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1. Introduction

The theory of Dirac Spaces, discovered by G. Takeuti [9], is of great importance to
study the theory of distributions. Related work has been discussed by I. Amemiya
[11, W. A. I. Luxemburg [6], A. Robinson [7], T. Shibata [8], etc.

The purpose of this paper is to give an approximation of distributions of finite order
by class C* functions.

2. The approximation of distributions of finite order by class C* functions

According to the fundamental theorem of Lebesgue, the relation

, 1 _
lim—p s Swf(y) dy =f(x)

holds for almost every x, whenever fis a locally integrable function defined on R*. The
notation here used is that B(x, r) is the ball of radius r, centered at x, and m (B(x, 7))
denotes its measure.

Let {¢,} be a sequence of real valued functions defined on R” with the following
properties:

(1) R,>r,>0
(2) limR,=limr,=0

k—=w k- o0

. m(BO, R)—m(BO,ry) _
@) Jim mBO,ry O
@ ne@

) ) =g(—x)

©6) o(x)=1,  for each xeB(0, r,)
(1) Car(e)=B(0, Ry)

B 0p(x)<t.

For each integer k>1, put
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1
5%(x)=m)~)~¢k(x)-

ProrosiTioN 1. Let f be a locally integrable function defined on R", then

tim{ 702680~y =762
Jor almost every x.

Proor. Since

1 1
B R V! O B, 7T VTP

R
— d
m(B(x, R;)) B(x,Rk)—B(x,rk>f(y) 7

L m(B(x, 1) (1_ m(B(x, Rk))> 1 SB(“ Sy

m(B(x, Ry)) m(B(x, ry) / m(B(x, ry))

for each integer k=1, we get

) Jim L

1 __{ dy=0
ko m(B(x, Ry)) SB(x,Rk)—B(x,rk)f(y) 7

for almost every x.
By (1), we have

1
1A’WTR%TD“SB(x,Rk)f‘(y)dy_~ SB(x,Rk)f(y) 5’(‘)(»))_ X)dy‘

1

1

=B, BT Vo A= O= 3|
1

Sm33<x,Rk)-B(x,,k, |f()1dy

-0 (k—> o).

for almost every x.
This implies that

tim{ )30 =x)dy =)
for almost every x.

Let 60 =(39, 89, 9, ...).

1
BRI Vo4~ B R TP =0

Q.ED.
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Since

[ fO000-0dy={ f0)800r—y)dy
we have the following proposition:

PROPOSITION 2.  Let f be a locally integrable function defined on R*, then

F*8°(x) = £(x)

Jfor almost every x.

RemARK. Let xeR!, and for each integer k> 1, define

8,(x) =0 <x£ ~—kL)

A

=k+k2x(—kig X 0)

=k—k2x<03x£~kl—>

_ 1
=0 (——k £x>.
Let §=(d,, d,, J5, ...), then we have

d%3° and do not have § =69,
The notations ¥ and = are due to G. Takeuti [9].

ProrosiTION 3. Let f be a locally integrable function defined on R*. We define
Fe) = lim{ f()5pr—dy.
k—wJR"
Then there exists a continuous function f, defined on R*, such that
J)=fo(x)
for almost every x if, and only if, F(x) is a continuous function.

Proor. Assume first that there exists a continuous function f,, such that f(x) = fo(x)
for almost every x.
Then

Fe)=lim{ £()62(y—)dy

= lim{ fo(»6p(r—x)dy
v

i
k-

=fo(x)
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for every x. (See, [5]).
Conversely, let F(x) be a continuous function.
Since

f(X)=F(x)

for almost every x, we can choose F as f;. Q.ED.
ExampLE 1. Let Y be the Heaviside function defined on R!. Then we have
limg YOS (y—x)dy=1  (x>0)
k= JR"

1

=5 (x=0)

=0 (x<0).
By Proposition 3 we immediately have the following proposition:

ProrosITION 4. Let f be a locally integrable function defined on R*. Then there
exists a continuous function f, defined on R*, such that

J(x)=fo(x)

for almost every x if, and only if,
s, 69=st(| r0R=—0dy, | 70)830-0dy, )

is a continuous function.

ProPOSITION 5. For each S&(92™), m<oo, there exist an my, and a continuous
Sfunction f defined on R® such that for each ¢ (2),

limg "{SR"f(x)D;"Oé,?(x—t)dx}gp(t)dt=S(go).

k—woJR
Let
®={_ fDpospee—nads

then f,€(&).

Proor. Let p=(2). Then we have
limg D;’(S,?(x—t)go(t)dt=limg 59 (x—1) (— D121 Drg (1) di
k-0 JR" k—=wJR"

=(=1)"Dgp (¥).
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Let f be a continuous function defined on R” and let
pux)= SR" D60 (x—1) p (1) dt.
Since
lpu(20)] = ’ SR"D%E (x—tye(® dt]
=|{se—n (—nmm pre@a]

= sup (D ][ 60 Ge—1)a

teCar(ep

< sup [DPo(1)|

teCar(e)

< 00

by Lebesgue’s theorem, the relation

tim{|  f0ODPRGx—De@dtdx={  f() (= DIrDEo(x)dx

ko

holds.
By Fubini’s theorem we have

05, @D e—nedax={ {| 10Drspe—nax}ei.

According to the structure theorem (T. Iwamura, Y. Kawada and K. Yosida [2]),
for each S=(2™), m< oo there exist an m, and a continuous function f defined on R"
such that

S() = 1) (= DimoIDzop () dx

for every o =(2).
Therefore, for each S=(2™)’, m< oo there exist an m, and a continuous function f
defined on R*; the relation

tim{ {0 rDmegcs-ndxfe@ar=st)
00/ R LJRY
holds for every o =(2).
It is celar that f,e(&).
We have the following proposition immediately from Proposition 5:

PROPOSITION 6. For each S&(2™), m<co, there exist an m, and a continuous
Sfunction f defined on R" such that for each ¢ €(2)
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(F, 9) =S(¢)
where
FO=({, reopreste—nax, | 160 Drosgee—yax, -,
ExampLE 2. Let f be a function defined on R! with the following property:
flx)=x (x=0)
=0 (x<0).

Let Y be the Heaviside function defined on R! and let § be the Delta function defined on
Rt, Then

tim{ A 7004890 naxbenar=vip)
tim{ A o0 sp-narfeai=sp)

for every ¢ (2).

Remark. The characterizations of the locally integrable functions and the continuous
functions in the space of distributions were given in [3], [4].

An outline of this paper was presented at the meeting of the Chiigoku-Shikoku Branch of the Mathema-
tical Society of Japan, held in Kochi, January 28, 1973.
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