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1 Introduction

Hausdorff-Young theorem is an extension of the Plancherel formula to L” space. This theorem has been
extended to various cases. For example, it holds for separable locally compact type I group([L3]
Theorem 2.2) on unitary dual. On the other hand, the Fourier transform of L? function on a semisimple
Lie group has a holomorphic extension to some domain T, which depends on p and a Hausdorff-Young
theorem holds on T,. R.AKunze and EM.Stein [K-S] obtained the first results for SL(2, R) and
R.L Lipsman proved it for SL{n, ¢) ({L1],[L2]). In [E-K] the theorem was proved for the spherical
Fourier transform on Riemannian symmetric spaces. In [E-K-T] it was proved for the Fourier
transforms of K-finite functions on Riemannian symmetric spaces.

The purpose of the present paper is to prove an analogue of the Housdorff-Young inequality on G/K :

If 1<p<2 and +‘———‘ s then
a K/M ’ M ¢ — P p

(Theorem 1). This inequality is the same as Theorem 1 of [E-K-T], however, in which it was assumed

that functions f are K-finite. And if 1<p <% and & +/-17 €T, then

[ 1] FE =TT, 1) 7 /710, 00 dhl ) o £) a2 | =y U1,

(Theorem 2).
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2 Notations and Preliminaries

Let G be a connected semisimple Lie group with finite center and K a maximal compact subgroup of G.
We denote by g and ¥ the Lie algebras of G and K, respectively. Let §=f-9 be a fixed Cartan
decomposition of g with Cartan involution # and g=f--a-4nan Iwasawa decomposition of g such that
ais a maximal abelian subspace of p. We denote by G=KAN the corresponding decomposition of G. For
$€G, #(x) €K and H(x) €a denote the elements uniquely determined by x€ « (x)exp (H(x)) N. For a
€ A, we write log a for H{(a). Let a™ be the dual space of a and aXits complexification. Let M~ and M be
the normalizer and the centralizer of a in K, respectively, and we denote by W=M7 M be the Weyl group
of G/K and [ W] its order. Let n= ¢ (n) and N denote the corresponding analytic subgroup of G. We fix
an ordering on a* which is compatible with the above Iwasawa decomposition. Let # be the half of the

sum of all positive roots of (g,a). Let af be the positive Weyl chamber of a* and put
ap= {Hea: a (H) >0 for all ecaf}.
For any € >0 we put
Cop=1{re€a™|(sA) ()| < ep(H) for all HE a4 and s€ W}

We define the tube domain T, by T,= a*+ﬁc@/,)_1) 0.

We denote by C°(G) the space of all compactly supported C*-functions on G and CZ{(G/K) and
CZ(K/G/K) be the subspaces of C; (G) of right K-invariant and K-biinvariant functions, respectively.
The Killing form of g induces euclidean measures on A and o™, We normalize them by multiplying the

factor (27 ) 4m%2 and denote them by da and dVv , respectively. Let dk be the normalized Haar measure

on K so that the total measure is one. The Haar measures on N and ﬁ are normalized so that
0 (dn) = d#, f g2 W) =1,
N
And we normalize the Haar measure dx on G so that

f N (x) dx= fKAV Flkan) 9 dhdadn, £ €C(G).
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Let dky be the K invariant measure on K/M of the total measure one.

Let

o0 (%) :f LT HED) g e
K
be the elementary spherical function. We denote the Harish-Chandra c¢-function by

C(A):f g("/‘—MJrP)(H(ﬁ))dﬁ.

u

3 Fourier transforms

Let H be a complex separable Hilbert space and B (H) denote the Banach space of all bounded linear
operators on M. The operator norm of B(H) is denoted by || Bl and the p-norm || Bll, of B is defined
by IBl,= (tr ((B*B)”2))Y? for 1 <p<oo, where tr is the trace.

Let L2(K/M) be the subspace of right M-invariant functions in L?(K) and denote by (-, *) the inner
product in L*(K/M). Let L*(a*, B(L*(G/K)))" be the Banach space of all B(L?(G/K))-valued
W-invariant functions F on a® such that

(1) if 1 <p <o,
1PL=([ IPCOIle( ) an | <o,
(2) if p=oo,

| Flle=ess supaiecall F{A) lleo <00,

where we identify two functions if they differ only on null sets.

For each A €ag the induced representation 7, of G on L*(K/M) is defined by
(72 () @) () =V TA 7 D HED) @ (ke (57h)), (DEL*(K/M), € G, kEK).

Then if A €a® then 7, is a unitary representation. For f € C;{G/K) and A €a we put
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w0 =] 7, Wax
Then
(ma(D®) (B =] I/ (4 b 1) @ () s,

where

KAk By) :f Vf(kanlel) e CIAF) Cloge) dadn
Al

= f . Fllany) ¢ TR s gy

Al

We define the Fourier transform f of f€ C° (G/K) by

f( A, EM) :f F(kan) o IAE ) Coma) g gy (A €a* reK),
AN

Then it can be extended to a holomorphic function on ag& Let @o be the identity function on K. Then we

have
(ma (D) () =74, 1) [ @ () ata=F(A, ) (@, @),

On the other hand,
() * 700 B =] {05 b, DR b, ) i) @ ()
=[O M) P [ @ () a,
K/M K

=f |72, b M) | Pdlip (D, o).
K/M

Hence
Ima ) = ([ 17, i Par) . (1=p <o0).

We put F) (A)=m, (). If A € a* then|7; (x)]o=1 and
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(3.1 IFADl e =M1 1L

Therefore, the Fourier transform can be extended to L'(G/K) satisfying (3.1).
The following is the Plancherel formula([H] Theorem 2.6): If f €CXG/K), then we have

[ 15 Pax=m [ 170, 80 1216(2)] 2aray

@ X K/M

=W [ I (DI ()] i

Hence
(3.2) (W Y21FD Le=lIsll,

and it is known that the mapping F: f = F(f) can be extended to an isometry of I*{G/K) onto LP(a*,
B(L*(G/K0)) ™.

4 Hausdorff-Young inequality in the real case

To prove the Hausdorff- Young inequality on a* we use the Riesz-Thorin interpolation theorem for
operator valued functions which can easily be led from the Kunze-Stein interpolation theorem in the
general case ([K-S] Theorem 3). Let (X, #) and (X, #’) be two ¢ -finite measure spaces. A complex
valued function on X is called simple if it can be expressed as a finite linear combination of
characteristic functions of measurable sets of finite measure. Let B (M) be, as above, the Banach space
of all bounded operators on a Hilbert space H.

LEMMA 1. Let T be a linear map of the space of all compactly supported simple functions on X to the space of all
measurable B (M) -valued functions on X' Let p;, q; (1=1,2) be 1< p, q; =0 and go F © or q F 0.

Suppose that there exists k; > 0O such that
T e = Rl Ay

for any compactly supported simple functions on X. For each 0t <1 we define p, and ¢, by

1 1—1

2 Po

; 11—t ¢
— i = _
T @ % @
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Then there exits a constant k such that b, < E'H and
17O o, <k A,

Jor any compactly supported simple function fon X. And if p,<< 0, then T can be extended to an operator of

LP(X).
If we choose that X=G/K, X'= a* T=F =1, gg=2% and py=q =2, then we have the following
theorem since the inequalities (3.1) and (3.2) hold for compactly supported simple function fon G/K.

THEOREM 1. If 1<p <2 gnd % + L =1, then there exists a positive constant Cp, 0<Cp< [W]Y? such

that

= {[ ([ 170, 801 7ane)”* 101 20 "= 6,1,

for any f € I2(G/K).
In [E-K-T] this theorem was proved only for K-finite functions on G/K.

If fis K-biinvariant, then
FQA, kM) Zf f(cm)e("”yrm toge) godm
AN

[ et ax

Hence f( A, kM) is the spherical transform of f € C° (K\.G/K). We denote it by f( ). And the

Plancherel formula and the inversion formula are as follows: If f € CJ” (K™\G/K), then we have
folf<x>|2dx=[w]’l fa‘lf(/\)|2|c(/1)|“2d/1
and
=" [ HD9 @],
Restricting ourseves to consider K-biinvariant functions in Theorem 1, we get the following corollary

([E-K] Lemma 8).
COROLLARY, I[f 1=<p <2 and % + L =1, then theve exists a positive constant C,, 0< C,< [W]"? such
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that
1701001 202 "=,

for any f €LP(KONG/K).
For the Hausdorff-Young inequality in T,= a*—}—«/—leﬂ it is necessary to have an inequality

(4.1) supll (Fp) (A) lo =1 £

rET]
instead of (3.1). Kunze-Stein ([K-S]) and Lipsman ([L1],[L2]) constructed uniformly hounded
representations to have an inequality of this type. In [E-K] the boundedness of ¢, on T due to
Helgason-Johnson [H-J] was used. In [E-K-T] the authors proved that if f € C(G/K) is K-finite of

type F, then there exists a constant Cr>0 such that

sup | (Ff) (1) lleo = Crll flh.

AET]

5 An inequality in T,

Next is the Young inequality due to A. Weil ([W], p.55)
LEMMA 2. Let G be a locally compact unimodular group. We denote by f% g the convolution of functions fand g
1 Pq

on G. Let p and q be veal nmumbers such that 1< p <00, 1< g <o0 (md—};* —+ 7> 1. Letr= S a—pg Iff

ELNG) and g€ LU(G), then fxyg is in L'(G) and the inequality
I gll, <N Al gl,

holds.

As a direct consequence of Lemma 1 we have the following lemma.
LeMMA 3. Let K be a compact subgroup of a locally compact unimodulay group G. For a function f on G we put
@ =f). Let 1< p <2 If fis in L'(G/K), then f* % f is in 17> (KN\.G/K).

Now we return to our Riemannian symmetric space case. Next lemma is the Hausdorff-Young theorem
for IX(KN\.G/K) ([E-K] Theorem 1). For a subset S of a& we denote by IntS the interior of S.

LEMMA 4., Let 1< p <2, % -+ %f =land € = ——i‘ — 1. Iff ELP(K\G/K), then the Fourier tmnsformf
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can be holomovphically extended to the tube domain IntT, and for any 7 € IntCep, there exists a positive

constant Cpy such that

(fa‘iﬂéw—_l’?) 1Y9<Con I, (f €ELAKNG/K)).

Let f €C°(G/K) and A €ad

(7% (1) :f (F* % 1) (am) ¢~ TAH?) Cos) gy
AN
:f (f G f(xam) dx) o TYTIAED) Woga) 4y
ANV G
:f (f f(ka'w) f(ka' a(a % @) w) & 49 ghaa’ dn’) o\ T TAHO) Cogd) gy
AN\ KAN
— f f(ka' M/) (f . f(kom) e(*ﬁ/\“}—/’) (loga~logd) dadn) eZ:”(logz’z) dkdd dn’
KAN AN
___f (f f(ka' 1’/) e(\/T/H—,”) (logd) dd an') (f f(kan) g(_‘/,_l,pr/;) (loga) dadn) b
x\J AN AN

:f FQA, kM) F(A, kM) diyy.
K/'M

Thus we have the following lemma.

LEMMA 5. Let f €C; (G/K). Then

(qu)(x):f FQA, BM) F(A, BM) dRy, (A € al).

K/M

From Lemmas 2, 3 4 and 5 we have the following theorem.

THEOREM 2, Let 1< p <% and %— —+ %:l‘ Forany 1€ IntCuyp3)e, there exists a positive constant

Cpn such that
- — 9 e 1/4
(L-' fm; FOeM, & —=17) F(kM, E-HV=17) dkyy | 7% e (8) [2a8 | < C,nllAl,

Jor any f €CC(G/K).
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