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1.  Introduction

J.Mikusittski[2]deaned tte product δ.10ftte Dirac delta‐ distribution δ by tte

Function tt as the distributional limit of δた
(÷
*δた
),and gave the result thatX

(1) δ・孝=―与δ
′・

The notation used here is that δた is the so‐ called delta‐ sequence,i.e., a sequence of

smooth functions within― ∞ <χ <∞ ,satisfying

lC δた(χ)=O fOr lχ >αた,Where αぇ>0,αた→ 0;

2° ∫孔δl(χ )プχ=1;
3°  lχ
ι+lδ

ttι

)(ガ
)|<ル
「
  (フ′ιindcpendent ofた).                    ,

Using the equahty(1)B.FiSher[1]gaVe 14any important rcsults.

wedeanetlequotieitttOfheDirachelta_distribution δ by thё  funё tion χ as he
distributional limit of早 ,where δ,,1(χ)iS the sequcnce of functions within

―∞ <χ <∞ ,Satisfying                           l

みω=0印羽>券)
=た 0ネキ).

With this deanitiOn、 ve have

(2)
δ
=―δ′.
χ

Using the cquality(2)we haVe a fcw results.

The diIFcrence between(1)and(2)will be one of the characters which aFe Called
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ambiguity by G.Takeuti[3].

Equattty

(3)

KuRIBAYASHI,Y.

刀
付

評―芋(芋)一チ・チ
is used in quantun■ 14eChanics,provided the diRbrence on the left side is considered as

a �ngに cndty,no mea� ng b�ng rdattd is pa� cuttr membett δ2 and(〕 2.
J.Mikusittski E2]has juStifled this equality(3)using the Fouricr Transform.

In this paper we intcnd to Justify the f01lowing equality:

メ_与
(|)2=_与

.翌■ 徹>ω・

2.On the equality÷ =―δ′
Let α)>0,and for cach integerた と≧1,derinc

舛μω=00剤 >幸
)

寺 1剰≦チ),
PROPOsITION l.L?rデ bθ αんCry′ル ′η,9gr,b虎虎 η,′ο力冴げ

'力

?″ οtt Rl.

助 θヵνθ力αだ

∫ど
(∫乳δl,。 (ノーズちRノ )′ノ,∫乳δぢ,,(ノーχ)スノ)ウ ,_∫ Ll,,δ (ノーχ力(ノ )プノ,中●)

=Д打)

力 ′α′脇ο∫サθυg′ノ χ∈父
1・

PROOF.  ThiS fo■ ows in11■ediately from Lebesgue's theorem.

THEOREM l. T7Bθ y♭′Йo17′ηg θTクα″′′θ∫

δ〓上.δ =δ 上=_δ′
ガ  χ    χ

わ″.脆 f々t7,ヵ′θπ力ψ∈(9)ψ?力αフι

W(学,の =ψ′0=―δ′(η),

PROOF. Let ψ∈(9),and let

"力
θ′ι
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争業娑・学…隼,…〉
駒 =―

洗≦工≦う

ψ
′
(工)'境 =_嘉

』匙義

夕(丼 )'

∞

塩件(⇒′癖∫Fttω加=2た∫「
型建二
丑畢
廷二n=ダゃく_1+2鋤

ve have

1

2々海ィ(チ →
勤
∫F理 平

辺 力 ζ2町 .(キー
,〉

whereぬ a囀江number ��
手
>ε >0,IIenott we ttavc

胤・ μ比率 ω瓜⇒デ死=胤Чμ遮細 っぬ

=滋よ徴2々∫『空場井
辺力
)

とダ(0)

=―δ′(η).

δ
=―づ′,
罪

立_上 .δ =δ .上・X  χ     ″

LaF?∈ (珍 ),′″η

触上μ∫:押Pωみ=ダ0-伊砂).

Since

This sholws that

It is clear that

Co40LLARY l.

0<θ <1)

Q.E.D.

S韓,つ =ダ (0)=―μ(φ )
rr9胸♂,″θ免函を
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力 9盛 ?∈ (珍),薩軽―           .

学=(学,争,…り学μ・)・
PROOr. This followsimmedね tely from Theorem l― .
For each integeF々 ≧1,deane

先0)=0
(光
≦―
1多)

=た十T死   (=|‐≦″≦
0)

=そ -7t2ガ
  (0.≦

た≦
〕

●≦F)==0

'ROPIs■
ЮN2, 財 ,∈ (珍),力 ?鵞

力Fe勲 ?∈ (の,v力解

PROOFi ■et δぇ(力)be the derivative in the sense― of distribution
づ″(つ ,then

早 ‐琢熊 ,ユ響
For.almost evcry″ ∈貴1.

Let?∈ (9),and let                   iド

η(〆),塊■

漁・p`∫:岸φ(づぬフω)=―伊ω

よ(手,つ三?0_0「(P),

■二(■Ⅲ争Ⅲ…,■ォう

rf94f9,陸 zry貶

of tte funetion

・一・　　　　　・″ド・ｍ

ｉｎｆ暴・　　　守

貯　　　　助
カガ晃

Since

∫亀

上ゞ星■イⅢⅢ
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1

=_々 2∫
:?′
(χ(-1+2θ ))2ズ″ガ   (0くθ<1),

we have

1

転=た2【境2ガ丼≧―∫乳ft(工 )ψ (″)み

≧た2∫手
.解た2ガ″″=脇た。

Hen∝ぅWe havo

(1)          liコユ∫:∞づ
'(死

)?(アンガ=― rP′ (0)==づザ(rP)
for cvery ψ∈(p).
Let,こ (9),thc4

(il)   ,靴 V・●・∫乳2.どと七|⊇一?(″ )ブガ=2ψ′(0)〓 -2δ'(?).
The relation betwee4(1)al� (11)implys that

漁V・ p・比學 沖ν″

=胤此聾ωψωみ+漁中 此 ?・
二
瑠
生 メうカ

=δ
′
(?)-2′ (の

=―δ'(ψ)

for overy,∈ (9).

B,Hs4er[上 ]proved the fohWing pFOpOsitiOni

PROPOSIT10N 3. 身 θ/oiと帥 ing θ¢随力″θ∫わ″ :

①    ォ0づ=暑′>暑先
0      (死・う。δ=づ ,

(7)         (ォ ・δ)。 |=0・

By Theoremと we i4114ediately have the following― proposi慎on.
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PROPOSITION 4.  聯 奪 羽 卵 7ηき狙 ″直輸捷s協ゅFrJ:

0)′ オ
(|)づ =す )‐

ф)'        (打 ・
|)・
δttδ

,

(7)′          (≠・δ)・与圭δ.

F二eaユ1承
耐埼評■02_÷ .争
,r々≧1,denne

塩(つ =チ  ぐ剃透孝)
=0  ←|くう・

Thc followれ gneOremjustirles the cquattty(4).

THEOREM 2` Я″9“れ,>0,′″′¢9ガ∫お婢,>0,,″カメ?兜力η∈(珍),ヵ99″ 9Jir7

軍《δサ)2)の _与低の)=(Pi手・争,?)
わJJs,"甲

/と (/Aォ /2,一 為 ,いつ,

(0と)2=((δ
-1,,)2,(δ

l二,,)2,.`"(δ

',,)2,中

i)●

PRoOF. Let η∈(珍 )i
Since

2,∫
:∞ωl,,)2(ォ )ψ(ア)″〆==2。∫41ケ争?(荘)ブォ

‐2々?ω)+θ(|),

∫:誌為(χ),(ガゾガ=∫:ユギ子ψ(1)+∫寺_5:戸?CvT)ブ'7.・

1

=2た?o+OGう十∫:『|ダ∽み+峰|ダω″猛
we hve
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此α,か<瀬う″カー券∫彿ω天翔ブエ
1

=ο●汗券(死『寺ダωガX+峰|ダω″〆),
We immediatoly have

漁券(∫:ξ与?′ωブX+∫と|ダω′工)
れ

―子(Pi券・|)ω
とPittt争 (ψ)・

Hence

説《(δチ)2,の _歩低φ
"=|二
券・チ,ψ),

If wc put,=孝 then強 obmin

Жω
:)名
?)一手(ヽψ》‐(Piキ・■ぅη)・    Q,EtD.

I wish to express my hearty hanks:o PrOfessor Ti Shibata oF Science U� versity of

Tokyo whO has givell me much kind advi∝

Re`erences

[1]BI FIsHER9 Tlle prOduct oF dヽ 営ibu■oAj― Q改,t.J.�rath.ottford scF!,2'■ 2(1971),291抱 98`

[2]JI MIKuSIttsKI, Ont碓 現 ware of thc DiFaC deltか dttsll・ ibutiOn,3uII.Attd.Pololl,SⅢ Ⅲ,S,I Sci`
maと,astF,phys,14(1966),5H-513,

〔3]C.TAXEUTえ , 0五 Dirac Spa"s(ね JapattSけュKattk■ ,329(1%2),452婁 56.




