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1. Introduction

In our previous paper [5], we have introduced the notion of as-finite!) collections
which is a generalization of locally finite collections, and have studied their properties.
And now, as a continuation of the study, we consider metrization of spaces which have
g-as-finite bases.

The classical Nagata-Smirnov metrization theorem ([2], [6]) asserts that a regular
space is metrizable if and only if it has a o-locally finite?) base. Recently, in [1], D.
Burke, R. Engelking and D. Lutzer gave a generalization of the Nagata-Smirnov metriza-
tion theorem in terms of a hereditarily closure-preserving base.

In this paper, we will prove the following metrization theorem:

THEOREM. Let X be a regular quasi-k-space.®) X is metrizable if and only if it
has a o-as-finite?) base.

This is a generalization of the Nagata-Smirnov metrization theorem in quasi-k-spaces.

2. Definitions and notations

In this section, we give the definitions and the notations which are used in this paper.

DerNITION 1 ([5]). A sequence {x,} of points of X is said to be an ac-sequence
if each subsequence of {x,} has a cluster point in X.

DEerFINITION 2 ([5]). A collection §={F,Jae A} of subsets of X is as-finite if and
only if {& e A|F, n S# ¢} is finite for every ac-sequence {x,}, where S={x,|n € N}.

Clearly, every locally finite collection is as-finite. But as-finite collections in a space
X may fail to be locally finite, even if they are open collections and X is a Fréchet space
([5, Example 4.37).

Throughout this paper, topological spaces are assumed to be T;-spaces. The symbol
N denotes the set of all possitive integers. The notation {x,} (resp. {n,}) denotes a
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1) Cf. §2 Definition 2 (in this paper).

2) A og-locally finite (resp. o-as-finite) collection is one which can be written as a countable union
of locally finite (resp. as-finite) subcollections.

3) According to Nagata [4], a space X is said to be a quasi-k-space if a set F of X is closed in X if
and only if F N Cis closed in C for every countably compact set C in X.
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sequence of points in a space X (resp. of possitive integers), and the notation {x,|n e N}
denotes the image set of the sequence {x,}. As for other terms and symbols in general
topology, see [3] and [S5, §2].

3. The proof of the theorem

LemMA 1. Let X be a quasi-k-space and let $ be an as-finite collection of subsets
in X. Then n{H|He$} is an open subset of X.

Proor. For each countably compact subset K of X, the collection {H n K|H € $}
is an as-finite collection in a subspace K. By [5, Corollary 3.2], the collection {H n K|
H e $} contains only finitely many distinct subsets of K. Therefore K n[ n{H|H € $}]
= nN{H n K|H € H} is relatively open in K for each countably compact subset K of X.
Since X is a quasi-k-space, N {H|H € 9} is open in X.

LeEmMMA 2. Let X be a topological space and suppose that pe X has a countable
nbd base. Let $ be an as-finite collection of subsets of X and suppose that no member
of O contains p. Then $ is locally finite at p.

Proor. Let B={V, |neN} be a decreasing nbd base at p. Suppose that ecach
member of B meets infinitely many members of $. Inductively choose members H, € $
for each n e N such that ¥, n H,# ¢ for each neN. Since 8 is a nbd base at p and no
member of $ contains p, we can choose a sequence {n,} of distinct integers and a sequence
{x,} of distinct points in X such that

x. eV, NH

Ry ny?

n1<n2<n3<“'.

Then the sequence {x,} converges to p because {V,, |k € N} is a nbd base at p. Therefore
{x,} is an ac-sequence. From the construction of the sequence {x,},

{He9l{xlkeN} n H#¢}

is infinite. This contradicts the fact that $ is as-finite. Consequently, $ is locally finite
at p.

By using the technique of the proof of [1, Theorem 5], we obtain the proof of the
theorem.

Proor of THeEorEM. The necessity follows directly from the Nagata-Smirnov
theorem.

To prove the sufficiency, let B= GSB,, be a og-as-finite base for X. Here we can
assume without loss of generality thnazth belongs to B, for each neN. Let p be a
nonisolated point of X and put

@,,'—"{C:B—{p}IBE?B"} .
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Then €, is as-finite. By Lemma 1, B,= n {B|Be B,, pc B} is an open nbd of p because
X is a quasi-k-space and B, is as-finite. Since B= U B, is a base for X, {B,lneN}

n=1
is a nbd base at p. Therefore, by Lemma 2, €, is locally finite at p. Since p is a non-
isolated point,

ord (I/, EB,,) =ord (I/a 611)4)

for each nbd ¥ of p. Consequently, B, is locally finite at p.
Put

X,={x e X|B, is locally finite at x}

for each n e N, then each set X, is an open set and contains all nonisolated points of
X. Let

23;1—': {B n Xn[B € 23n}

for each neN. Then each B/ is locally finite in X and B'= G%; contains a nbd
n=1

base at each nonisolated point of X,
Let

B, ={{x}|{x} eB,}

for each neN. Then B’ is an as-finite collection of open and closed subsets in X.
Since X is a quasi-k-space, by [5, Corollary 4.11] B is locally finite. Also B"= @ B
contains a nbd base at each isolated point of X. Therefore B'UB” is a a—locallynﬁﬁite
base for X. According to the Nagata-Smirnov theorem, the space X is metrizable.
The proof is complete.

REMARK. Every locally finite collection is as-finite, but an as-finite collection &
of subsets of a space X may fail to be locally finite even if & is a collection of open sub-
sets of X and X is a Fréchet space ([5, Example 4.3]). Therefore the theorem is a
generalization of the Nagata-Smirnov metrization theorem in quasi-k-spaces.
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4) ord(¥, &) denotes the cardinal number of {FE& |V N F+¢}.






