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1,  Introduction

ln thc present paper we would likc to introducc a lneasure on the space of an scquences

、vith real tcrms using non… standard analysis.  Non‐standard measure theories and their

applications havc been dcvelopcd by cutiandク Keisler,Locb,Saito and others in[1]～ [7].
However,in this paper,we、 vould likc to adopt another idea on measurc theory.

Now we、vould lkc tO cxplain thc basic idea of the measurc.  Let И be a cubc of
thc ordinary real η…dilncnsional Euchdcan space with side lcngth,。   Then the Lebcsgue
measure ofthe cube is,ユ :.  Wc getthc numbcr α“by calculating ry,,2,...,'″  SuCcessivcly,
This fact suggest us that we、vill be able to cxpress a measure of a cubc Of an inanitc_

diincnsional spacc with side lcngth ,, using a sequcnce ,, ,2,...,α
“,・….  Fortunately,

wc have ultra reai numbers*R and we、 vould like tO express the 14eaSure by a*尺 ‐valued
functiOn.

2. Prdimina� es

ln this section,wc wOuld like tO give dcnnitions and notations which will be used in

this paper.

Lct N be thc set of ali positive integers andど π be an ultra

contain any inite subset of N.  Let R bc the set of al rcal

Of an sequenccs with real terms.  If β is an elcmcnt Of RⅣ
,

(θ l,… .,α

“
,_.)=(,“ )“ cN.

rf,=(α l,…〕θИ,...),う =(bl,… ,b″,...)arC elemcnts of RN
we dcn.e addition,■ b and scalar rnultiphcation ttα  by

α+b=(α l+bl,...,α
“
+b,,,..)

and

免α=(λαl,… .,免,打 ,.… ).

Wc can consider RN is a linear spacc over thc neld R by the above dcnnitiOns.

Lct,and b be clements Of RN.  Thc lelations and Operations α―b,,くくう,α―卜b,,――b,
and,・ b arc deancd to be{η CN;θ

“
=う,}∈ ,́(η CN;αИ<b,}∈ グ,(,.+bヵ ),cⅣ,(,.―

b“ )“eN and(α
“
b.)″GN' reSpectively.  Thc relation ～ is an equivalencc relation.  *R is

nitcr on N which does not

numbers and R7V be the set

thcn we use notations,=

and tt is an clcment Of R,
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deaned to bc RⅣ ィ～ whiCh iS also written as RNI多 and is called ultra real numbers and

its element is wittcn as[β ]oI[,“]Or[(,1,...,θ 】,・ …)].An imbedding isomorphism,
from R into*R is denned by

'(,1)=[(,1,…
.,α l,… .)].

Let[α
“
],[う
“
]be twO ultra real numbers and[b"]≠ 0,The quatient[,″ ]イ [う

"]iS
deaned to be[(α

“
ル.)キ ],Where(α ,ル

")キ
=α
"ナ

b″ fOr b“ ≠O and(β刀≠b″)*=O fOr b“ =0.
The absolute valuc l[β

“
]i Of an ultra lcal numbcr[,″ ]and the non‐ ncgative squarc― root

([α
“
])1/2 。f a nOn‐ negative uitra reai numbcr[β″]arC dCancd to be[lβ

“
|]and [(|,,`|)1/2]

respectively.

DEFINITION 2,1. Lct x=(χ l,… .,X.,… ,),ノ =(ノ 1,… Ⅲ,ノ
",中
●)bC tWO points in RN. Thcn

an inner product(ズ |ノ)Of X andノ iS denned by

(Xノ)=[(Xlノ 1,‥・,ΣE χ,ノ .,・―)]・
:=1

Wc have thc foWowing proposition:

PROPOSITION 2.2.  Let x,ノ ,Z∈ RⅣ and βc「 R. Then we havc thc fo■ owing properties:

(2.1)      (x+ノ IZ)=(XIノ )+(ノ IZ),(XIノ +Z)=(χ ノ)+(珂 Z),

(2.2)    (αχlノ)='(珂ノ)=(χ lり),

(2.3)    (珂χ)≧ 0,(XIズ)=O ifand onlyif x=(0,… .,0,… .).

REMARK.If nOコ nisunderstanding isposible,we wi‖ simply write O instead of[(0,… .,
0,...)].

The norm lx1 0f a vector x G RN iS denned to be the non―negative ultra real number

((XIX))1/2=[((χ ?)1/2,_,(Σ χ争)1/2,_)].
,=1

PROPOSITION 2.3.  For all x,メ ∈RN,we have the following propcrties:

(2.4)

(2.5)

(2.6)

lχ 士ノ12=lx12± 2(xlノ)+|ノ 12,

F十ノ12+レ _】 2=2(|ズ 12+|ノ 12),

|(XIノ)|≦ IXHノ |(SChWarz's inequality).

PROOF. Wc shall only provc(2.6).  For aH ttc N we have

lΣ χ,ノ :|≦ (Σ χ争)1/2(Σ ガ )1/2.
:=1          ,=1         :=1

Thereforc wc havc
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We dcflne twO vectors x,ノ tO be perpcndicular or orthogonal if and only if(ズ
|ノ)=0・

ExAMPLE 2.4.  Ifズ is pcrpendicular tOノ ,then

μ+J,12=併 12+|ノ 12.

Let x,ノ be t、vo points in RN.  The distance between x andノ iS deined to bc the ultra

rcal numbcrlズ ー),l and iS Writtcn as′ (x,ノ )・ CICarlyゴ (x,ノ)iS a diStance fllnctiOn on尺Ⅳ.
The straight line passing through χ and ),is dcnned to bc the sct{ズ十r(ノーーχ);チ∈R},
and the linc segmcnt with cndpoints x andメ is dcnned to be the set〔 x+す(ノーズ)'0≦′≦1,
オ∈R}.

ExAMPLE 2.5. Let x=(Xl夕 _.,X】 ,.… ), ノ=(ノ 1,…・,ノ
",ぃ
)be tWO distinct points in RⅣ

and iet猛 ′be tヽvo real numbcrs and rt+′ ラと0・  Then there exists a uniquc point c c RN

such that

(2.7)                 ′(α ,C)|'(じ ,b)=た ,1.

PR00F.For evcry η∈N,thelc c� sts a reai numberど ″satisfyingど打=(lx"+たノヵ)'(た +1)。
Thc pOint c=(θ l,.… 夕θ

“
,.… )SatiSncs the condition(2,7),and the uniqueness is clear.

Now,wc would like to dennc a topology fOr the space RN.  Let εi be a positive real
number forテ ∈N and ε=(81,… ,ε.,)and let,=(α l,… ,,“ク...)be a point in RN.Wc
denne scts y,(,,ε

“
)fOr ηG N and y(,,8)aS f0110WSi

yИ
(,,8Pl)={χ G RN;(Σ (Xェ ー ,)2)1/2<8打 ,為 =β :fOr l≧ η+1),

,=1

LT(r,C)=υ yヵ (β ,8″).
“

=1

Let S be a subset of沢 7V and let O be a Fan� ly oFsubsets of RN with the FoHowing property:

(2.8)For every α∈S,therc e�sts a sct y(,,8)such that y(α,8)⊂ S.

PROPOSITION 2.6,7駒 9s9す Od,チ ,wθ s r力 9カ′′θWttσ P′0フ9万 Fι s:

ノ
″Σ
ト

町
く
　
　
　
　
×

月

ｐ

・・・＞コ

・・・＞コ

」

　

刀Σ
‥〓
　

哩
　
　
堰

鞘

【

η

滑

・Σ
劇
　
２
ｒ　
　
”Σ
Ｈ
　
”Σ
Ｈ

ｌ

　

　

　

ｖ

　

　

　

ｒ
ヽ
　

　

　

ｒ
＼

”
　

Э

　

　

”
　

　

”

¨
　

　

　

ノ

　

　

　

中
　

　

　

］

ノ．

呼

呼

リ

剛

的

的

∽

‐‐ノ‐．

К

Ⅸ

臥

Ⅸ

防

一一　
　
　
＜
一　
　
　
＜
一　
　
　
　
　
　
　
〓

ノＸ



KuRIBAYASHI,Y.

(2.9)         φ∈りand RⅣ∈り,

(2.10)         アSiC D,,=1,… ,た ,す膨η∩ S.∈り,
,=1

(2.11)         丁Si∈ り,,cr,すヵ9η ∪ s,cD.
:cr

リカθrど す力9,η ttιx s,Γ ,s ηοr η?cθ ssα′
'Iノ

デ4'すι・

PROOF,  We Shal only prove(2.10). Let Sl, S2∈ つ and ,c Sl n S2・  Then there

exist two set y(β ,C)and U(α ,η)Such that y(β ,8)CSi and y(α ,η)⊂ S2,Wherc 8=

(81,… ,8.,...)'η =(η l,・・・,η″,・・・)and ε
“
>0,η打>O for every ηcN.Let γ.=min(ε .,η

“
)

for 4 c N,and lct γ=(γ l,・ ..,7“ ,・・)Then tr“ (θ ,7“ )⊂
y,(α
,ε
“
)∩
y,(,,η
")fOr tt c N,and

SO

υ(β ,γ)=∪ y,(α ,γ
“
)CSln S2,

,=1

thus Sl∩ S2C AD・

ExAMPLE 2,7.Let β=(,1,… 。,α
",ぃ
.),b=(bl,… .,b",.… )bc tWO pointsin RN and,.<b“

for evcry猾 ∈N.We deane an open interval r(,ぅ b)by

r(,,b)=伊 =(Xl,...,X4,...)G RⅣ ;,“ <Xll<b“ for η c N}.

The interval J(,,b)iS an Opcn set.

ExAMPLE 2,8.  Let,be a point in RIW and let r be a positive rcal number.  Wc denne

a ball B(α ,′)Of radius r and centcred at β by

】(,,r)=(XC RN;lχ ―θl<r).

Thcn the ban β(β ,r)iS an Open set.

PROPOSITION 2.9. L9サ ,,b bθ rIIjο ダ,sr,η cr pο ,14サ d,7T RfV.  T力 θ附′/4ι′ι θx'dす サリο Opι TI

s9サs01,02リカFc力 dα r,弓 Iン rカゼノbllοり
'狩

σじθη冴,ォテοttd:

οl∋
', 
ο2∋ う
'湖
οl∩ 02=φ・

PROOF.  SinCc αラとう,We havc a positive intcgcrた such that αた≠うぇ,  We can considcr

,た <bた,and so wc can choose a positive rcai number ε satisfying a condition αた+ε <

うた一ε.We dcnnc two open intcrvals I(α ―ε,,+8),r(b_ε ,b+8)by

r(,_ε ,α +ε)={ズ C RN;α刀―ε<X4<'■ +ε fOr猾 ∈N),

r(b-8,b tt ε)={χ ∈Rド ;b.一ε<χ
“
<b‖ +ε for猾 ∈N}.

Then r(θ _8,β +8)and r(ぅ _8,b+8)are Open sets and satisfy thc above thrcc conditions,
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3.A measure om the space F声

DEFINITION 3.1. Let E cRN, Wc denne a sct Eは ヵ十二う―・)by

2(えヵ+1,‐ .)={(Xl,_.,X,)∈ R4,(党 1,・・・,Xl19 X“ +1,「・・)CE}・

Tb.c sot E is said to be ineaSuFable,if i satistcs the fb■ owhg cOndition:

(3.1)E儀
“
+1,・・.)iS Lebesguc moasurable in R・ for everyヵ∈N attdは ,+1,・・・)・

PROPOSIHON 3.2.L"S b9,4 9Pθ η d"9′ RⅣ.T79?η S,s ttι ,s夕 r夕 b!θ .

PROOF. Let(xl,・ ..,χ
")GS(Xち

+1,・ !・ )‐  ThCn

X=(Xl,...,Xわ Xll+1,・・・)∈ S'

Since S is an opela set,there is a positive real numbcr 8,lfor eveFy,cN)satisfying the

thc oondition

υ L′
“
(χ,1か =LT(X,つ CS,

“

=1

whcrcじ =(81,中 ●,8rt,… )・

ThcrefoFo y,● ,ε4)CS,fOr every η c N.
Hence wc havc

{Fノ生"イ ノT)CR″ ,(羞 儀
一司 り
1/2<9.)cS(XPl+1…

),

Thus thc set S(χ .キ 1ォ .・)iS an open set Of R″. This rclation holds for cvcry η∈N and

(汚″+1,｀ 中)● TherefOre S is measurable in RIY.

COROLLARY 3.3. ■ 程 θPゼη ,■ rθ rυ,〕 f(α,b)'S p9,S,7,blι .

PROPOSITION 3.4, Lι ケ】 bθ ,町 セηsク r,b'9 scサ ォサカゼη サカ9sぞチ】
ひ
古 η ιαs"4α ♭Iι .

PRooF.  WO have

E・(X"+1,・ .・)={01ぅ ・・.'労.)cR“ ,(xl,...ぅ XfI'労 .+1,.・・)∈ Eθ}

={(Xl,...,XИ )∈ R・ ,(〆 1,中●〕χ■)X“ +1,中つG2}r

=(F儀 +1,中●》',

Since 2(x4+1,・ ..)iS measuFablC in R“ j EC(χ,Ⅲ l,・・・)iS measurablc in R“ .This propcrty
holds for every乃 ∈Ⅳ attd(x″+.,… ). TllereFore rr is measurablc in RⅣ .
We have the fo■ owing proposhion:

PROコOSITIoN 3.5.E99,ッ cFθ sιtt sす 。デRNお rT99,sク rαう,¢ .

23



KuRIBAYASEI,Y.

PROPOSIT10N 3.6. Lιι El,… .,E"_.bι  陶 9,s,r,b′ι sθ Fs 'η RN, TPT9乃 (ノ EI Fs ,
,=1

ン″19,Sク rα b19 s?サ ,η RN.

PROOF.  We have

υヽ EKX“ +1,―・)={(χ l,―・,X.)∈ R″ ;(χ l,… .,労
“
,χ
“
+1,… .)Cヽυ E,}

】=1                                                           '=1

=υ {● 1,… ,X.)∈ R・ ;は 1,… ,為 ,XИ +1,… )∈ EJ}
:=1

=∪ EKX"+1,・・・)・
:=1

Since E(χ
“
+1,・・・)iS meaSurablc in R“ for eachた N,hesct υ  Exχ

“
十二,・・・)iS meaSurable

f=1      ∞
hR・ .Thc property homs for every η∈N and(χ

“+1ギ…).ThCrefore y E,ね
measurable

in RN. Hence we havc thc following theorem:

THEOREM 3.7. Tltθ dθチοF,1サ 用?α sク r,b19d9rs,η RN Fs,σ ‐,Iσιbr,.

DEFINITION 3.8. Let E be a mcasurable set,contained in an interval r(,,b),in RN

and let“
“
be the Lebesguc mcasurc on R力 for each η c N,Wc dcane fllnctions確 (E)

andんT(E)by

阿 (E)(χ 2,…・,χИ,._)=(附 1(E(χ 2,―・)),… ,脇 η(死
“
十二,…・)),… 。), (

ル『(】)(χ2,中●,XI,.… )=[翻(Exχ 2,…・,X“ ,.… )].

The Functionん r(』)is said to bc a measure on the space RN, Wc have the folowing
proposition inll■ ediately:

PROPOSITION 3.9.Lす E,肋 附ι,sク r,b′
"η
 RⅣ J%r,=1,… ,/cs",ゥ れσチカθ Cοη冴カテοηs

Ein Eザ =φ  〕/ '≠ブ,

αηブ

M(E,)(χ 2,・・・,X■ ,・・.)<r, 力 r ,=1,… ,/C,

"力
θrι 恥 ,s,pο d'チ

'υ

θク′″,rゼαJ猾傷
“
bぞrヵ′θαC力

'=1,…
,た。 T力ι猾りι力,υ9

M(∪ E♪ (χ 2,中 X“…)=Σ ν(E)(χ 2メ…,X“ ,…),=1                      ,=1

DEHNITION 3.10, Let E be a mcasurablc sct contained in an interval r(β ,b).we
dellnc pseudo mcasurc Pか f by

PAr(E)=[(sup pl(匹 D(χ 2,・・・),… ., Sup 附
"(E)(χ
.+1,…・),… .)].

(〆2,¨)                  ('.+1, )
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ExAMPLE 3.11. Lct r(,,b)be an Open interval of RN, Then wc have

P拘頃r(9ぅ b))=【bl―βl… ,H(bど―り,中 )]・
:=1

ExAMPLE 3,12. Lot B(務 ,つ bC a ban ofFadius r,a Feal■ lllnber,centerod at,, Then

wc havc

PMtB(α,4))=[(2πちπr2,(4ィ 3)π r3,...,υれr'ュ…す)],

where υ.is thc volumO of the rT‐ dilnensional unit ball,
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