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§1. Introduction

Let BP be the Brown-Peterson spectrum at a prime p. Then its homotopy group
r,(BP)=BP, is the polynomial ring over Z,, with the Hazewinkel’s generators v,, v,,--,
1t also gives the Hopf algebroid (BP,, BP, BP) with the right and the left units 7z and 7,
(cf. [1], [4]). LetJ denote an ideal of length n generated by n homogeneous elements ay,
ai, +-+, a,_1 of BP, and put Jy=(ag, a1, -, ar—1) for k<<n. The ideal J is said to be
regular if ay is a power of the prime p and a; is not a zero divisor in BP /J, for each k, and
to be invariant if degap<dega;<--<dega,_ 1, nrap=rn,ap and nga,=n,.a;, modJ, for
each k.

P. S. Landweber [2] studied some properties of invariant regular ideals and determined
all the invariant regular ideals of length 1 and 2. We can read off all the invariant regular
ideals of length 3 from the results of H. Miller, D. Ravenel, and S. Wilson [3] for an odd
prime p, and from [5] for the prime 2 (see Proposition 2.7). E. Tsukada [7] found all the
invariant regular ideals of length n=1 in the case that each generator g, of J is a some
power of the Hazewinkel’s v, for 0O<k<n (vo=p). In this note we give a result similar to
Tsukada’s using the elements x; ; given in [3] instead of v, (see Proposition 3.8). We note
that invariant regular sequences give a periodic family in the E,-term of Adams-Novikov
spectral sequence converging to the stable homotopy groups of spheres ([1], {3]). We
also note that there exists the BP-local spectrum Y, such that BP,Y;=uv, ‘BP,/J for each
invariant regular ideal J at a large prime p comparing with the length n of J by {6}, though
we do not know the existence of a spectrum V; such that BP,V,=BP, /J for J which we
have constructed here.

§2. Invariant regular sequences

The coefficient ring BP, of the Brown-Peterson spectrum BP at a prime p is the
polynomial ring Z,[v,, v,, -] and the BP -homology BP BP is the polynomial BP,[1,
ty, -], where deg v, =deg t;,=2p*-2. Then (BP,, BP BP) is the Hopf algebroid (cf. [1],
[4]), whose right and left units 7, 7,: BP,—~BP, BP are given by the following equalities:

(2—1-1) LU=V, MR=72 i+j:klit](i) (loz 1)
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for ng:BP,®Q—BP,BP®Q, where BP, ®Q=0[l;, L, ---] and
(2.1.2) ve=ph—Y = 1o

(in this paper (k) in the exponent denotes p*). For example, we deduce the following
congruences:

(2.1.3) NRVk+1=0Upr1 0P —vft, mod I,  for k=1, and
MRVk+ 2 =0 1 88TV =04 1t + 0,88 mod (I, vf) for kz2,

in which I denotes the ideal (p, vy, -+, vi1) Of BP, (cf. {4; p. 145)).
Consider the following BP,BP-comodules derived from the comodule BP, defined by:

(2.2) N3=BP /I, and the exact sequence
0——->Nﬁ——>u;+lkNﬁ—~>Nﬁ+l—>O for k=0.

The coactions of these comodules are the ones induced from the right unit 7z of BP, and
also denoted by 7. We shall abbreviate N§ to N*. Each homogeneous element x of N¥
is written by a linear combination of fractions:

(2.3) x=wfv for weBP, and v=[[!}f'q, and

x=0 if wel, or ajw forsome i,

where a; (izn) are elements of BP, such that deg a;<deg a;,, and the radical of the ideal

(Im Ay 'ty an+k_1) is In+k-
Let M denote a comodule difined above. We define

H°M=Kerd

for d=ng—7,. The module HC°N¥ is closely related to the E,-term of the Adams-

Novikov spectral sequence converging to the stable homotopy groups of spheres (cf. [3]).
Let J={a =0 be a sequence of infinite elements of BP, with deg a,<deg a,. for k=0,

and J,=aglo<x<, denote the subsequence of J. J, will also be written as ag, -+, @,_1.
Then the sequence J, is called regular if (J,,) is a proper ideal, ao=0 and gy is 3 non-zero
divisor in BP,/(Jy) for each k<n, and called invariant if nrag= 17,4, and 7ra;= 7 a;, mod
(J) for each k<n. For an invariant regular sequence J, ,;, consider the element

x(J, n)=a,lag--+a,_, € N".
The following is an easy consequence of (2.3):

LemMA 2.4. Let J, 1 be an invariant regular sequence, and a an element of BP,.
Then, ax(J, n)==0 if and only if ae(],). :
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Proor. If a€(J,), then (2.3) implies ax(J, n)=0. On the other hand, ax(J, n)=0
implies the equality aa,= 3. ,u;4; by (2.3), and so aa,=0 mod (J,). Hence a=0 mod
(/) by the regularity of J,, . ;. g.e. d.

LemMA 2.5.  Suppose that J, is an invariant regular sequence for n=1. Then a regular
sequence J,, 1 is invariant if and only if x(J, n) e H°N".

Proor. First we prove the following by the induction on &:
251 d(lag---a)=0 on N¥*1 if g, ..., a is invariant.

Since ap=p° for some e by [2; Prop. 2.5], we have ngao= a0, and so d(1/ag)=0 on N*.
Both 7z and 7, are algebra maps, which implies

(2.5.2) d(ai41/apar) = Nrag 1 d(Lag+-ar) + d(ar.1)lag: --ax.

It turns into d(ay.i/ao -ax)=d(ar1)/ap---ar by the inductive hypothesis. Besides,
d(arx+1)=0 mod J;, ; implies d(ax,1)=aguo+ -+ +au, for some u; € BP,. Therefore
d(ar+1)/ap+-a,=0 by (2.3) and hence d(az}/ag -a,)=0 in vy N*, which with the exact
sequence in (2.2) shows (2.5.1) for k+1.

Now turn to the proof of the lemma. If J,,, is invariant, then d(a,)=0 mod J,, and
(2.5.1-2) imply d(x(J, n))=0. Conversely if d(x(J, n))=0, (2.5.1-2) again imply d(a,)/a,
-++@,_1=~0, which shows d(a,,)=0 mod J,, and J,, ., is invariant. q.e. d.

LemMA 2.6, Let J, 1=latocizn and K, 1={bo<r<n be invariant regular sequences.
If Uny1)=(Kn11), then (J,)=(K,,) (1=m=n+1) and deg a;=deg b; (0<i<n).

Proor. Suppose first that (J,,,.1)=(K,,+1). Then,
(2.6.1) If a; of J,, (i<m) satisfies a;¢(K,,), then deg a;=deg b,,,.

In fact, a,=ub,, mod (K,,) by the assumption (J,,;1)=(K,,,,) for a non-trivial element u
of BP,. Furthermore suppose (J,,,)=%(K,,). If (J,,)D(K,,), there exists a; of J,, so that
a;€(K,,) (i<m). Therefore we see that dega,,>dega,>degb,, by (2.6.1). On the
other hand, b,,=wa,, mod (J,,) for some w € BP, by the assumption. These imply w=0
and b,, € (/). Then (J,,,) D(Kpu41)=(m+1) which contradicts to the regularity of J,, ;.
Thus (J,,) 2 (K,,). Similarly (K,,,) #(J,,). In this case there exist a; of J,, and b; of K,, so
that a;& (K,,,) and b;& (J,,). Then (2.6.1) is also applied to show

deg a,,>deg a;=deg b,, >deg b;=deg a,,,

which is again a contradiction. Therefore we have proved that (J,,. ;) =(K,.41) implies
(/.x)=(K,). Thus we obtain the first statement.

If deg a;<deg b, then we have a; € (K;), since a; € (K, 1)(=(J;11)) and a;z=ub; mod (K;)
for any ue BP,. Therefore (J;+1)C(K;)=(J;). This also contradicts to the regularity of
Jmy1. Thus dega;=deg b;.  Similarly deg a;<deg b,. q.e.d.
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An ideal (K) generated by elements in a sequence K=l|a,jo<x<, is said to be invariant
regular if K is invariant regular (cf. [2; Cor. 2.4]). Let IR, denote the set of all invariant
regular ideals of length n. For a Z,,-module M, {M} denotes the set of the subsets {x} for
all additive generators x € M, where x]={Ax | A€ Z,)—pZ,)l. Then we have

ProrosiTiON 2.7. There exists an injective map f,: IR, ;—{H°N" (n>0) assigning

(JrH—l) to {X(], n)}

Proor. First we shall show that {x(J, n)l=@(K, n)} if (J,+1)=(K,.;) for invariant

regular sequences J,, 11 =|Afo<r<n and K, 1={rlo<i<,. Lemma 2.6 and the regularity
imply the follwing:

2.7.1) bp=May+ 3 ;< wa; for some A € Zy,y—pZyy and u; € BP,.

Then by the definition of N”, we have x(J, n)=Ax(K, n) for some Ae Z,,—pZ,. There-
fore the map f, is well defined.

Now suppose that {x(J, n)}={(K, n)}. Then we see that (J,,)=(K,) by Lemma 2.4, and
we can apply (2.7.1) to show Vag--a,_1=Nbgy---b,_, for Ae Z,,—pZ,y. Thus Aa,=b,
mod (J,,) and we have the equality (/,, 1) = (K, +1). q.e.d.

If n>1, the map f, is not surjective. In fact, we can find an element la,/ag-a, 1} of
{H°N™ with a,, a zero divisor of BP,/(aq, - , a,_1). For example, take

{pv(ZS) + .U(l3)+(2)U(25)—(2)/p20(13)+(2)+(1)} if n=2

§3. The elements x,,; for an odd prime

From here on we assume that the prime p is odd. Then the elements x(n, i) € v, 'BP,
(n=1, i=0) (=x,; in [3]) are defined as follows (cf. [3; p. 494]):

3.1 x(n, 0)=0,, x(n, )=x(n, i—1 —(v,_1)*"Iy(n, i) for i=1.

Here vo=p, the elements y(n, i) are given by

(3.1.1) y(n, D=0, tv,,, if n=2;
Y2, 2)= 0520, + 0803 P03); 2, =200 f 23,
y(n, )=pedi-H+1 if nz3, i=l@m—1andi>1;and
y(n, )=0 otherwise, for the integers
(3.1.2) e(k, )=kp'—p"~!
and the integers b(n, i) denote p’ for n=1 or i<n, and

(3.1.3) b(n, i)=p(p*"=V—1)(p"—1)/(p" 1 —1)
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for n>1 and i=k(n—1)+j+1=n with 0<j<n-—1.
Calculations with the equalities (2.1.3) and 7zv;=v;+pt; given by (2.1.1-2) show us

that these elements satisfy the following

ProPOSITION 3.2([3; pp. 492-495]). Let n and i be positive integres. For the differential
d=ngr—r1: v, 'BP,—v, 'BP,BP, dx(n, i) is computed to be:
dx(n, O)Evn—lt(lnql) mOd (In—la Ur%— 1) (Uozl’);
dx(1, )=p'*vét, mod (p'*?) for e=p'—1;
dx(2, 1)=v7v5"'t; mod (p, 8 *');
dx(2, i)=2v{® Mg i~ B mod (p, v} T*@); and

dx(n, ) =v;®Pvi "V mod (1, -, v, X {"7)

for n=3, i=k(n—1)+j+1 with 0<j<n—1, and the integres

(3.2.1) a2, )=b@2, H+p  (n=2,i>1)
a(n, i)y=b(n, i) (n>2, i<n)
a(n, D)=b(n, )+p' ™t (n>2,i=n)

ConvenTION 3.3,  Since DZIBP*zz(p)[v,-“l, V4, ---] contains BP,=Z[v;, +++] canonical-
ly, each element x of v;'BP, is uniquely written as:

x=x"+x! for x~€BP, and x! € V;'BP,

such that x=x! in v7'BP,/BP,. Then a sequence J: gy, a;, -+ with ag€ BP, and g; ¢
v7'BP, (i=1) is considered to be the sequence of BP, by replacing a; with 4,7, and so we
have the ideal (J,,) of BP,.

Consider the sequence of positive integers
S: e’ Sl’ .--, sk’ v
with s, =e;p™ and p f e, for k>0. We call the sequence S pre-MRW if it satisfies

(B4) 0<e<iit+l, y=ir—ix_1—e+120, 0<er_;<a(k, u), and e,_,; <p™ if e,=1.

A subsequence S,;: e, 51, *+, 5,1 of a pre-MRW sequence S is also called pre-MRW. For
a pre-MRW sequence S, we have the sequence J(S)={aiy~o of BP, given by

ag=p°, ak=x(k, uy for k>0, f=ep">p" (u=ir_,+e—1), and
a,=vi for k>0 if e, =1.

A subsequence of J(S) is said to be a BT-sequence if the every entry a; is a power of vy.
Notice that J(S),, is regular for any n. The following is a result of [7].
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ProrositioN 3.5. Let n>0 and S be a pre-MRW sequence. If e,=1 for all k with 0<k
<n, then J(S), is an invariant regular BT-sequence.

Lemma 3.6, Let S be a pre-MRW sequence and n>0. Then we have
pus=0 mod (J(8), 1) if 528, and v5;=0 mod (J(S),1) if s2s,,
for the integers s,=e,p™ and s;,=s, (+p" T 4p"~¢ if e,>1).

Proor. For n=1, J(S), is a sequence of the form p¢, v{ for s=kp®~' (k>0), and so
vi{=0 mod (J(5);). In case e,=1, the lemma is clear. Now suppose that the lemma
holds for n, e,>1. Then the ideal K,,=(p*, pvr, v is contained in (J(S),,1). We also
consider the ideal L, =(K,, @,4+1). Puti=i,,; and /=i,. By the definition (3.1), we
obtain the congruence

(3.6.1) X+ 1, k) =(0,4 )% =o€ DDy mod (p)

in v}y BP, for some ye BP,, where y is a multiple of v{**!'7% if k<n+1. The
.congruence (3.6.1) implies

Sntl @1 (K)—(k—n—1), spy1—p*—p~?
(Un+1) Hl=sp Ur(x) ¢ )Unnlﬁ P=P ymod L,

in BP, with Convention 3.3. Since L, ;C(J(S)n42) and (0P ~*="=Dy2=0 mod L, ,
we have the lemma. q.e. d.

LEMMA 3.7. Let n>1 and S be a pre-MRW sequence. Put i=i, , and consider the
sequence K,_1: p¢, 0P, «. ;0D 5 w¢ . where c=p' if e>1, and =2p' if e=1. Then
(Kn—l) - (J(S)n)

ProoF. Put [=i, for 0<k<n—1. If e,=1, then a,=v{’ for I=i, (0<k<n—1).
Therefore we have v’ € (J(S),) since i=! by the inequality i—/—e+1=0. Notice that
a(m, 0)=1 for m>1. Thus if ¢,>1, then i—/—e+1=u,, >0, and so i>>[. Therefore,
p'>a(k+1, u)p'+p'+p T =s; if e>1 or k<n—2 by the assumption, and hence
v € (J(S),) by Lemma 3.6. Similarly we see that v2®, e (J(S),) in the case e=1.

q.e.d.

A pre-MRW sequence S is said to be an MRW-sequence if S satisfies the following
conditions a) or b) for each k, and c) if e=1.

a) e, >1 and e, _<alk, up)(—1if e=1).

b) ex=1and e, _<p(—1if e=1) (u=up=ir—ir_;—e+1).

¢) k=2 or 1<u,=1 (k—1). : .

A subsequence S,: e, sy, -, 5,_1 of an MRW-sequence S is said to be an MRW-
sequence of length n. ' '

ProrositioN 3.8. Let p be an odd prime and S, an MRW-sequence of length n>1.
Then the sequence J(S),, is invariant regular.
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Proor. If nx3, then the results of [3] with Lemma 2.5 lead us to the proposition.
Suppose that n=3 and J(S), is an invariant regular sequence. It is enough to show that
ra, =74, mod (J(S),). We put i=i, and /=i, ;. We first show it in the case e,>1.
Now we notice the following:

(3.8.1) If dx=0mod (p, ay, -+, a,,), then dx®=0 mod (p, af®, --- , a¥), and
(3.8.2) If dx=0 mod (p, I), then dx®=0 mod (p**!, I).

Here d=ngr—7,. Consider the invariant regular sequence I p, 01, s Un—3s Vn_2,
%_, and the element x=x(n, i—I—e+1), where c=3—min {2, e} and a=a(n, i—l—e+1).
The condition c) guarantees that J;, is invariant even if e=1 since pla. Then we have
dx*=0 mod (J;) for s>>1 by Proposition 3.2, and by the condition ¢) if e=1. Therefore
dx'=0 mod (J},) for t=sp'**~! and the sequence J: p°, oD, v, 0@ 5, 060, 09, with d
—ap' by (3.8.1-2). Since J(S), satisfies a), d ze,_p'+p'(+p'if e=1)>s,_1. Thus we
have (J7)C (J(S),) by Lemmas 3.6-7, and dx'=0 mod (J(S),). Take now s=e,, and we
see that J(S),..1 is invariant.

Next suppose e,=1. In this case we have dv®=0 mod (J,,) for the sequence J;;: p°,
v ) 1, B, (k=i—e+1) by (3.8.1-2), since dv,=0 mod I,. The assumption b) and
Lemmas 3.6-7 show that (J,)C(J(S),). Thus we prove the case e,=1. q.e.d.

ProrositioNn 3.9. Let p be an odd prime and S a sequence of integers. If the
subsequence S,, is not pre-MRW, then J(S),, is not invariant regular.

Proor. If §, is not pre-MRW, then we have a positive integer k<n such that S, is
pre-MRW and Sy, is not. If k=1 or 2, then the proposition is the corollary of
Proposition 2.7 by virtue of the results on HPN* (k=1, 2) of [3]. Now suppose k>2.
Consider the sequence of integers S: e, s7, - with si=p®~’ for i>0. Then J(§') is
invariant regular by [7], and the ideal (J($")x—1, V%—1) (s=5,_1) contains the ideal (J(S)s)
since u;=i;—i;_;—e+1=0 for i<k and a;_;=v}_(mod (J(§)x—1). If S does not satisty
the condition (3.4), then Proposition 3.2 implies da,==0 mod (J(S")x) and so J(S), is not
invariant. q.e.d.
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