.1) if

2<e<i, +1,0<e, S dyy1a,, and e <p™t if kz2 and
exr1 =1, for kz1

Here u, =i, — i, —e+1 (k=2).

In the above theorems we assume that e = 2. For e =1, we have the following

THEOREM 0. There exists an invariant regular sequence S:p, oy, -+, &, With o, =
v + (lower) if

e = Oy g ., — 2, and
e, <p™tt if e =1 and if kz2o0rp=2, for kzl.

Here s, = p™e, with iy, 20 and pY¥e, and w, =i, — i, (k= 2).

We notice that Theorem 0 is not our new result, which was studied in [6] already.

In §2 we define a sequence in BP,, which is in the above theorems, by using the
element x,,ev, 'BP, in [3]. In order to prove the theorems we study about the
ideals given by the sequence in BP, in §3.

We prove the theorems in §4 and we note the necessary and sufficient condition on
invariant sequences (Theorem 5.1) in §5.

§2. Definition of sequences in BP,

We have the Hopf algebroid (BP,, BP,BP) induced by the Brown-Peterson ring
spectrum BP at a prime number p. We also have

(21) BP*BP = Z(P)[Ul’ Ugsetty U,,,"'], deg v, = 2(p" - 1):
where the v,’s are Hazewinkel’s generators, and
(2.2) BP,BP = BP,[ty, ty,-, t,,---1, deg t, = 2(p" — 1).

The right unit #: BP, - BP,BP of the Hopf algebroid is given by the following
equalities:

2.3) =Y s i1,
(2.4) v = ply — Yo v

where n: BP, ® Q - BP,BP ® Q, and BP, ® Q = Q[l;, l,,---] (cf.[4]). Note here
that

2.5 (k) in the expoment denotes p* throughout this paper.
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We use the notation
(2.6) dx =nx —x for xeBP,.
In [3], Miller, Ravenel, and Wilson defined elements x,,ev, 'BP, and integers a,,
=1 for all primes p and n= 1, k=0, in such a way that the next lemma holds.
LemMMmA 2.7 For n=1 and k =0,

dx,, =0 mod(p*¥)
for n=2 and k = 0,

dxn,k =0 mod (In-— 1> Uﬁ’:kl)'

Here I, denotes the invariant prime ideal

(28) Inz(p’ Uy vn*l)a 0§n§oo,

the elements x,,ev, ' BP, are:

(2.9) X1,0 = Vi

2 -1 _
Xy, =07 — 40y "0y for p=2,
Xpp=X{ k-1 otherwise,
X2,0 = U2,

— P Py 1
X3,1 = X2,0 — V1V " U3,

- —p+1 2)+p—1,(2)—2
Xaa = X — 0P HP TP o OT A2y
Xpp=X541 —20?0(21()_“_1)“ (b:bz,k) for pz3,kz3,
x2,k:x§,k—1 for p=2,kz3,

Xpo =10 for n>2,

Xpy = Xho — V) Vg Vg1

Xpgp = Xhp—1 for l<k#£l(n-—1),

Xy =Xy —Vh_ v DT (p=p, ) for I<k=1(@m—1),
where b, is an integer given by
(2.10) bue=@" = D" =D/ 1) forl<k=1n-1),nz2,
and the integers a,, = 1 are:
(2.11) a, o=1,

ayp=k+2 forp=2 k=1,

ayp=k+1 for p>2, k=1,
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a0 =1,

a1 =D

ay=p+p -1 for p>2 k=1,
ayy =321 for p=2, k=2

dpo =1,

n,g = P,

Qe = Plnje~1 for 1 <k#£1(n—1),

an,k = POy x-1 + p— 1 for 1 <k= l(l’l — 1)

Let n be a fixed integer greater than 1. Put <k> = 1 + k(n — 1) for an integer k = 0.
Then we see easily that

(2.12) Gy < p* +pT,
expect for n =2 and p =2, and that
213 =P+ -DE® T =D/(p" 1) fornz2, k20,
Gy iy = bucxs + 1 fornz2, k=1
Note that a,, = p* if n >k (cf.(2. 12)).
The definition (2.9) gives
(2.14) X iy = U — (P~ mmy 2 =Dy, mod (p) for n=2 k=1
for a certain element y, e BP,.
Consider a sequence of positive integers
E: e S1, ) Sy
which satisfies
(2.15) s, =ep™ pke for k=1,
O<egip,+0,0<e, Sy, and g, =p**tif e =1land if k=2 or p=2,
and moreover
e=i,+2=23 and e, =23ifd=2,
where
(2.16) =i, —h-,—e+1=20 for kz2,
Ay = Qe

and J is an integer such that
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(2.17) o0=11ifpisodd,and 6=1,2 if p=2.
For the sequence E, define the sequence
(2.18) VE: g, oy, Og,eer
with o, e BP, by
(2.19) oy = p°
ay=0v} if p>2 or i;=0, and
oy = x4, otherwise,
o, =vi for k>1 if ¢ =1, and
o, = x|, otherwise,
where g = 5,/2, f=ep* and u=1i,_, +e— 1. We denote Vi for the subsequence
(2.20) VE ag, 0y, 04y
of V-
On the above equalities, o, = x means
.21 o = x* if x = x* + Ax and Axe(VE),
where (V§) denotes the ideal of BP, generated by VE.
The next proposition shows that this definition is well-defined.

ProPOSITION 2.22.  The element o, in (2.18) belongs to BP, for each k.

Proor. We proceed by induction on k. The case k =0 is clear since oy = p°.
For k =1, we compute

o =x%, =0 — 25,03 30, mod(29
f p=2and i; 21, and
oy = vi
if p>2, or iy =0. Therefore, we see that o, € BP,. Besides, we have
(2.23) v = 25,05 3u, mod(VE) if p=2 and i; =1, and
v} = 0 mod(V%) otherwise,
and so,
(2.24) v, =0 mod(VE) if s=s, (+3 if p=2,8=2 and i;=1).

For k = 2 we note the following consequence of the binomial theorem.

OBSERVATION 2.25. In BP,, if x =y mod(p, «), then
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x® = y™ mod(p"*!, pa, of) for n = 1.
Suppose that «;e BP, for 0 £j=<k— 1, and that
(2.26) pvi =0 mod(VE,.,) if s=s,, and
05 =0 mod(VE_ ) if s=s,(+prett4pne if e,>1),
for n<k-—1.

If u, =0, then o, = v by (2.19), and so o, BP, and further (2.26) holds.
For 1 <u, <k, we obtain the congruence

r s ! e (= (1) (-1
X = 0 — vl (o OTOTDHED mod (p, o)

by (2.9) where s, =ple, =i ~e+ 1, f=¢p*"', and a=v{}. Note that f
= p*~1f" and apply Observation 2.25 to this, and we get

e —1,.{ —~)—-{I—-1 -1
M, = 07 — ep® 1oL o T O D mod (p°, pa, of).
In case u, = k, similar calculations with (2.14) give
o = v — p* 1P OO0y mod (pf, pa, o)

for some ye BP,. Since (p¢, po, of) = (V) by (2.26), the above congruences imply

o, €BP,
(see (2.21)), and (2.26) for n = k, which shows the proposition and (2.26) inductively.
g.e.d.
§3. Invariant sequences
We recall [2] the definitions of invariant and regular sequences. Let «q,---, @, be a
sequence of elements of BP,. We call the sequence invariant if doy =0 and
doy €(0g, -, o y) for k > 0, and regular if (ag,---, ) is a proper ideal, a, # 0 and o is

not a zero-divisor on BP,/(ag, -, o) for k> 0 (see (2.6) for d).
We prepare some lemmas to prove Theorems E, O, and 0. To state lemmas, we use

the following notations.
For a given ideal J = (p, ;,--, o, ), we denote an ideal J** by

3. Ti = (T, o), o, pot®, ant),
where v = min{i, 1}.

For u, in (2.16), we provide the integer a, by
(3.2) Ay = Gy

LemMA 33. Let K=(p, vy, -+, Uy—p, Uiny). Then

Ko™ bines o (VE),
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fn=3ez22.
Proor. We shall show that every generator of K¢ 11 belongs to (VF). It is clear
that p¢e(VE). By using (2.12), (2.16) and (2.15), we get the inequality
pl>pra,, +pETett 4 pe (=i, ) ife—122 or n=4
pP2>s, (+3ifd=2o0ru,z2)ife—~1=1 and n=23
for 1 £k £n— 2, which implies that
v e(Vy)

by (2.26) and (2.24).
We also have inequalities

p'a, z p’a, and
P ta, > pla, + pimett + pIme

by (2.12) and (2.15). Use (2.26) again, and both generators pa and a”(« = vE**7) belong

to (VE).
g.e.d.

To prove that the sequences are invariant, we use the following lemma related on d

in (2.6).

LeMMA 34. Let p=2 and J=(p, oy, 0, ®). In BP,BP, if dx =0 mod J for
x€BP,, then dx®"*? =0 mod J".

Proor. Since dx =0 mod J, dx = ao + pb + ) ca; for some a, b, c;e BP,BP.
J7 J *
Then
dx® = (x + a0 + Y ;o)™ — x®
=0 mod J%",
which shows
dx™ = d'a® + pb' + Y ¢/ o) (@, b, ¢/eBP,BP).
Hence
dx(n+i) = (x(n) + a’cx(") + pb/)(i) _ x(n+i)
= (x + @)D — x+D

=0 mod J™" g.c.d.

§4. Proofs of Theorems

In this section we shall prove Theorems stated in §1.
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Proor oF THEOREM E. For n =1, it is trivial. For n = 2, see [2; pp. 503-504]. We
easily read off the case n =3 from [6; Lemma 2.5] and [5;Th.1.5].
Now proceed by induction. Let n = 4. The definition (2.19) indicates

o, =
foru=i,., +e—1 and f,=x, . Lemma 2.7 shows
dp, =0 mod K
where K = (p, v;,+++, 0,4, v ,) (see (3.2) for a,). Therefore it follows from Lemma 3.4

that
do, = 0 mod K¢ lin-1,
On the other hand, we have
Ko~ bt o (Vh)
by Lemma 3.3. Hence
do, = 0 mod (VE),

and VE, | is invariant regular. Thus we complete the induction. g.e.d.

Proor orF THEOREM O. For n £ 3, we can read off the result from [2], [6; Lemma
2.5], and [3;Th.6.1] as the proof of Theroem E.
For n = 4, we also use (2.19), Lemmas 2.7, 3.4, and 3.3 as the proof of Theorem E to

complete the induction.
g.e.d.

Proor orF Tueorem 0. For odd prime p, it is proved in [6; Prop.3.8]. We have the
case p =2 by noticing that the proof for odd p ibid. is also valid for p = 2.
g.e.d.

§5. Concluding remarks

We studied about a pre-MRW sequence in [6], and added some more conditions in
order to prove that the sequence of BP, arisen from the pre-MRW sequence is
invariant regular. We here call a sequence of integers pre-M RW if it satisfies (2.5). In
this paper we have proved this invariantness without any conditions to be added if e
> 2. Therefore we can rewrite [6;Prop.3.9] together with our theorems in §1 as
follows:

THEOREM 5.1. Let E be a sequence of integers e, S, S§,,---, and suppose e = 2.
Then the sequence VE is invariant regular if and only if the sequence E satisfies (2.15).

We note that the case p = 2 is also valid though [6; Prop. 3.9] treats only the case
p>2.
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As an application of invariant regular sequence, we know that we can construct a
spectrum YJ with BP, YJ = v ! BP,/(J) for an invariant regular sequence J of length n
and an odd prime p such that n? + n < 2p ([7;Th.5.7]). Thus Theorem O shows us
some examples of spectra YJ.

We also know that an invariant regular sequence gives rise to an element of the E,-
term of the chromatic spectral sequence (cf. [6; Lemma 2.5]) which converges to the E,-
term of the Adams-Novikov spectral sequence converging to the p-component of the
stable homotopy groups of spheres (cf.[3]). This means that an invariant regular
sequence in the theorems in §1 may survive to the stable homotopy and give a new
element in it.

We lastly note that the detail computations of this text will appear in [9].
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