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1.  Introduction

Applying non― standard anylysis wc introduced a conccpt of gcncralized functions in

[5].  It iS Very useFul to apply the ideas of the theory of hypcrfunctions in the thcory of

gcllcralczed functions.  In this papcr wc would like to show a fcw cxamples of the

applcation.  In particular, we 、vould like to justify the cquahty

(1.1)

2.  Dennitions and sseveral properties

Thc lollowing deanitions wcre given in[5].

DEFINITION 2.1.Let R+={ノ GRIノ >0),and let F={(0,ノ)|ノ ∈R十 ).Thcn F has
the nnitc intersection property,  Wc dcnotc by ン″ one of the ultralllters on R+

containing F.

Lct K be the set R,or thc set C,or the set Map(R,C)={デ |デ:R→ C),and lCt α(ノ ),

b(ノ)∈ Π K・

ノGR十

we denne a rclation ～ as follows:

ズノ)～ う(ノ), if it Satisncs the condition

(ノ∈R+α(ノ)=b(ノ )}∈夕・

The relation ～ is an equivalcncc relation.  We dcanc *K to be the quotient sct

Π K/～ .

An elemcnt of the set*R(resp.*C)iS Called a hyper fOSl(rcSp.hyper complcx)

number, an elcmcnt of the set *ふ 江ap(R, C)is Callcd a generalezcd function of one

variable.The cquivalence class detcrmined by a function α(ノ)∈ Π K Will be denoted
ノ∈R十

by['(ノ )]・

Wc can consider the set*R is a subset of thc sct*C.  Thc set*R and*C arc made

into co■ 1lnutativc nelds by dcaning the addition,thc subtraction,the product,and the

quoticnt in the usual way,

(―うX⊃ =卵 :

ッcR十
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i                       {ノ
GR十 lα(ノ)≦ b(ノ)}C夕・

|         (ii) Let[,(ノ )],[b(ノ )]∈
キC. We deane[α ●)]≒ [う(ノ)],if it Satisncs the condition

{ノ GR十 lαω _b(ノ)|<ε}∈´ fOr every ε∈R+

DEHNITION 2.3(IntcrVal)。  Let[α (ノ)],[b(ノ )]∈
*R and[α

(ノ)]≦ [♭ (ノ)]・  We dCnnc

[[α (ノ)],[b(ノ)]]=([C(〕]G*RI[,(ノ)]≦ EC(ノ)]≦ [bり ]).

D団 田NITЮ N 2.4.We say a gencralized functiOn[デ (x,ノ )]has a prOperty P,J it
i           satisnes the conditiOn

{ノ ∈R+|デ (χ ,ノ)has a pЮperty P as a Function of x}c夕
.

DEFINITION 2.5. Lct[,(ノ)]be a hypcr complex number and let[デ (X,ノ)]and[σ (χ,ノ)]

bc gcneralzcd functions. Then thc scalar product[α
(ノ)][デ (X,ノ)], the addition[デ (χ ,

ノ)]十 [σ (χ,ノ)]ぅ thC Subtraction[デ (χ,ノ)]― [σ (χ,ノ)],the prOduct[/は ,ノ )][σ (_X,ノ)],and
the quOticnt[デ (χ,ガ ]/[σ(X,ノ)]arc deaned as f。 110ws:

['(ノ ][デ (χ,ノ)]=[α(ノ )デ(χ,ノ)],

[デ(X,ノ)]十 [σ (χ,ノ)]=[デ (χ,ノ)+σ (χ,ノ)],

[デ (χ,ノ)]― [σ(X,ノ)]=[デは,カ ーσは,ノ)],

[デ (χ,ガ ][σ(X,y)]=[デ (χ,ノ)ワ(χ,力 ],

[デ(X,ノ )]/[σ(X,ノ)]=[『(X,ノ )/σ (χ ,ノ))*],

where(デ(x,ノ )/σ (χ,ノ))*iS dCnncd as f。 1lowsi

(デ (χ,ノ)/σ(X,ノ))*=デ (X,ノ1/9(X,ノ)10r σ(χ,ノ)≠ 0,and

=O elsewherc,

We have thc following thcorenl i■ 1lncdiately.

THEOREM 2.6.勁 ゼざθ′*Map(R,C)ぬ α υθttο′ψαじι Oυθr*C.

DEFINITION  2.7(Dettvativc〉  Lct [デ (X,ノ)] bC  a  deFfcrcntiable  gcneralized

function.  We dcane

「
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ヴ
=岳 れ の ∬Д為 ガ ね derFer前嗣 c tt a脱 � 釦 ぬ 鯛 d

=  O     otherwisc.

DEFINITION 2.8(Integral).  Let[デ (X,ノ)]bC an integrable gcncrahzed function over
an intcrval[[,(ノ )],[う (ノ)]]・  WC denne

燃恥朔歳=[(Hれ
")*],

Wh∝C(Hれ 〃χ
)*ね

denned tt followЫ

(Hれ〃χ)*=Hれ 〃χfれガねintegraЫ c ov∝ [レ⑦],[うω]],and

=   O  othcrwise.

We齢 � 脆 � 叩 Л
だ ∞

M為 脇 �嗣 }

According to G.Takeuti[12],we wOuld lke to use α notation≧ as f。11。ws:

DEFINITION 2.9. Let [デ (χ,ノ)] and [,(X,ノ)] be 10Cally intcgfable generahzed
functions and let S be a distribution.

wc deane

[デ(χぅノ)]ど竺[,(X,ノ)],if it Satisncs thc condition

だ ∞
M為 朔 圃 歳 ≒

だ ∞
随 州 圃 歳 fOl・ eve弊 9,

wherc(9)is the set of all test fllnctions,and

[デ (χすノ)]些 S, if it Satisaes thc condition

だ ∞
Mれ 州 剛 歳 ≒ Htt fOr eVe弊 ⑫ .

We innediately have thc following theorem.

THEOREM 2.10. (1) Lθ ′ [デ (χ, ノ)]αカプ [σ (χ, ノ)]う9 んじα′う 肋√?σ′αう舵 σ?η ?′α′彦じグ

カ
"0デ

ο刀∫.

丁 [デ (χ,ノ)]=[σ(χ,ノ)], どカゼη[デ (χ,ノ)]些 [σ(X,ノ )]・

(ii) Lθサ[デ (χ,ノ)]うθαんどα′ルカど9,′αbル σθヵ?′α′彦ι″ヵηじガο寛,αヵプル′Sうθ ry ttθ d″万うク万οη.
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丁 [デ仇 〕]≧ 乱 力働 [デ(χ,ン)ノ]≧ 0.

Oii)上訪 [デ停,〕]bθ ,Cο雅励切卵 ル 肇ガカθガカう虎 ′θヵ″,′漉 ′力
'た

と力ち ,ヵプルチSうθα

disr′デうヶガθヵ.

丁 [デ僻,刀]≧ S,ι力θれ
冷

[/1X,力 ]≧ St

ln thc thcory of hypcr functions)he Hea� 航de funotio4蜻与the Dirac delta FЩ iction

δlXl,and thcanittpart H10fthCfunc■ o4-lん are deincd as in the偽1lowing:

rlxJ―寿AЩ一x― o+多Argtx+0,

dCXl=一】与←掃-7ゼ≒研),
弓毛齢 ―潮 ,

Wc would liko to modify thc above functions as f0110市 s:

[rcx,〕]=[_ぢ孝ArⅨ ―χ―
'刀

+ぢ
IArgtF+'/1],

Ы北州=[―弟僑 ―湖 }

=[沸
}

[PF.13=[:(:||五「十
為 )]

=[為
]・

¢,り    持[恥 〕]=[δ僻ュガ],

9・動  (―う持[δは,)]=[δ儀ガ]卜尋
12.3)              [χ][Pミヽ

|]==1-π
Ettχメ〕月

”
〓



Somc Rcsuns‐ 。. ceneralized Functions

O,つ      (-1)[珂 [δ
′
は ノ)]=2[Ⅸガ,ノ)]― 勿τ[δ

2(札
ノ)ノ ]・

PROOFI We Sham only pFOVe 12.2).

Sincc

∂  ノ    ー効χ

∂ぇπlx2+ノつ πは
2+ノ 212'

we havc

←う岳歳肩=鵬・為。
TheFefOre we have

←り持恥州=随中・鋼・ qm
Wo can consider that the cquality(2.21 justines‐ the.eqw』五y(1.1)`

Wo would likc te oomment that we can transfoFm the Cquality(2.21 into thC
follow學gi

←りみp儀 珂弘翔―恥九

←り持恥湖恥朔=卜・珂・

htts,紀輩盤還驚熱葛とnt幣紺
d°ntt that thc Oquaioけ 虫均=0

EX3[δ (死,y)]≧ 0・

By Thcorcm 2.10 we have

o,5)        (-1)閲 [J(X,〕]≧ [δ侃 ガ].

On the othct hand,we have[χ ][δ(主,yl]≠ 0, And furthcF・ ―We Can calculate as

follows:

([え][δCX,ガ])[Pf.≧]==EX]([δ儀〕][Pil])

=[珂

鵬 ]

=EX3[(-1/2)δ 4は,ガ ]
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The.last equality implics that

(216)                    [1:ψ (え)Sin手冴え
]と
=0

fOF all tOst FunCtions?with compact support contained in the intcrval(ら b)

The equadon 12.6)is a rtttFiCtCd case of Riemann‐ Lebesguc■ leorem.

=(1/2)[一 珂 [δ
′
は,刀 ]

≧(1/21[δ (〆,〕 ]・

Using(2.41 and(2.5)wo haVe

pは,の ]≧ 2π [δ
21ち

〕ノ]!

RLMARK,  WC Oan got thc follows rdirecdy.

∫:∞  
πノ万蛋ァメ子万▼Fttχ =1・

E4哩 班 地 h嶽 れ 力 =赫 ∝pl〒
つ

m出 � Щ 為力 =1平 ・ Thel.聴

havc

(― り[X][軋儀ガ]=[X2][尋δれの
]些

[δ lは,〕 ],

and

(-1)[χ][δち|▼, 力]= [―十二:,eOSチ]斗

―
[δ 2("; ノ)]

些國ぢlX,ガ ].

Henoe we have

[―

―ギ,COS手 ]些
0,

Using Theoreln 2.10 we have

０″
〓

ゴ
列

ｎ

Ｆ
Ｉ
卜
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