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On a Solution of the Equation x"T' =8’ +3+Y

Yukio KURIBAYASHI*
(Received April 10, 1974)

1. Introduction
L. Schwartz [2] has given the result that

I
(5x)v.p.}~—0.

The notation used here is that ¢ is the Dirac delta-distribution.
In ['1] we have given the following result:

(x5)%=x<%)=<x.%>5=5.

In the present paper, by generalization this notion, we intend to give a solution of

the following equation:
x"T=§+6+Y,

where Y is the Heaviside function.

2. Notations

We use the notation (£ &) as follows:

(gy)={f=(flsfla-“,fka---);fke(gﬁ) fOI‘ eacthN} s

where (9R) is the set of all real valued locally integrable functions defined on R1.
We define equality, addition and scalar product in the space (£.%) as follows:

DerFiNITION 1. Let

f=(f1af2a--'3fka"-)9 gz(gl’ G2seees gk:’“) e(,ﬁ,ﬂy) .

f=g if and only if, there exists an integer k=1 such that for every integer k if k=&,
then f,=g,.

Jrg=(fi+9g1, fo+ g frt+Gps..).

af:"((xfla (sz,..., o‘f.ks'“) (OCE_R).
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By this definition, clearly the space (.#.%) is a linear space.
According to G. Takeuti [3], f &g denotes

lim ({7 fu0omax—{" gue@ax)=0  for cach e (),

~

where f=(f1, f2ses frsr)s §=(G15 G2>vs Gir--. ) E(LS).
It is clear that if f=g then f2g.

3. On a solution of the equation x"7=0"+5+Y
Let {62} be a delta sequence with the following property:

1° 0¢ Car(62) Jor eachkeN.
Let 8°9=(69, 89,..., 62,..),

P}_mO_(_I_ mO__I_mO p_l_mO >
X" (x 0 )_ X" (x 51)’ X" (.X 52)5---’ X" (x 5/():-'- (m, I’IEN),

then
(SO, }IT(xmao) € (,?,y’) ,
o) = Sr 00— (50 ) = ()
x x X x" /.
Since
lim S°° ;CIT(xm&I?(x))QD(x)dx:O (m>n),
k-0 J—

=0(¢p) (m=n)
for each pe(2), we have
L@ 20 (m>n),
=6°  (m=n),

where 0=(0, 0,..., 0,...).
Let {d,} be a delta sequence with the following properties:
2°  O(x) is a smooth function and Car(d,) c<117, _—I—i'liz'ﬁ)—>

for each ke N, where 0<£(k)<ﬁ,

3° Soo o(x)dx=1 Sfor each keN.
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Let
S=(81s Spers Bppers)y 8 =Sy &rerey Siers)
and Y=(Yy, Y,,..., Yy,...), where
Y, (x) =S’:m 5,()dt  for each ke N.
It is clear that
SES+c X0 Zd+c X8+ 4, x"5,
TEY o x0E e B o xF+ 0, X",
YEZY 4o, x0= =Y +c x5+ +c,x"3,

where ¢, ¢,,..., ¢, are constants and

C;xt0=(c;x', ¢;x'8,,..., €;x%0,...) (Igign).
Let
O4cixd+ - +e,x"0_[S1+cixdi+ - +e,x" Op+c (X0 +c,x"0,
e = = yerrs = sree s
then
6+c1x5+;'--+c,,x"5e($y,)_
x

Since

lim Sw Ot €y X0yt o+, X", x"o(x)dx=05(¢)  for each ¢pc(2),

k-0 xn

we shall call a solution of x"7T =4 in the space (Z&).

O4ci x84 +¢,x%
xn

Let ¢e(2). Then

S"O 5k+clx5k-;—n~--+c,,x"5k P(x)dx

n (n) (n+1)
=S‘:o 5k+C1x5k";" +Cux 5k<go(0)+(p’(0)x+ “.+(p n'(o)xn_l_(p(n—l_lgé')xn-}'l)dx

5k(x) dx_*___.

xn—-l

=00 2L 4t (/@ +er0 O

@0 Q
— o0 — 00

I 2 sG] S

o0
— 00
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() (n=1) )
HEP 0 8Dt t0 0 @+ o ) i+ Ry

=<p(0)g°_°w5';£—f) dx+ (¢'(0) + cl<p(0))g‘:°w O gt

+ <¢((n_—1)1()9) +C; ‘p((n"__z;g?) +o+ Cumr ' (0) + Cn—lfp(O))S:_é";x) dx
(=D&t D

+ (2D ()4 0, 2

where

© (nt+1) ) (nt+1) n
R,‘=S_wx5k(x)< "’(n+1§5,) +0, 204y, ‘/’(ngf!) x) dx

Clearly lim R,=0.

k-

We have

+s(k) 1+e(k)

l;gf) dx—<1+£:(k)>ng-1«k 0u(x)dx

(o aeef”

— 0

a-]»-

k

;<__1+0’;(k)>" 0<f<1).

1

Since 0<e(k) <5 yEa

we obtain

fim (vt ) [ =0

Therefore we have the following result:

pg, O+ Cyx0+ -+ Cyx" _ (_1}1)!»1(5(") +CO50-1)... 4. CO5

xn

where

_1 n—1
C?:Cl(( )1)'3'5C2=C

It is clear that

— n§(n)
(—215_ (x"p)=0(p)  fer each pe(2).
Thus we have the following theorem:

THEOREM I. Let x"T =6 ().
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Then

0+ Cx0+ -+ C,x"
xll

(1.1)

is a solution of (1) in the space (£ ).

n _— nS§(n)
(12) pp 0+ Cxdt o+ Cund _ (=D | osumny ...y 005

X" n!

is the distributional general solution of (1).
Let pe(2), then

5 g

X

© ’ (n (nt2)
:S 5;(1136)((P(0)+(P'(0)x+---+(P T00) s 2 (q)x"*'2>dx

(n+1)! (n+2)!

;—" (P(O)Sojw 5’%36(,?_)- dx+ .-+ (p((n"__lig(?) Siooo 5;;?6) dx

q)(n'(- 1)(0)
n+DT

+ 2O " sydx+

2 S‘f x8i(x)dx+ R},

where

,-_——1—-—— ° (nt+2) 25,
Ri= (n+2)! S_w‘P (M) x28;(x)dx .

We have

1+e(k)
[ e,
1

xm

3%
—w x"l s

k
1+e(k) 1-+e(k)

BRCH R gt O I

m+ 1
ke &
1+eg(k)

=mS Fo(x) dx (O<mz=n).

xm+ 1

N
k
Since

Sw i (x)dx=0, Soo x6(x)dx=—1, lim R,=0,
0 0 k-0

0<2(k) < iz »

we obtain

%]
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5' . (_l)n+25(n+1)
Pf'x—""# (n+1D)! )
It is clear that

(_ l)n+26(n+1)

G o= G (v )

(n+1)!

- 1 a ) 4o
BECES) 5("+1C1<dx"x > dx ?t )
=d'(¢) for each pe(2).
Thus we have the following two theorems:
THEOREM 2. Let x"T=0" (2).
Then

O+ Cixd+ -+ C,x"
x"

2.1)

is a solution of (2) in the space (£ &).

7 n _ nt2
2.2) Pf. ) +C1x6-;’.x..+C,,x S _ ((n—ll-)l;! SO 1) 4 CYSO=1) v 4 COS

is the distributional general solution of (2).
THEOREM 3. Let x"T=06"+6 (3).
Then

8 40+ Cyxd+ -+ + Cpx"S
x!l

3.0

is a solution of (3) in the space (¥ &).

Pt o' +0 Clxé;m +C,x"d

(3.2)

— nt2 _ n
=((ni)1)' 5(n+1)+( n%) 5(")+C(1)5("_1)+"'+C(1)5

is the distributional general solution of (3).

We define a function ;L by
k

for each ke N, and let
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xn

[§7 X 00— L pax

1+;€c(k) y I
{10

S Mk 1e(k) for each ke N,

where [o(x)| =M, and O<e(k) < knl+2 )

-( 3 > » where
X

Y (YL Y, | Y.
xn - xn P oxn 2 xn’ .

We also have

lim gw "( ) x"p(x)dx = S @(x)dx for each pe(2).

k—o0

In a sence of distribution, it is clear that

s (L) =y,
X x>0

Thus we immediately have the following theorem:

THEOREM 4. Let x"T=§'4+6+Y (4).
Then

0" +6+Y+C x5+ +C,x"5
xn

.1

is a solution of (4) in the space (£%).

Pf 0'+64+Y+Cixd+-+C,x"5

(4.2) -

((;i)) 5(n+1)+( 1) 5(11)+Pf( > +C(1)5(11—1)_|_,_'+Cl;),5

is the distributional general solution of (4).

I wish to express my hearty thanks to Professor T. Shibata of Science University of Tokyo who has
given me much kind advice.
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A part of this paper was presented at the regular annual meeting of the Mathematical Society of
Japan, held in Tokyo, April 3, 1974.
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