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1. Introduction

In the present paper we intend to give a method of change of variable in the finite
parts of divergent integrals. Related work has been discussed by L. Schwartz [1].

2. Change of variable in the finite parts of divergent integrals

We use the notation R¥ as follows:
RV={x=(xy, X240, X4...); X, ER for all ke N},
where R denotes the set of all real numbers, N denotes the set of all natural numbers.

DEerFINITION 1. Let ae R and let f be a real valued function having the following

property:
There exists a natural number k, such that f () is defined whenever k>k,. Define

S@=(f*(ay), f*(az)s.... f*(@r)s.--)
where f*(a,) is defined as follows:
f¥a)=f(a,) where f(a,) is defined and
f*(a)=0 elsewhere.

DerINITION 2. Let q, be RN, Define
a=>b [resp. a<b, a<b] if there exists a natural number k, such that a,=5, [resp.
ay,<by, a, £b,] whenever k= k,,

DEerINITION 3 (Interval). Leta, be RY and a<b. Define
La, b]=(Lay, b(1%, [a;, b1%,..., [ar, b ]*,...) ,
where [ay, b, 1* is defined as follows:
Lak, bk]*“= law, bl foray by,

[ak, bk]*=¢ for ak>bk.
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DEFINITION 4. A function f is said to be summable [resp. bounded, measurable,
absolutely continuous] on the interval [a, 5] if there exists a natural number k, such
that f'is summable [resp. bounded, measurable, absolutely continuous] on the interval
Lay, b,] whenever k= k,.

DeriNITION 5 (Integral). Let f be summable on the interval [a, 5]. Define

S:f(x)dx= (Szif(x)dx*, S::f(x)d);*,..., SZ:f(x)dx*,...>,

br
where S J(x)dx* is defined as follows:

aK

W

by
S S(x)dx*=0 elsewhere.

" S (x)dx where fis summable on the interval [a,, b,] and

a

* DEFINITION 6 (Finite part). Let f be summable on the interval [a, ]. Define
d
Pf. S fx)dx=1,
if there exists a function g such that
glk)=cologk+c k* 1+ + ekt
for all ke N, and
. dic
fim 6 FOe)dx— g(k)>=1 ,
k-ro0 ak

where ¢;, 0<i </, are real constants.
The followiog theorem is derived from the above definitions.

THEOREM. Let f be bounded and measurable on the interval [a, b].
Let ¢ be absolutely continuous on the interval [«, B] having the following property:
There exists a natural number ko such that a, < () <by for all te[ay,, B, ] whenever
kzk,.
Then we have

pe. (" reoax=et.  rowewar,
where ¢ is defined as follows:
o) =0¢' () where (p"(t) is defined and finite and
@()=0 elsewhere.

PrROOF. There exists a natural number k, such that
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(1) fis bounded and measurable on the interval [aq,, b,] and
(2) ¢ is absolutely continuous on the interval [, ,] and a, <) £/, for all

te [aka ﬁk]a
whenever k= k;.
By (1) and (2), we have

S(p(pk)f(x)dx= Sﬂkf((p(t))(p(f)dt,
o(ak) i

whenever k= k.
Hence, we have

Sq)(ﬂ)f(x)dx= <Sw(ﬂ )f( Ydx*,.. Sp(ﬂk)f(X)dx*,...>

o(a) o (a (o)
f1 § Br . . B . .
= (1" ro@ewar,... (" rewowar,...) = " ro@pa.
Using the Definition 5 we hav‘e the result that

Pf. S:i” )) f(x)dx=Pf. g” F(@))p@) dt .

111 /1
EXAMPLE 1. Letf(x)-—h 0 () =21, 0= <7 Z,...,—z—w,...>,ﬁ—<7,7,...,7—,...)

Then

forall ke N. Therefore

Pf. S“’(’”Ld —Pfg La=o.

oz) X
EXAMPLE 2. Leta=<1,%,...,%,...>, B=(1,2,.., k,...)

and let ¢ be a indefinitely differentiable function with compact support .
Let H be a function of R onto R having the following properties:

(1) H(0)=0,

(2) His continuously differentiable,

(3) H'(x)>0 for all xe R.
Since

k _ dy H~- (k) H(}»)
S%gz}(H o= o - ax

for all ke N, we have
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Pf. Sisb(H"‘(y))iyY-

= lim ([ 9271 () 2~ yO)log k)

=

- 1 B H'(x),._
= lim <SH_I(%)¢(x) H(x) dx—¢(0)log k>

_pp (O H()
—-Pf.g s D dx.

H™1(a)
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