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1.  Introduction

ln our previous paper[5], wc haVe introduccd the notion of as‐ anitel)collcctions

which is a gcnerahzation of iocally nnite c。 1lections,and have studicd their propertics.

And now,as a continuation of the study,we considcr lnctrization of spaces whiOh have

σ‐as‐anitc bases.

The classical Nagata‐Smirnov metrization theorem([2],[6])asserts that a regular

spacc is lmetrizable if and only if it has a σ‐locally anitc2)baSe.  Rccently, in[1],1).

Burkc,R.Engclking and D.Lutzer gavc a gcneralzation ofthc Nagata‐ Smirnov lnetriza‐

tion theorem in tcrms of a hcrcdita五 ly closurc‐ preserving basc.

In this paper,we will prove the following 14CtriZation theorem i

THEOREM.  Let χ be a rcgular quasi‐ /c‐ space.3) x is metrizablc if and only if it
has a σ‐as‐anite2)baSe.

This is a generalzation of the Nagata‐ Smirnov mctrization thcorenl in quasi‐ た‐spaccs.

2.  Deaniti。■s and■ Otations

ln this section,wc give the dcnnitions and the notations which are uscd in this paper,

DEFINITION l([5]). A sequcnce{x"}Of pOints of iF is said to bc all αc‐ S?空 tt9η C9

if each subsequence of(χみ)haS a cluster point in/.

DEFINITЮN 2([5]).A collection g=(f弦
lα ∈И}Of Subsets of χ is,sジ崩す9 if and

only if{α cИ IFα n S≠ φ}is anite fOr every ac‐ sequence{χ 〕),Where s={〕転lη CN}.

C)learly,every locally llnite collection is as‐ Ilnite.  But as‐ nnite c。1lections in a space

/1nay fail to be locany llnite,evcn ifthey arc open colections and X is a Fモ chet space

([5,Example 4.3]).

Throughout this paper,topological spaces are assumed to be Tl‐ spaces. The symbδ l
N denotes the set of an possidve integers. The notation{χ

")(resp.{秘
た})denOtes a

キ) Laboratory of Mathentatics,Facuity of Education,Totton univcrsity,Tottori,Japan.
1) Ci §2 Dcanition 2 cn thiS paperJ.
2) Aσ■ocaly anite creSp.σ ‐as_inite)c01cction is one which can be written as a countable u� on
of localy naite creSp.as‐ anite)subCOⅡ ectiOns.

3)According to Nagata[4],a spaCe/is said to be a quasi‐ たぃspacc if a set F of/is closcd in/if

and only iF F∩ C is ciosed in C for every countably compact set C in X
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scquence of points in a spacc X (rcsp.Of possitive intcgcrs),and thC nOtatioll{χ
“
1冷 CN}

dcnotes the image set of thc scqucncc〔 x“ }.As for other tcfms and symbols in general
topology,see[3]and E5,§ 2].

3.  The proof of the theorem

LEMMA l, L"ズ bを ,9,α s,‐た‐Ψ
'cι
,η tt Jθチう b9αη α頭 崩すθ θοJ′90,οれ て√ d"bStts

滋χ.倒晩η∩〔打IIr cう },s,η θptt s"bs,9/ズ .

PR00F.For each countably compact subsct K of/,thc collcction{打 ∩KI打 cう}
is an as‐anitc c。1lection in a subspace K.By[5,Corollary 3,2],thc COIlection{汀 ∩KI

打∈う}contains only nnitely many distinct subsets of K.Therefore K∩ [∩ {rfl汀∈ぅ}]
=∩ (μ∩Klμ∈う}iS rclat� cly opcn in K for each countably compact subsct K of χ.
Since X is a quasi"た…spacc,∩ 〔ffl打 ∈う}is Opcn in χ.

LEMMA 2.  Lιチ,て b9α サοPO'09'c,,sPα c9,η tt StrpPο sι チFTαι P c X /T'S , cο ttηサαb′9

附btt b,sθ.Lじすう b9αη α頭 崩す9 Cθ J′θじチ,ο猾げ s,bdす Sげズ αηtt s,ppο s"力 ,チ ηο ttι ttb9r

げ う じο崩所ηS P. Tん 9η う
'S'θ

θα,テノ

"η

力じ
'り

.

PROOF. Letお ={恥 lη ∈N}be a dCCrcasing nbd basc at p. Suppose that cach
member of tt meets ininitely many members ofう 。Induct�cly choose mcmbers tt.cう
for cach η∈N such ttat恥 ∩打,≠φ for each η c N.Since tt is a nbd base at p and no
membcr of看 ,COntains P,、ve can choose a sequencc{ηκ}Of diStinctintegers and a sequcnce
{χた}Of diStinct points in Йξ such that

Xた C Lk∩ π″た,  ηl<η2<Ю 3<中●.

Then the sequence{χ た}cOnverges to p bccausc{恥た|た CN}is a nbd basc at p. Therefofc

{Xた}iS an ac… sequence, From the constfucdon of thc scqllcncc{メた),

{μ∈う1{Xた |た CN}∩ π≠φ}

is inanitc. This conttadicts thc Fact thatう is aS‐ inite. Consequently,ぅ is 10Cally llnite

at P.

By using the technique of thc proof of[1,TheOre■ 15], vc obtain thc proof of the

theorem。

PROOF Of THEOREMo ThC ncccssly fol10WS direcdy frottl thc Nagata‐ Smirnov

thcorem,

To prove the sualdcncy,lct 23=vお .be a σ―as―anite base for χ. Here wc can
“

=1
assumc without ioss of generality that X belongs to tt.for each η cN.  Let p bc a

nonisolated point of X and put

C,={C=B― (P}IB∈ お″)。
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Then C“ is as―nnitc,

/is a quasi‐ rc‐ spacc

is a nbd base at p.

isolated point,

Ord(Lお″)=Ord(LC〕 )4)

lor each nbd y of p,  consequentiy,足 ちiS 10Ca■y inite at p.
Put

χ訂={X∈ χl必
“
iS IOCally anite at χ}

for caOh tt c N,thcn cach setズ ″is an opcn sct and contains att nonisolated points of

χ. Lct

By Lel■mal,B″ =∩ {】 |】∈お.,P∈ B}is an Open nbd of p bccausc

and魅″is as―nnitc,since郎 =υお″is a base for χ,{B“ lη CN}
Thereforc,by Lcmma 2,陽 is iOCally nnitc at p.Since p is a non‐

必,〓 {Bnズ
“
IB cお″}

for cach ttc N.Thcn cach期 ,is loCally anite in χ

basc at each■onisolatcd point of/.

Let

and必′=(ノ 郎,COntains a nbd
И=1

郎4=({X}|〔χ}∈魅″}

for each rTc N.  Then 魅: is an as_anitc coⅡ cction of opcn and dosed subscts in ズ.

Sinccズ is a quasiぃた―spacc,by[5,Corollary 4.11]お

“

iS iOCally anite. AIso必 ″=υ 郎身
打 =1

contains a nbd basc at cach isolatcd point of X.  Thcrcfore ttB′ u IB″ is a σ…locany anitc

basc for ズ.  According to the Nagata‐ Smirnov thcorc■ 1, the spacc ズ is metrizable.

Thc proofis complete.

REMARK.  Evcry locaⅡ y nnitc collection is as‐ IInite, but ah as―inite concction 3

of subscts Of a spacc X may fail to bc locally anite cven if iJ iS a c01lection of opcn sub‐

scts of χ and X is a Fr6chet spacc([5,Examplc 4。 3])。  ThCrcfOre the theorem is a

gencralization of thc Nagata‐ Smirnov mctrization thcorena in quasi‐ rc‐ spaces.
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4)ord(路 惑)denOtes thc cardinal number of fF∈ 8・ 17∩ Γ≠φ}.




