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1 Abstract
We give upper and lower bounds of the discrepancy of the sequence (an + fnlog n).
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2 Lemmas

The discrepancy Dy of the given sequence zi,... ,zy is defined by

Dy = sup TI;A([a,ﬂ) :N) - (8- a)f,
0<a<p<t | Y

where A([a, 8) : N) is the number of terms whose fractional part is included in [a,8) C
[0, 1].

Lemma 1 (Erdoés and Turéan inequality {2, Chap.2, 2.5] ). For any positive inte-
ger m, we have

DN<m+1+ Zh 227”}”"‘

Lemma 2 (Goto[1], Theorem 3.1). (i) Let 0 < o < 1 and 8 > 0. For any ¢ > 0, we
have

e+l —{a+B{log N+1)+e¢
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where the constants implied by the O’s are absolute and {z} is the fractional part of z.
(ii) Let 0 < 8 < 1/(2log2). For any 0 < € < 1, we have

N
Z e2mi(an+tpnlogn)

n=2
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where the constants implied by the O’s are absolute.

3 Theorem

Throughtout this section, the constants implied by the < are absolute.

Theorem 1. For the discrepancy Dy of the sequence (an + Bnlogn), we have

T/lﬁ’ %g(m,

for some positive constans A and B, where g(N) is any function which tends monotonically
to infinity.

Dy>A Dy < B

Proof of Theorem 1. We set € = 1 in Lemma 2. Then

N 1
. 1 e el/hf
g2mih(antfnlogn)) \/—]V+O ————— 1 + O(log N
2 = VPh o 1 Vager ) )+ Otee )
2
1 1 1 1
X 1+M,+O((m . 1+hﬁ+o((m )
= REVE+0 | o - | +0log V)
2111/3+O((71176' ) ﬁ'*'o((ﬁlﬁ )
< VhBVN
Therefore
N .
Ze2mh(om+ﬂnlogn) — ‘IN| < /hﬂ\/ﬁ
n=1

For any function g(n) which tends monotonically to infinity, we have

I

" N
Noyeo \/Ng( N)

which implies that there exists an Ng(h, §) such that

=Y

lIN| < VNg(N) forall N > No(h,B).
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By Lemma 1, we have as N — oo

i

We choose m = [N1/2]. Then, by the definition of g(n),

I 1
DN<<-n—1+;m\/]V g(N) < <—+———g(N)logm.

log N
D <<N1/2+-— N)log N € —=
N TN log N < g

for all N > max{Noy, (h + 1)?). By the [KN,Chap.2, Cor.5.1] and Lemma 2, we have

9(N),

N
Z 621ri(an+ﬁn log n)

n=2

L o) | (o
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> VN,

where the constant implied by the >> depends on only .
Therefore we have 4N Dy > VN if 0 < 8 < 1/(2log2).
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