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Ps formation calculation scheme inside muffin-tins
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Abstructs :

Calculation scheme of positronium (Ps) formatibn inside muffin-tins is presented for
calculation program code of angle-resolved Positronium foramtion spectroscopy (ARPSEFS).
Layered KKR method is used in this calculation Spectrum calculation of angle-resolved Ps
formation will be performed for a lot of conditions by building in the new program code
into the previous calculation where Ps formation is calculated only around surface bar-
rier outside of the topmost muffin-tin. Subroutines for the present calculation are sup-
plied in the angle-resolved photoemission spectrum calculation code, SLON established by

Blake, Koukal and Larsson.

1. Introduction

Since positronium can be formed only outside of surface for metal and semiconductor, Ps
is expected to be a good tool for surface spectroscopy [1]. Especially, angle-resolved Ps
formation spectroscopy is expected to be a powerful spectroscopy to measure surface electro-
nic structure, because its mechanism is quite similar to angle-resolved photoelectron spec-
troscoopy and ARPsFS is more sensitive to surface electronic structure [2-12].

In the last decade, technique for intense monoenergetic positron beam has been developed
well [1,13]. Lawrence Livermore, Mainz University, Electronic Technology Laboratory (De-
nso-ken), Osaka University and JAERI Tokai have well-operated intense pulse positron beam
lines. Using those machines, we can do very easily ARPsSFS experiment. Technique to mea-
sure Ps energy distribution has been established for pulse beam [14,15].

However, to analyse experimental spectra, comparison with theory is necessary. Though
we could expect that ARPsFS spectrum is similar to surface local density of states, we

should encounter certain modification by so-called matrix element effect. Similar situations
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are in ARUPS : we could analyse nothing without program code of ARUPS calculation [16].
Program code for ARPSFS has been developed by using theory of ref. 12, We included Ps
formation only around the surface barrier (outside of the barrier and the space between the
barrier and the topmost muffin-tin layer) in the theory presented in ref. 12. Though Ps wave
function decays strongly towards inside from the barrier, it looks necessary to include at
least terms from muffin-tins of the topmost atomic layer. It is also confirmed by results of
ARUPS calculation, because we use similar calculation scheme for it.

Thus, the purpose of the paper is to build ir terms inside the muffin-tins into the Ps
formation theory. We will also explain how to build in the above teory into the previous

program code with subroutines supplied in SLON.
2. Outline of the theory

Revolution to shorten computational time for ARUPS calculation was done by J. B. Pendry
with his ‘LEED-type calculation’ [17]. Key point of hig theory is to use Green’s function for
initial electronic states : conversion procedure is saved by relaxation of hole remaining in

the surface. In his formalism, photoelectron intensity,
I(;'f’u,E_Fw):jZk% |<us B0 | AL, ES[F oveeveeenneiieainenn, (1)

is rewritten into the following formula with the Green’ function for initial states.

[{ky, E+w)=—L1Im f ﬁz(;«mc:(;, FLE) N ) dF 4

Using the formula (2), we can solve it as scattering problem of one electron : an electron of
energy E + @ is de-excited into a hole state of energy E with emission of photon and then it
is re-excited to the upper level of E + @ again by absorbing a photon. The band structures
of initial and final states are calculated as multiple scattering of the electron in the solid. In
this formalism, we calculate only initial and final states which are connected with photoelec-
tron wavefields outside of the solid. Therefore, computational time is saved a lot by using

this formalism.
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Theory of positronium formation at surface can be formalized in the similar way. Ps
formation probability of direct process (one-electron process) due to an interaction V is

given by
I(ﬁlhEps):Z_’%,<Ps,Pulvl GO[E>? veveremerrirnn (3)

where Ey is energy of initial electron in the solid, and q and k is the momentum of positron
and electron respectively. € kq.p 1S the energy defference between initial and final state of

the system defined by
Ekq,p:EpS(f?)*EkﬁEq ............................... (4)

Using the definition of Green’s function,

S E><Ess| s, Es><s, Es
E—Es+i6 E—Es—i6

|j,E>p(E)<j,E|:—2—§[§|
= ﬁ%—ImG?(E) ............................... (5)

we obtain the following formula :

L

1(Pu, Ep))=—tim|[[ar a dicar b, )17 7)9,)

XGF T E)QFH ) VIR 7 ) Ypg (L 77) ceeeeeeeeiieeaiiieeeenii, (6)

where vpg and ¢ q is wave function of emitted Ps and incident positron. We can easily
notice an analogy between eq. (6) and eq. (2). Thus, we can use most of all photoelectron cal-
culation technique for the present Ps formation calculation. Positron corresponds to photo-
electron and Ps corresponds to photon field.

Positron wavefield is calculated by LEED program with positron miffn-tin potential.

According to the formalism of ref. 11, LEPD state inside the barrier is as follows ;

(7) =L"§A§g expliKL- ()] +A5 exp [L-[};. (F—G)], cevrermrnmmnmennenns (7)
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K’é#dﬁ-é,i SFoq—[Gu T BT ) woevveeerereesemmnneeseseenns (8)

and outside the barrier,
$o(F) =L T Aiseaplige-(F—C)| +Aigeaplide (F—C) ], oorererrere (9)
GE=(Gut 8, qs),  rrrereeereseeseereneiaieen 10)

where the sum is done for receprocal lattice vectors on the surface as LEED calculation. The
coefficients, A © ; is calculated by LEPD calculation, where the suffix j means jth atomic
layer from the top of the surface. Inside of the muffin-tin, the above plane wave should be re-
written in the spherical wave expansion.

Positronium wavefield is presented below ;

- 1 1 L,
%ps(ﬁ.r_):fm exp(—alr—71)

- -

-13-«-._7142'_’71] R exp[iP %] ............................ a1
where ag is the Bohr radius. Because of charge neutrality, we ignore multiple scattering
effects due to muffin-tin for Ps. It would be true for metal, at least. However, definitely for
ionic crystal, we should use a certain muffin-tin potential for Ps. Derivation of the muffin-tin
potential of Ps itsell would be an important and interesting topics, though we do not touch it
here.

According to ref. 11, we assume that potential for Ps has the following from :

[0+i0 (2<0)
Vel 2)= — o tiVi (Z>>0)  ererereeerreesiieiieine (12)

where z=% (z+ + z-) and z=0 is the position of the barrier. The solid is in +z direction,
the same as LEED theory [18], Though investigation for spacial shape of the barrier poten-
tial should be done in future, we here the above step potential for simplicity.

The interaction of Ps formation, V is approximately a Coulomb interaction between the
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positron and an electron as derived in ref. 10.

We should point out that for ‘on-shell’ case, Ps formation matrix element due to eq. (13 is ex-
actly same as the other Ps formation matrix due to image potentials as we showed in ref. 10.
For energetic positron, we should use dynamical screening potential as in ref. 19. However,
here , we use just the ordinary screened Coulomb potential for simplicity. In actual computa-
tional calculation, we could switch to the dynamical screening potential, because wave num-
bers and energies for electron, positron and Ps are all fixed for each multiple scattering cal-
cultaions.

Hereafter we separate eq. (6) into the following two parts, according to ref. 11,

[:*FIMfd’f“fH(ﬁ)L(’ﬂ) ............................... 14
H{#)= A7 (7 71)%,(71) ............................... {15
L) =[d#[dFGF .7 Ey) o (#)V(# 7) Ynpg(FLF) wormmeemnesemenenien {16

3. Wavefield H(z)in muffin-tin potential

First, we reexpand H (F —) into sherical waves. To calculate transmission and reflection

coefficients for a layer, we take a beam incident on the j-th layer
Wia exp[il Y2 (F—G)] e (17)

choosing as origin the center of an atom in the j-th layer. This plane wave results in spheric-
al waves which in the absence of a potential would have the form near the atom at the

origin,

SAD D BT Yl 0,9) e 19
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where
A (7) :);4 A1 WikY,  (Kiz) woeeeereemennnnni 19
and our shorthand notation for the argument of Y,—,, denotes the angular direction of K+1g.
Thus, for incident wave of amplitude W; from —z direction and V; from =z direction, we
obtain
A, () =2 4 (1) Wi Ypon BV Yom(Kiz)] cooevriiiiniineenne 0
8
According to ref. 17, multiple scattering between atoms within the layer modifies A
y I X L O I @)
where X, is presented in ref. 18 for a more detailed description of this calcultion. In our
program code, X is calculated by XMATKC which is based on the method of Kambe [20]. So
we have the expansion we seek about the atom at the origin in the j-th layer

<¢le|?>:%FZAH,H(J'WH(E2,|7‘— By (F—E)@ T weeveieinieinrins )

where 451 is the solution of the Schrodinger equation that is regular at the origin

w” — % (%;[ + ¢;[> ............................... (2 3)
and outside the atom reduces to
¥y, (Es, r)zjl[em%;([(”) @ THRIK, )] ceneeneereenesenene s 24

In rer. 11, the wavefield H (r) of eq. (19 is separated into four terms ;

H(?‘,):Hu(?_)+H12('71)+H21(71)+H22(’7i) .............................. (25)
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Among them, waves in solid are Hq2 and Hys.

-2
Hyo(7-) :W§§§R° D%xpli(Ghe—Du) 7] expl(—2bs—igS) 2]

-2

a3 23 TDfeapli(@he—pu) 2]

X [exp [(—be—ip¥/2)z]—expl(—2be—iql)z] ] ............................

—iqdi1» C
o 40 ore 110 C1

1 —Alg 3T T 00000 tesseeeasetcenssscsseccsssrusanns

' betigl—iql/2)’

—i .
DG_ o 27[@ qon-c1
7=

e be (bg+l‘qu~ lpi"/Z) ’

be=(a*+|qe—p/2/0F e
65:(611—{—8;, i—qz) ...............................
=] ao‘}“ﬂ, R+:1’ szR ...............................

Hy(7)= J”L—;s >y TDé’“exp[i(I?ffg*ﬁu)%]{exp[(ing*pT)z_]
—expl—be-ipl/ 22| + LS S D D i) ]
x|eaplibs—ipt/2z ] enplling.—ipt/2—b,)c]

—exp[i(Kgfz—p?‘)z_]J s e,

Dy=A2 2mexD(—IKZC) e
© be(IKS—ip*/2-+b,)°

2rexp(—iKS-¢)
_'bg(ing_Z:pT/Z_bg) ’

D4:Agg

K§:(§11+§, + [2F,— GuFglT  rrreresrrsees

27
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Thus, we obtain for each wave numbers,

L2

le"l“sz:
na,

!

;;(;’RUDO‘G'__TD;)‘)ei(alfg—ﬁll)-7ve(*2b8— iqu)zg

s

IS T( D DY) us—Pw 7 e(_bg_i%‘)*z,

For atomic layers below the second, we should consider only terms including Ao.
From the above, we obtain coefficients W and V of eq. 20 for each wave numbers and

obain < ¢ | Gs | > in spherical expansion.

4 . Wavefield L(f) in muffin-tin potential

Inside the atom (muffin-tin sphere), electronic Green’s fuction is given by
G (E, 1, 7‘/):“iklfz,’/’u(ﬂ)‘ﬁ}ik('ﬁ)nm(’;‘/ﬂéj) nm(?—éj) ................. 37

where 7. and 7. means the smaller and the greater of | r—¢ | and "r"—éj | . As shown

above, the wave corresponds to photoelectron in ARUPS theory is given by
<¢|G2|7>:%§Azem(j)%p(Ez»|7“—5f|)sz(?‘@)e"m .................... (39
Thus, if we assume that r'—¢; is outside of the muffin-tin, we obtain,
168Gl =i 8 Syl V= farp 7 - el - o)
o2y

X;'A;“[,,m,(j%/»;'}(Ez, [7 =) Y7 —Coe

—— iR 7 ) Vot 8) Sl e



Ps formation calculation scheme inside muffin—tins 29

X[Vl F—E W B = oD

Xfmn(;_gj) YE(F—G)AQ  eeeeeeereereeneiieennee 39
where we use
/Y}m( D) A Ch Ve o T G P P OUUO SRR UUP RO (40)
which is obtained from
fos”inﬁdﬁfucig’;nw(e, DYy (8, @) (—1) ™=y Gy e+ veeeererresnrenerinenanns ()

Therefore, we obtain
F1Gos Gl ) =1 7 S ) 1) Vo= 8D A )
Xf‘p}f 30‘247 E2,|’r CJ! PEAT e (42)
In contrast to photoemission theory, we use only terms of 1=1", m=—m".

Since the wavefield H is defined by eq. (19), it would be a problem to define 3. From eq.
(86, we should use four plane waves outside of the muffin-tin. Thus, we should solve Schro-
dinger equation for each waves to obtain ¥2;? 1)021", P21’ 3&\21(1 by using electronic muffin-
tin potential. We should get a sum for these four in eq. 42),

{7 iGUGZ|¢>—"“I, Z’( 1) (| 7= &) Yy (7= &) A, m(])e—mzi

aabm/,pw YK (Ep| 7 — G ) ridr e {3

The obtained formula can be rewritten to the following form :

(161Gl )= S B H - EDVuFC)e™ i, m
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i

B ) =ik Sl e 17— C VS By BT e )

which is just same as formula 06 in ref. 17. Since it is emitted wave from each atom, we
should calculate multiple scattering of the wave me(O) within the layer.
It is easy to find amplitudes emitted by atoms other than the one at the origin : an atom

removed a distance R from ¢; emits wave-amplitudes
B explilkunRu)]l  ceeeereereess (46
where

Fn= Guz _1511 ............................... n

Multiple scattering within the layer can be treated as same as ref. 17 and we obtain,

)
2Bi¢w

210‘10'_..1

Bim=2> [1=X(E, R it om  roeeeeremeessmnneessmennee (49

om €

Byym can be obtained by using subroutine BGPM in NEWPOOL or SLON with By @ as
input data. ‘

The waves in eq. @8 are outgoing. However, according to ref. 17, we can easily use the

same formalism we used above if we suppose that the outgoing waves were caused by inci-

dent waves,
SN A AL A ) SR 19
where
© eTmZ":J_ BY, e 60

Substituting the above waves from the total wavefield, we obtain,



Ps formation calculation scheme inside muffin—tins 31

2B o1
%n:—’[Bum_ ezio‘lz_l ]%?Y}mem !

o~

Bi, ;
+ —”—I[eﬂm— R L7 7WR PP P PRSP PP

ezww_

where we use
2o =h +h?
=Yhe T Y
=2 3[,1[ elou| ,)bl+[(e~iow_ e mu])
Y=g ()

Plane waves emitted from the layer are

Sty o o
7”/|G(1°}G2|¢> —_*%’a);g eFBAT-Ci e, (Z>Cj2)

) o7 . . =
aftg:ﬂ%’%' KIZZT& jfx;'{_(‘;) (1=X om0 SIN(8,) i Yy Ky) vovvvnvennnnnn 55

Multiple scattering between layers is calculated as same as ref. 17. Namely, we define ampli

tudes of waves on the —z side of the j-th layer, travelling in the +z direction,

Ligd’}e IRIZ. (F—C) eseensencesssesssnssasononsares (56)
and on the +z side travelling in the —z direction,
‘ (7)
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we can calculate d; to N-th layer by using the method presented in eq. (112) to eq. (118) of

ref. 17. Computational calculation of this part is done in the subroutine PELOW of SLON,
The wave calculated above incident from both sides gives the incoming spherical waves

about atoms in the layer. For the atoms at the origin of the j-te layer, corrected for multiple

scattering in the usual way, the amplitudes are
F}M=§;47rig(—1)m[de}_m(KTg)+dJ§n~m(1€f§)](1—X1)[wt,aw """"""" (68

Adding the amplitudes originating within the j-th layer, the total wavefield outside the atom
at the origin in the j-th layer is

L(#=(?IGiG.|¢)

1 2B 1 e
:f%’ [Em_‘_me_ ﬁ] eLG ﬂyﬁlﬂyﬂm

(0}
Bllm

W[eﬂd‘lﬂ_e—io‘ll] 1)[/1'} },ﬂm ............................... (59)

which is just same as eq. (120) of ref. 17 exept each coefficients, F ¢, and By g .
5. Final coupling

For j-th layer, we define the H (f) wave as follows,
H('F):le(’?')'i”sz('?')

:fa: 'ﬂzm'/Agﬂ’m’(j)%;'(EZ’I?_EJ'I)Y;’"{(?‘_6f)eidﬁ, .................... (60)

b
d

)

Substituting Gi has the effect of replacing s by — %1, we obtain,
~Limig v Ve, Gipt Vil )

= 51; I (B VO GI—Gr) E Vil @) ++vereeereerseseernenienin. )
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so that
(g G GIVRR | ) =1 TTZine |7 C) YonF @) rvsrsssseeee 6
Z[m I;}m,,_me_i_ Z:COt(aw) e—zidl[B;(;)Z ............................. (63)

Using egs. 60 to 63 we find that
1= Im[H() L) d7
ImZ'ZAZM( )eio 78 ot
XA Y B 7= E Hi 17— 8 ) Yy = C Yy

:”—ImZZ’Am( et Z2 gioit

X | Yy (F—C1) V{7 — 1) d R
ImZ(—l) "As-n(j) e Z et
Xf%l’ D (7= ridr e 64)
where we have summed contributions from eac_h atom in the layer, and we have used
Vi =Y
SX =0, e 65

The final expression for the current emitted into a beam with a parallel momentum p is
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Tur(Bu, Epy)= }ajz I/ 66

which complete our derivation. In the actual calculation, we should add the contribution of

electron around a surface barrier, which has been presented by Ishii-Pendry [11],

I(Pn, E,.) :IMT(ﬁll,Eps) +I1p(13u. Ep,) weeeeeenereeennaneecniinien 67

6 . Conclusion

We present formula of angle-resolved Ps formation spectrum for matirx element inside of
muffin-tin potential. We can calculate every terms in the Ps formation theory by using the
present result with the former result of Ishii and Pendry. To construct computational prog-

ram code is easy if we use SLON as a base program cade.
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