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1. Introduction

In the previous papers [2] and [3], we have introduced a concept of generalized
functions. Our definition is as follows:

DerINITION 1.1. Let Rt={yeR; y>0}, and let F={(0, y); yeR*}. Then F has
the finite intersection property. We shall denote with & the ultrafilter- generated by F.
Let a(y), b(y) e I'[ Map (R", C). Define

a(y)~b(y) if the followmg condition is satisfied:
{yeR*; a(y)=b(y)}eF.
It is easy to see that this relation is an equivalence relation. Define

#Map (R", C)= [] Map(R", C)/~.
'ER+

The equivalence class determined by a function a(y) e H Map (R, C) will be denoted

by [a(y)]. An element of the space *Map (R, C) is called a generalized function (G-
function).

Similarly we can define spaces **Map (R, C)=*(*Map (R", C)), ***Map (R*, C)=
*(**Map (R", CO)),...

In the present paper we intend to give an another definition of generalized functions.
Using the definition we would like to show that the spaces **Map (R", C), ***Map (R",
C),..., are given by direct generalization of the space Map (R, O).

2. Preliminaries and Several Properties

We shall first give the following definition (see Comfort and Negrepontis [1]):

DerINITION 2.1, Let & be the ultrafilter defined in Definition 1.1. Define
2.1) F.F={AeP(R*xR"); {y,€R*; {y;eR*; (y, y)ed}eFIeF],

(2.2) (#-F) F={Ae P(R*xR*xR"); {y3€ R*; {(y1, ¥2) e R* X R*; (y1, Y2, V3)
cAle F  -FleF},
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23) F-F . F={AeP(R* xR*xR*); {y;eR*; {y, € R*; {y, € R*; (yy, V2s V3)
ceAleFleFleF},

(24) F xF={4deP(R*xR*); there are B, C e F such that B x Cc A},

(2.5) (FxF)xF={AeP(R*xR* x R*); there are BeF x#, Ce& such that
BxCcA, and

(2.6) FxFxF={4eP(R*xR*xR"); there are B, C,De& such that BxCxD
<A}

.We have the following lemma:
LeMMA 2.2. (i) & -F is an ultrafilter on P(R* x R™),
(ii) F xZ is a filter on 2(R* x R*) and we have FXFF F,

(i) (#-£)-F is an ultrafilter on P(R* x R* x R*),
(iv) In the same way as (2.2) we can define F - (F - F) and we have

(F 7). F=F F F=F (F.F),
(V) (FxF)XF is a filter on P(R* x R* x R*) and we have
(FXFPIXF(F -F)-F, and
(vi) In the same way as (2.5) we can define F X {(F x F) and we have
(FXP)XF=F XF XF=F x(FxXF).
Proor. We shall only prove (i), (ii) and (iv).

(i) 1° TItis clear that ¢ 7. &.
2° letdeF -F and AcB. Since

W26R* {y R (yy, yi)e Ay e Fy{y,€R*; {y, € R*: (yy, y)e B} e F} and
{y2eR*; {y,eR*; (y,, y))e A} e Fle 7,

we have {y, e R*; {y; e R*; (y,, y,)e B} € F} € & and therefore Be & . 7.
3° Let A, BcF - #. Since

{y26R*; {y;€R*; (y;, y2)e AN B} e F}
={02€R* {y e R*; (v, y)e Ay e £3n {y, € RY; {y, €R*; (yy, y)) € Bl e F),
we have A A
926 R*; {y;€R*; (yy, y))e ANBle F}e F;
ANBeZF .- £.
4° Let Ae (R*xR*)and AEF . #. Define

T,={y1€R*; (y;, y;)e 4} for y,eR*, and
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S={y,eR"; T,,e F}.

Then SéE & and hence R*—Se&#. Since
Rt*—S={y,eR"; T,,&#}, and

T,eFa{y, eR"; (yy, y,)ERY X Rt —A}e £.

we have
R*—S={y,eR*; {y,€R*; (¥, y)eR* xR —A}e FleZ,
and hence
Rt*XR*"—A=A°eF - F.

We have therefore proved (i).

(i) 1° Itis clear that g F X F.

2° let Ae F xF and AcA, There are B,, C; € # such that By x C,cA. Thus
we have B, x C; = A,, and therefore Ao € F - F.

3° Let A, A, % x%. There are By, By, Cy, C,€F such that B, xC;=4; and
B,xC,=4,. Since

(BlnBZ)X(ClnCZ)CAlnAZ and Bl nBz, ClnCZEf,

we have Ay N4, e F X F.

4° Let AeF x%. There are B, CeZ such that BxCcA. Since {y,eR*; {y €
R*;(yy, y.)eBxCle F}eF we have BxCeF - F and hence Ae % -%. We have
therefore proved (ii). :

(iv) Since

{Ae P(R* x R* x R¥); {y3€ R*; {(y1, y2) €R* XR*; (v, ¥2, y3) €A} e F - FLe F}
={Ae P(R* xR*xR*); {y3€R"; {y2eR*; {y €R*; (¥, Y2, ys)edleF}
eFleF}
={Ae P(R* X R* x R*); {(y5, y3) € R X R*; {y € R*; (y1, y2, ya) €A} € &}
eF - F}

we have

(F F) F=F - F F=F (F - F).

DEFINITION 2.3. Let K¢, and let a(yy, y2), b(y1, y2) € Il K.

(y1,¥2)eR* XR*

Define a(y,, yz)& 2b(y4, v,) if the following condition is satisfied:

{(yy, ) €R* x R*; a(yy, y2)=b(y1, y2)}€F - F.

It is easy to see that this relation ~2 is an equivalence relation. Define
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(F2) K = 1 K/~2.

(y1,¥2)eR*XRY

The equivalence class determined by a(y,, y2) will be denoted with [a(y,, y,)]. '
THEOREM 2.4. MR =K,

Proor. If (a(y)(y,) e H ( H K) then we consider (a(yl))(yz)c IT K,

1,¥2)eR*XR*

and write (a(y,)) () =a(y;, J’z) "Tet [La(yD1(r2)], [[B(y )1 (2] e sk "Shnce
LLa(y 01 (r)1=1Lb(r)](y2)]
2{y;eR*; [a(y)]1(y)=[b(y)] (1)} e #
{02 e R {y, € R*; (a(y)) (1) =(b(y) (y)} e Fle F
{0 2} €RY X R ayy, y2)=b(y,, yo)} e F - F
2[a(yy, y)1=[b(yy, y2)],

we immediately have **K = (*2)K
CoROLLARY 2.5. **Map (R*, C)=(*2 Map (R", C).

DEerFINITION 2.6. Let K=+¢, and let a(y;, y,, y3), b(yys Yoy ¥3) €
(¥15¥2,93)eRT XR* xR+
K. Define a(y, y;, y3)~3b(y;. y,, y3) if the following condition is salltlsﬁesd
(V1 Y2, y) €ER*XRYXR*; alyy, v, y3)=b(yy, y2, y3)} €F - F - F.
Iu is easy to sec that this relation ~3 is an equivalence relation. Define

GO = I K/~3.

(¥1,72,y3)eR* XR¥ xR+

The equivalence class determined by a function a(yy, Y2, y3) will be denoted by [a(y,,
Y2, ¥3)l.

THEOREM 2.7. Let K¢, Then
(2.7) ($3)K=*(*2)K=(’"‘2)*K=***K,

Proor. Since

K/~3=T1 ( T1.  K/~2)~

(¥1,¥2,93)eR* XR* xR+ y3eN* (y1,¥2)eR* xR

= 1 (I K/~)~2

(¥2,v73)eR*XR* - yjeR

=11 (I1 CIT K[~)~)~,

" y3eR* yieR*

we immediately have (2.7).
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COROLLARY 2.8. #3)Map (R", C)=F2*Map (R, C)
=(=(<2)*Map (R", C)=***Map (Rnu’ C)

We can generalize Theorem 2.7 and Corollary 2.8 as follows:

TrEOREM 2.9. Let K#=¢. Then

(*")K=*(*(d_1))K=---=*"'*K..
CoROLLARY 2.10. *»Map (R, C)=*C@"IMap (R", C)=--=*"*Map (R", C).

ExampLE 2.11. Let

[5(x1""5 Xy Yiseeos yn)]

ST — I
(27”')" \xl —lyl Xy +iy1 Xn -—l‘yn xn+iyn

B 0 S S W +
_[n" g, x3+y?j for xi,...,x,€R and y4,..., y,€R".

Then [8(x yee.» Xp» Y1»r--+» Yu)] is a delta function of n-variables and [8( 15evs Xys Yiseeor Vi)l
e *"Map (R", O).
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