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1. Introduction

The products of distributions have been discussed by B. Fisher [1]-[5], M. Itano

and S. Hatano [6], J. Mikusiniski [7], L. Schwartz [8], H. G. Tillmann [9], etc.
B. Fisher [5] gave the following result:

; r§r=-1) () (= D=1 <21y
THEOREM A. X7 (x) T3Rr=DT ) (x)
forr=1,23,....

M. Itano and S. Hatano [6] gave the following result:
THEOREM B. The product Pf%n—o&"“” exists for any positive integer n and
1 sy (=DMnr=1)1 s34-1)
Pt x" 0 22n—1)! 0 )
The main purpose of this paper is to give the follownig two theorems:

THEOREM 1. Let ne NV{0} and e R. Then

(1 Pf. (xasm) 2 (D! 500

NCEDI if n—aeNY{0},

£ 0 if n—aeNY{0}.
TuaroreM 2. Let me N and e R. Then

) Pf. (di; (x2 Y'")> ¥ o Pf. (x5~ 1Y) + Pf.(x%)
2 o pf.(xg 1Y) +- 2D 5o

(—o)!
= o Pf.(x21Y) if

if —aeN'{0},

—a ¢ NU{0}.
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2. Preliminaries

We use the notation (Z.%) as follows:

(ZL)={=(1; [2r- s Jis--); Fr € (M) for each ke N},

where () is the set of all real valued, locally integrable, functions defined on R.

DerintTion 1. A function fe(Z%) is said to be class C* if there exists a natural
number k, such that f, is class C” whenever k= k.

DEeienNITION 2. Let fe(#S) and Se(2). Define

3) PL.(H=S
if there exists a function g such that

“ gk, @)=co(@)logk+c (@)K @ + -+, ()7

for each ke N and ¢ €(2), where the c¢,(¢), 0<i<n, and the 1(p), 1=Zi<n, which are
real numbers, depend on ¢, and 0<i,(p) <+ <A,(®),

®) lim({” fieedx—gte 0))=5()
for each ¢ €(2).
Lemma 1. Let fe(ZS) be a class C! function and Se(2) .
6) If PL(f)2S, then PL. (d;‘i f) x5
Proor. Let pe(2). Since Pf.(f)=S, we have
tim ({7 7,00 (= 9/ () dx = o= @ Nogk+ ex( = 9IRHE) 44 ¢, (= ko0
=S(—¢")
=S5"(9).
Since f'is class C!, there exists a natural number k, such that
(7 100 (—oenax={" fimoes

whenever k= k.
Hence, we have
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tim ([ fi0000dx —(Co(p)log k+u(@I ™+ -+, (@)™ )
k+oo -0
=5"(p),
where co(@)=co(— "), ci(@)=c1(—@),..., ci(@)=c,(— @),
2@ =2(=0)ser0s Ly(@)=2(—@").
Therefore we have
d Nvw o
Pf. (?i? f) x5

Let § e (#%) be a function having the following properties:

(7) O<a,<by,

(8) a; ! is a monomial of k,
(9) by—a,<e*,

(10) 5, e(2),

(11 8,(x) 20,

(12) Car () <(ay, by),

(13) Szzak(x)dx =1.

LEMMA 2. Let f, ge(#%) be class C* functions.
(14) If f&g then fW=gm,

Proor. Since f = g, we have

lim | fweede=tim |* g,0p0)dx

for each ¢ € (2).
Since f, g are class C* functions, we have

tim (" e@pede=lim (- 07" fe0meods

o

—lim (= 17" g,pmdx

=1im§“’ IPE)P(x)dx
k—o0,J—w0
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for each ¢ €(2).
_ Therefore we have 00X g(m,
Let Y be the function defined by

Y(X) = (Yl(x)’ Yz(x)’ ey Yk(-x)a' . ) s

where Yk(x)=gx 5.(0)dt for keN.

We have the following lemma:

LEmMMA 3. Let m,neN. Then

(15) A" ym “,”J_ig(m—l)_‘_g(pm—l)

dxm 1’1+"'+l’m="pl!"' e

pid 5("-—1)’
where 6D =Y and 6(®)=4.

Proor. We immediately have that

d n

m ¥ §(n=1)
dx" ym=o ’
Since
P yny= v M yeo. vy (x)
dxn Tk p1+"'+Pm=nP1!--.pm! k k
n!
== . Slpi—1) LS pm~1) ,
P1+"§pm=n 2 P! k ) k (x)

we have (15).

ReMArRk 1. Let m=2 and n=1. Then

2Y6 £ 5.
Let m=3 and n=1. Then
3y25 6.
We thus have
(16) S(Y—-YH)2 %5 and Y-Y220,

3. Proofs of Theorems 1 and 2

Now let x%, where a € R, be the function defined by
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X3 =X if x>0
=0 if x=0.

LemMA 4. Let >0 and let f be a real valued continuous function defined on R.
Then

(17 fx26=0.

Proor. Since
Ilim Sw JO)x28(x)p(x)dx =0 for each ¢e(2),

we immediately have (17).
LemmA 5. Let a>0 and a¢N. Then
(18) Pf. (x326) £ 0.

Proor. We may take e N and [>a. Taylor’s theorem gives

(7 sreeop0odx
= Sbkék(x) <<P(O)x““ + ___(pi(IO) ximeq ... +__¢(""n)'(0) XMTE 4 mgo(’;('Ox)x,_a) dx

for each ¢ € (2).
If m—o<0, then

b
ap=e> S Sp(x)xm=*dx = by,
ak

Therefore, using the Lemma 4, we have (18).

ProOF OF THEOREM 1. We may take le N and [+a>n. Let ¢ €(2). Then
o0
(7 xzo00nCoax

K 4 (m) )] (n)
=(—-1)"Sb 5k(x)<(/’(0)x“+———(p1(,0)x”“+---+—-—(pm,(0)x"’+°‘+-~-+—~—q’ l(,gx)x’”) dx.

(3

If n=m+a, then

(22D s 2000
m! (n—a)!

Therefore we have (1).
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Proor or THEOREM 2. We immediately have

_dd? (xi Y'") =oxd 1Y+ x¢mY ™15

Zaxt 1Y+ x44.

Using the Theorem 1 we have the result that

P, (x20) 2 (= 1;;“5(-0,) it —aeNU{0),

(—a
Z0 if —ogNY{0}.

Therefore we have (2).

CoroLrAryY 1 (L. Schwartz [8]). LetleR. Then

(19) -%[Pf. -;f,—]ipf. ({,T’i->+(~1)l‘57(;l if leNv{O},
(20) _;’;[Pf. }Yl—] » pf, <_x‘,+—’1> if 1¢NY{0}.

Proor. This result is an immediate consequence of Lemma 1 and Theorem 1.
Let x2, where o € R, be the function defined by

x& = e!*%(—X) if x<0,
=0 if x=0,
and let 6_, Y_ be the functions defined by the following equations:
O_(x)=8(—x), Y_(x)=Y(—x).
We immediately have the following results:

THEOREM 3. Let ne NY{0} and xe R. Then

o3 PE. (x20m) £ gier f‘a) (809 if n—aeNU{0},

20 if n—a¢ N'{0}.

COROLLARY 2. Let ne NY{0} and . R, and let A, B be non-negative real numbers
such that A+ B=1. Then

(22) AS+Bo =4,

(23) PF. (x2 A8(™M) + Pf. (x2 BSCV)
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¥ 1) n! (n—a) ; —
=(—-1) a)!é if n—aeN{0},

(n—
Z( if n—aeNY{0}.

THEOREM 4. Let me N and oo R. Then

(24)

Pf. (71% (xﬁYT)) = o Pf. (x2~1Y™) —Pf. (x2mY™ 15_)

Z oPf. (x=1Y_)—Pf.(x25.)

Iz

o Pf. (x> 1Y) —%5% if —aeNU{O],

= o PfL(x2*Y_) if —a¢NV{0}.

CoroLLARY 3 (L. Schwartz [8]). Let le R. Then

(25)

[1]
(2]
[3]
(41
5]
(6]
[7]

[81]
[91]

%[Pf. (%;)] » pf, (%)— (- 1)'5_;;—) if 1eNY{0},

* pf, <_;_f+¥1;> if leNv{0}.
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