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1. Introduction

Let f, and g, be real valued, indefinitely differentiable, functions defined on R. We
assume that the function f, has the following property:

(1.1} There exists a neighbourhood U of 0 such that
fo(x)=0 if xeU—-{0}.
The main purpose of the present paper is to give the solutions of the following equation:
(1.2) JoT=9¢0",

where § is the Dirac delta-distribution.

2. Preliminaries

We use the notations RY and (.#) as follows:
R¥={a=(a,, as,..., a;,...); a,€ R for each ke N},
where R denotes the set of all real numbers, N denotes the set of all natural numbers.
(Y={f=(f1, f2seees fisr); Jr€(B) foreach ke N},
where (B) is the set of all real valued, Lebesgue measurable, functions defined on R.

DerINITION 2.1. Let a, be RY. Define
(2.1) a=>b if there exists a natural number kg such that a,=b, whenever k2 k, and
(2.2) a=b if it satisfies the condition:
lim lak“ bkl =O.
k—ro0
ReMARK 2.1. Let aeR. Then we shall identify a with (a, a,..., a,...). We have
R<RN.

DerINITION 2.2. Let f, g €(.#). Define

* Labolatory of Mathematics, Faculty of Education, Tottori University, Tottori, Japan.



12 KuriBavyasHr, Y.

(2.3) f=g if there exists a natural number k, such that f(x)=g,(x) for a.e. xeR
whenever k= k.

DeriNiTION 2.3, Let f, ge(#). Then the sum f+g, the product fg and the quo-
tient —Jg— are defined respectively by

(2.4) Srg=(f1+91 fatgos s fitis.),
(2.5) J9=(/1915 12925 fidro- ) »
2.6) %=<<§1_>% <£_22)" ., (gf Vo),

where (f" ) is defined as follows;

is defined and

Ji(x) *_fk(x) ) Jie(x)
(25) A E R ¢y

<§1‘%>¥ =0 elsewhere.
k

ReEMARK 2.2. Let fe(B). Then we shall identify f with (f, f,..., f,...). We have
By ().
We immediately have the following lemma:

LeMMA 2.1. Letf, ge(4). Then
2.7) f+ge(a),
(2.8) fge(a).

DeriniTioN 2.4, A function fe(.#) is said to be class C" if there exists a natural
number k, such that f; is class C” whenever k= k.
Let fe(.#) be a class C* function. Define

(29) awr =G ) (G ts) oo (e 5 )

where <7;%; fk>* is defined as follows:
(——d—"— /i (x)>*=—ffiL Fu(x) where ar Ju(x) is defined and finite and
dxr T dxn T dxn T

( p el k(x)> elsewhere.

As in [1], we use the notation (£.%) as follows:
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(ZA)={f=(f1, [z s Jio--); S € (M) for each ke N},

where (90) is the set of all real valued, locally summable, functions defined on R.
DeriniTiON 2.5. Let fe(# &) and ¢ €(2). Define

@100 f@=(1" 1o, |7 feaeeadn..., (7 fweeas..).

W

According to G. Takeuti [2], we use the notation = as follows:

DEeriNITION 2.6, Let f, g e (L&) and Se(2). Define
(2.11) f=g ifand onlyif f(p)=g(p) foreach ¢ e(2) and
(2.12) f=S ifand onlyif f(p)=S(p) foreach ¢ (D).

ExamPLE 2.1, Let §5=(0¢1, 8025---»> Ogpr--.) €(L&) be a function having the follow-
ing properties:

(2.13) Sor€(5),

(2.14) lim Sw d0:(0)p(x)dx = @(0) for each ¢@e(2).
k- )—ow

Let g €(&). Then we have

(2.15) g2 3 (= 1)"”‘(2) AT

LemMA 2.2, Let s=(S1, S250n05 Sipee)s t=(t1, tpyenss boon) € (L) and fe ().
(2.16) If s=t then fsZft.

Proor. Let pe(2). Since fo €(2), we have

Js(@)=s(fo)=ufo)=fi(p).

Therefore we have fs= ft.

DEFINITION 2.7, Let fe(#%) and Se(2). Define
(2.17) PL.(f)=S,
if there exists a function p such that

(2.18) p(k, p)=co(@)logk+ ¢ (@)kA D) + .- + ¢ (@)kAn(#)
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for each ke N and @ €(2), the ¢(¢), 0=<i<n, and the A{p), 1<i<n, which are real
numbers, depend on ¢, and 0< A, (@) < <d,(p),

@19 tim (17 f0dx—p(k, ))=5(0)

for each ¢ €(2).
We immediately have the following lemma:

LEMMA 2.3. Let fe(%¥) and Se(2). Let p,, p, be functions of the form (2.18).
If '

lim (1" fi0Gdx—p,(k, )

=lim({” f@edx—pak, 9))
=8(¢)  foreach ¢e(2),
then we have p,=p,.
LeEMMA 2.4, Let f, ge (L) and S, Te(2)'.
(2.20) If PE()=S and PL(g)=T then
Pf.(f+g)=S+T.

Proor. Let p,, p, be functions of the form (2.18) with the following properties
respectively :

lim((” feeCadx=putk, )=S(),

,{1_1330 <giog «X)o(x)dx— p,(k, go)) =T(p),

for each ¢ €(2).
Then we have

lim ({7 (400 +0u0Cdx —u(k, 9)+ (ks 9)))

=lim (1" feeCodx—pitl 9))+lim (7 g.000dx—pah, 0))

=S(p)+T(p)
=(S+T)(p) foreach ¢e(2).

If we define a function p, by
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polk, @)=p(k, @)+ p,(k, ¢),

then p, is a function of the form (2.18).
Thus we obtain Pf.(f+g)=S+T.

LEMMA 2.5. Let fe (%), he(&) and Se(2).
(2.21) If PL.(f)=S then Pf.(hf)=hS.
Proor. Let p be a function of the form (2.18) having the following property:
lim (g: £()e(0)dx— plk, q))>=S(go) for cach e (2).
Let o €(2). Since hp e(2), we have
tim ({7 f,On0()dx— pl, b))
= S(hp)
=hS(¢).
If we define a function p, by

po(k, )=p(k, ho),

then p, is a function of the form (2.18).
Therefore we have (2.21).

3. Main Results

Let 0,=(dy, 65,..., Ops...) €(L &) be a function having the following properties:

3.1) O<a,<by,

(3.2 a;! is a monomial of k,
(3.3) by—a,<e’k,

(3.4) 0.€(2),

(3.5) ddx) 20,

(3.6) Car(6,)=(ay, by),

3.7) S:oék(x)dx= 1.

15

Lemma 3.1. Let §, satisfy the same assumptions in Example 2.1. Then we have
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(3.8) SWESPESH  if neN.
Proor. Clear from Definition 2.6.

TueorEM 3.1.  Let fo(0)=f4(0)="--=f4""D(0)=0, fi(0)x0, m<M and c,eR,
1€IsM. Let G be a function defined by

G(x)=70—1(;)~ (x=0),

X m

1
O rpo-

m!
Then
3.9 Fo(6{[fo) =06,
M w
(3.10) Fo((6%+ 2, 1x'0:)]f0) =54,

(3.11) The distribution

M
Pf. (5 +‘1=21 ex'é,)(fo)

» i (_ I)m—-k G(k)(0)5(1n+n—k)+ i (_ l)m—l ch(x)é(m«l)
k=0 =1

n!
ki(m+n—k)!
is the distributional general solution of the equation
foT=6m,

Proor. We shall only prove (3.11).
Let 9 e(2). Then

© §0(0)p()
| T B

= S""é%f’(x)%f,—’:)—G(x)dx

—(=1)" S 5 (x)< o) G(x)>(n)dx
(

== s ((282) 6

X m

4o +<Z>< @ (x) >("“") GO (x)+ - +%%‘lG<n)(x)> dx

x"l
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(oo () RO Yo

A +< +LP}';_(!Q)_+ ...>G(n)(x)> dx.

Since
n n!qp(m+n)(0) <n> (n_k)!(p(771+rl-k)(0) *)
( D( (m+n)! GO)+ -+ k (m+n—kKk)! G0
ces w (n) ): - m_’i’__._ (m+n)
ot LD GO(0) )= (= 1 G5 ()
ves —_ (m—k)n—! (k) (m+n—k)
Tt GO =y € @0 @)
m-n 1 m m
o (= 1)L GM(0)5™ (9)
we have
Pf < 5 ) » 5’: (- l)m—k—_’?_!_____ G (0)5tm+n—r)
"\ fo n=0 kl(m+n—k)! ’
By Lemma 2.5, we see that
5(") w
(3.12) £,Pf. <__*__>= 5,
Jo

We immediately have

£, Pf. (%ﬁ) 2PE, (0,x16,) L e px15, 20,

cx'0\ w Ox
Pf. (4#) 2 0,G(x) Pf.( i3 )
20, ED" Gysmd (12i<m),
=0 (m<l).

Thus we obtain (3.11).

CorOLLARY 3.1. Let the hypotheses of Theorem 3.1 be fulfilled and let d,eR,
0<n<N. Then
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& st X st

(3.13) f 0((n§0dn5*" )fo) =n§0dn5*" ,
N sy & w o)
(3.14) fo((ngodné*" + l§101x15*)/fo=n§0dn5*" ,

(3.15) The distribution

Pf. (( E d, 5(")‘*‘ Z c,x’é*)/fo)

n=

i % Zn:( )m k dnn! G(")(O)é("“’" k)+ Z (_1) cG(x)a(m l)
n=0 k=0 k’(m+n_k)' ( l) !

is the distributional general solution of the equation

JoT=3d,50.

Proor. Clear from Lemma 2.4,

RemARK 3.1. We directly have (3.12) as follows: Let ¢ e(2). Then

! m+n m— ! 4 mi+n—
(—l)mm G(0)o™™ ™ (fo@)+ -+ +(—1) km—z-lfin——‘k)‘!“ GO (0)omtn=8( f10)
ot (==L 60 )50 (£,0)

p (_ 1)»1(_ l)m+n G(0)5((f0(p)("'+"))

(m+ n)!

e — 1Ym—k(__ 1ymtn—k n! k) (m+n—k)

o (= (= DL Sy ) )

m-+n +n

m
—-(—1)"( = ), G(O)(( . )f%’"’(x)m‘">(x)+<

>fo(’"+1)(x)qo(”‘1)(x)
m+1
m-+n
++< )fgm+n)(x)>
x=0

m-+n

ok (= 1) n! G®(0) mtn=k 78 (x) 0 (x)
klm+n—k)! m o (X)@T THx

m+n—k
+ +< )f%'"*"""(x)cp(x))

m+tn—k

ok (— 1)n G<")(O)<f ’(X)co(x))

x=0 x=0
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=(=D"— G(O)f‘"”(O)(p(")(O)+(—1)"—————(n 1),(' _H)'G(O)f("'”)(O)(p("””(O)

ok (=D GO/ (0)
o (= 1)"-~—-——k,( it GO0 H0)
Fot (- D=L 60 10)9(0) (A).

Now, if we select the terms with ¢("=®(0), then

' m+ n—
(_ )"(I'l k)'(/’l’l-l—k)'G(O)f( k)(())(p( k)(O)

— 1) n! (k) () (n—k)

~ (=190 = 1 (GOS80 0+ + G G007 0)

= (= 1)"000) g ey (o)™ )

x=0°

Since G(x)fy(x)=x™, we have
(66 fo)" =m,
x=0

(G @)~ "=0 (k).

Therefore we have

A)=(=D"e

=(—1)"¢™(0)

=6("(g).
THEOREM 3.2. Let f{"(0)=0 for each me N, m<M and c,eR, 1SISM. Then
(3.16) fo(égk")/fo)=5£:<"),
g B w s(n)
3.17) Jo((03" + 1=Z1clx 0 )/f0)=0%",

(3.18) The equation
fOT.—:. 5(")
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does not have any distributional solution.

Proor. We shall only prove (3.18).
Since

fod™E0  if meN,
we immediately have (3.18).
THEOREM 3.3. Let the hypotheses of Theorem 3.1 be fulfilled. Then
(3.19) Jo((@od$)fo) =g0d%",

M w
(3.20) Jol@od+ 3. cix'5 o) 2 god%,

(3.21) The distribution
g &
Pf. (9005 + 12‘1 x'6:)/fo)

G®(0)go(x)stmtn—k) 4 Z (=D ¢,G(x)5m=b

w < m-k n!
2 D e =11

is the distributional general solution of (1.2).

Proor. We shall only prove (3.21).
We have, by Lemma 2.5,

PE. ((900%")/fo) 2 goPf. (34" fo)

w 3 m— n! m+n—
290 3, (- D" =7 GO @30

s S — 1ym—k n! (k) (m+n—k)
& A=y O (09005,

Hence we have (3.21).

CoroLrory 3.2. Let the hypotheses of Theorem 3.1 be fulfilled and let g, (&),
0<n<N. then

(3.22) S 2 0:38Mfo) =58,
(323) fO(( Z gné(n) + 2 cllé*)/fO) = Z gué;‘"),

n=0

(3.24) The distribution

N ) M
PE(( X 008+ 3 cx'6,)lfo)
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]

N !
w - m_k————i—— (k) (m+n—k)
=n§0 k=0( D km+n—k)! G (0)g,(x)o

+ i (_ 1)'"_1 c G(x)é(m—l)
=1 (m—l)! !

nal general solution of the equation

N
fOT= Z gné(")'

n=0

Proor. Clear from Lemma 2.4 and Theorem 3.3.
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