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CHAPTER 1 
INTRODUCTION

1-1 OUTLINE OF THIS PAPER 

In recent years, owners of above ground refrigerated liquefied flammable gas storage tanks, 
such as LNG storage tanks, have been requiring higher seismic design conditions for their tanks. 

Under severe seismic design conditions, detailed verification of a soundness of structures 
including uplift behavior of a tank bottom plate has been required. 

In most current seismic design procedures specified in standards, dynamic pressure for a 
design is typically calculated statically as if the maximum dynamic pressure represents an 
oscillation pressure during the earthquake. Besides, these do not consider effects of dynamic 
uplift behavior when calculating stress in a bottom plate. These procedures result in a more 
conservative design approach. 

However, previous studies confirmed that static analysis fails to calculate dynamic response 
behavior including the uplift of bottom plates, correctly. This is because in most cases, effects of 
dynamic oscillation including the uplift of a tank bottom plate during earthquakes based on 
outcomes from actual dynamic experiments or theories are not taken into account. In this paper, 
to find a more accurate design procedure, the following steps are followed. 

Firstly, a finite element (FE) analysis method, being a fluid-structure coupled 3-dimensional 
time-history FE analysis, hereinafter called ‘the FE analysis’, is used to specific tank for 
studying a tank response. It studies dynamic response behavior parameters such as response 
acceleration, base shear, dynamic pressure, uplift of a tank bottom plate, deformation of a 
sidewall, distribution of an axial force at a bottom of a sidewall and so on. 

Secondly, two mathematical models are developed to approximate results achieved by a 
more complex and time-consuming finite element analysis. Besides, a seismic design procedure 
is developed. This consists of these two mathematical models which use as inputs, outputs of 
previous studies for deriving dynamic pressure. 

Finally, the results obtained from the seismic design procedure are compared to the results 
obtained from the FE analysis. 

The FE analysis revealed that the tank response such as the response acceleration, the 
dynamic pressure, the base shear and the uplift height of the tank bottom plate are significantly 
smaller than that due to static conditions. It implies reviewing dynamical behavior of tanks 
during earthquakes.  

The FE analysis also shows that undulating deformation occurs at the top of a sidewall. This 
deformation has not been observed previously under static conditions typical of experimental 
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laboratory studies. The magnitude of this deformation is affected by the stiffness of stiffener 
rings installed on the sidewall. By applying the FE analysis, it is discovered that this deformation 
has a relationship with the response acceleration, the dynamic pressure, the base shear and the 
uplift height. 

Next, a new seismic design procedure referred to as ‘Simplified Seismic Design Procedure’ 
is developed to provide a more accurate evaluation for design of a connection between a bottom 
plate and a sidewall of inner tanks. This procedure takes into account the uplift behavior of a 
tank bottom plate by using the findings of the dynamic response of the tank including the uplift 
obtained from the FE analysis. 

The proposed Simplified Seismic Design Procedure is established from a comprehensive 
application of; 

- theories of bulging and rocking motion to calculate dynamic pressure, 
- two proposed mathematical models to calculate displacement and stress of a connection 

between a bottom plate and a sidewall of inner tanks, 
- parameters for the models obtained from the FE analysis. 
The first mathematical model for design of a connection between a bottom plate and a 

sidewall of inner tanks is referred to as the ‘Structural Mathematical Model’. This model takes 
into account the uplift of the outer edge of the tank bottom plate due to earthquake forces, 
subsidence of the bottom insulation and bulging deformation of the sidewall. The proposed 
model can be used instead of a more commonly used finite element analysis methods which are 
generally used for design of a connection between a bottom plate and a sidewall. 

In finite element analysis methods, several properties are considered, including tank 
dimensions and plate thickness of each part, magnitude and distribution of dynamic liquid 
pressure that is affected by width and height of the uplift of a bottom plate, elasticity of a bottom 
insulation, and displacement of a tank sidewall due to a bulging mode during earthquakes. 

This paper includes these important properties in the Structural Mathematical Model to 
estimate the uplift height and the stress distribution accurately. The bottom plate part of the 
model is developed based on a theory of elastic bearing beam. To increase accuracy but maintain 
practicality, a thin cylindrical theory is introduced in conjunction with the bottom plate part for 
considering influences of the bulging displacement of the tank sidewall on the bottom plate. 
From the case study by the proposed model, it is found that the bulging displacement of the 
sidewall has a significant effect on the uplift height of the bottom plate. 

In establishing the procedure, secondary mathematical model is presented. This model is 
referred to as the ‘Force Coupling Mathematical Model’. This additional mathematical model 
provides the axial force distribution at the bottom of the sidewall from the dynamic pressure 
induced by the bulging and rocking motion, which are an essential factor for the calculation 
process by the Structural Mathematical Model. 
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The proposed procedure is an alternative design method for a corner connection of tanks 
instead of current design standards or more complicated commonly used time-history finite 
element analysis. However, this procedure has been developed successfully only for the 
standardized specific tank. Therefore, further work is required to verify its suitability to tanks 
with alternative dimensions in detail. In addition there are several items, as specified in Chapter 
7, to be solved to improve the procedure. 
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1-2 BACKGROUND OF THIS STUDY 

1-2-1 Type of above ground cylindrical tanks for refrigerated liquefied flammable
gas service 

There are several types of above ground cylindrical tanks for refrigerated liquefied flammable 
gas service. Each tank type is classified by the relevant guideline. For example, API 625 [1] 
specifies as follows. 

(a) Single Containment Tank System 
This system incorporates a liquid-tight container and a vapor-tight container. It can be a 

liquid and vapor-tight single-wall tank or a tank system comprised of an inner and outer 
container, designed and constructed so that only the inner container is required to be liquid-tight 
and contain the liquid product. 

The outer container, if any, is primarily for the retention and protection of the insulation 
system from moisture and may hold the product vapor pressure, but is not designed to contain 
the refrigerated liquid in the event of leakage from the inner container. 

The outer tank (if any) shall be vapor-tight. 
A single containment tank system is surrounded by a secondary containment (normally a 

dike wall) which is designed to retain liquid in the event of leakage. 
 
(b) Double Containment Tank System 

This consists of a liquid and vapor tight primary tank system, which is itself a single 
containment tank system, built inside a liquid tight secondary liquid container. 

The secondary liquid container is designed to hold all the liquid contents of the primary 
container in the event of leaks from the primary container, but it is not intended to contain or 
control any vapor resulting from product leakage from the primary container. The annular space 
between the primary container and the secondary container shall not be more than 6 m (20 ft). 
 
(c) Full Containment Tank System 

This consists of a liquid tight primary container and a liquid and vapor tight secondary 
container. Both are capable of independently containing the product stored. 

The secondary container shall be capable of both containing the liquid product and 
controlling the vapor release in the event of product leakage from the primary liquid container. 

Vapor tightness of the tank system during normal service is required. Under inner tank 
leakage (emergency) conditions, tank system product losses due to container permeability are 
acceptable. 
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FIGURE 1-1: SINGLE CONTAINMENT TANK SYSTEM 
DOUBLE WALL WITH STEEL PRIMARY CONTAINER AND STEEL VAPOR CONTAINER 

FIGURE 1-2: SINGLE CONTAINMENT TANK SYSTEM 
DOUBLE WALL WITH STEEL PRIMARY CONTAINER AND STEEL PURGE GAS CONTAINER 
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FIGURE 1-3: DOUBLE CONTAINMENT TANK SYSTEM 
STEEL PRIMARY CONTAINER AND STEEL SECONDARY CONTAINER 

FIGURE 1-4: DOUBLE CONTAINMENT TANK SYSTEM 
STEEL PRIMARY CONTAINER, STEEL VAPOR CONTAINER, AND CONCRETE 

SECONDARY CONTAINER 
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FIGURE 1-5: FULL CONTAINMENT TANK SYSTEM 
STEEL PRIMARY CONTAINER, STEEL SECONDARY CONTAINER, AND STEEL ROOF 

FIGURE 1-6: FULL CONTAINMENT TANK SYSTEM 
STEEL PRIMARY CONTAINER, CONCRETE SECONDARY CONTAINER, AND STEEL ROOF
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Recently, ‘Full Containment’ tanks are beginning to become more popular because of their 
minimum footprint and a safer containment they offer. In the international guide lines, it is 
assumed that a seismic event which would lead to a large-scale sloshing incident unlikely occurs, 
then “open top” design is usually selected for a primary liquid container. This type of tank has a 
roof formed by a suspended deck with insulation, due to lower construction cost. 

‘Open top’ tanks have the advantage that the bottom plate corner connection is not affected 
by gas pressure. Hence, uplift of the bottom plate does not occur during normal operation. If the 
seismic design process confirms that there will be a limited amount of uplift from an earthquake 
event, then anchor straps are not installed. However, for tanks located in Japan, legislation 
requires that the primary liquid container is fully contained. These tanks are the dome roofed 
type and require anchor straps. 

1-2-2 Seismic design of tanks 
As specified below, several major regulations or guidelines for seismic design of tanks have 

been established. Such regulations or guidelines are selected and applied, depending on the 
country of construction of tanks, area of use and client requirements. 

Japanese guidelines 
a. High Pressure Gas Law ( ) and related guide lines. 
b. Recommended practice for LNG above ground storage. (LNG )
c. Recommended practice for LNG in ground storage. (LNG )
d. JIS B 8501. ( )

International guidelines 
e. API 620 Design and Construction of Large, Welded, Low-pressure Storage Tanks. 
f. API 625 Tank Systems for Refrigerated Liquefied Gas Storage. 
g. API 650 Welded Steel Tanks for Oil Storage. 
h. EN 14620 1-5 Design and manufacture of site built, vertical, cylindrical, 

flat-bottomed steel tanks for the storage of refrigerated, liquefied gases with 
operating temperatures between 0  and -165 .

Guideline ‘a’ is widely applied for seismic design of tanks in Japan and provides philosophy 
and policy for seismic design in Japan. This regulation has been revised when an incident or 
disaster occurred in Japan. Guidelines ‘b’, ‘c’, ‘d’, are the most common design guide lines for 
large scale LNG above ground tanks, in ground tanks and oil tanks. 

API is major guideline and applied for many projects in the world. API625 specifies outline 
and general items, concept and classification of type of tanks and requirements for seismic 
design. API 620 and API 650 specify detailed design guidelines including a specific procedure of 
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seismic design. EN 14620 is also a major guideline, especially for projects in Europe and in 
countries which adopt European standards. 

Part 1 of standard EN14620 summaries a outline, general items, concepts and classification 
of types of tanks and policy of requirement of seismic design. A detailed design guideline and a 
specific procedure for seismic design are stated in Part 2. 

The guideline requires an assessment of the soundness of a tank for earthquake from two 
aspects. The first aspect is a short period seismic wave component. If this wave has a natural 
period close to that of tank structure, it will induce a dynamic pressure in contents, which will act 
on tanks as a pressure load during an earthquake. The second aspect is a relatively long period 
seismic wave component. This wave introduces sloshing, which affects tanks as a wave pressure 
or overflow from a sidewall of open top tanks. 

In the assessment of the short period seismic wave component, two different earthquake 
levels are applied, as specified below.  

Japanese guidelines 
Level 1 

Earthquake that is likely to occur during life cycle of tank. 
Tank shall maintain its operating functions. 

Level 2  
High level earthquake, whose probability is relatively low during life cycle of tank. 
Tank shall maintain its structural integrity to avoid a leakage occurring. 

International guidelines (API / EN 14620) 
    Operating Basis Earthquake (OBE) 
  The OBE is also referred to as Operating Level Earthquake (OLE) in API 620. 
        Tank shall maintain their operating functions. 

Safe Shutdown Earthquake (SSE)  
       The SSE is also referred to as Contingency Level Earthquake (CLE) in API 620. 
      Tank shall maintain its structural integrity to allow for a safe shutdown. 

International guidelines specify that the assessment procedure for judging necessity of 
anchor straps for preventing failure of tanks for each seismic level. This is because open top 
design is one option in international guidelines for when earthquake risk is low and does not 
cause large uplift to lead to failure of tanks. In this situation, a design without anchor strap is 
acceptable. 
 The Japanese and international guidelines lists above specify a procedure for tank seismic 
design. The procedures in JIS B 8501 and international guidelines consider uplift phenomenon, 
however, that is established based on outcomes of static base previous studies. In addition, 
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dynamic pressure, which is used for the design of un-anchored tanks, calculated by the 
guidelines does not include a dynamic effect of the uplift of a tank bottom plate. Because the 
quoted theory is based on the assumption of a fixed tank bottom plate (i.e. no-uplift of the tank 
bottom plate). 

The several design procedures specified in international guidelines are outlined below. 

API620 Appendix L Seismic Design of Storage Tanks 
In the Appendix L of API620, the design procedure for tanks which experience uplift is 

provided based on the model of Wozniak and Mitchell [2]. For tanks, compression force b can be 
determined from the value of the compressive force parameter obtained from Figure 1-7 as a 
function of the overturning moment parameter. The curve in Figure 1-7 is derived from the 
assumed load distribution around the shell of a tank as in Figure 1-5. When M/[D2(Wt + WL)] is 
greater than 0.785 but less than or equal to 1.5, b is computed from the formula of (b +WL)/(Wt +
WL) and the value obtained from the curve in Figure 1-7. 

FIGURE 1-7: CURVE FOR OBTAINING THE VALUE OF b
WHEN M[D2(Wt + WL)] EXCEEDS 0.785 

When M/[D2(Wt + WL)] is greater than 1.5 but less than or equal to 1.57, b is computed by 
following equation. 
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While M/[D2(Wt + WL)] is less than 0.785, b is computed by following equation. 

The variables used in the previous equations are defined as follows. 
D : Diameter of the tank, in ft. 
M : Overturning moment applied to the bottom of the tank shell, in ft-lbs. 
WL : Maximum weight of the tank contents that may be utilized to resist the shell  

overturning moment, in lb/ft of shell circumference. WL shall not exceed 1.25GHD.

tb : Thickness of bottom plate under the shell, in in. 
Fby : Minimum specified yield strength of the bottom plate under the shell, in lbf/in2,

gauge
G : Design specific gravity of the product to be stored, as specified by the Purchaser. 
H : Maximum design product height, in ft. 
b : Maximum longitudinal shell compressive force, in lb/ft of shell circumference. 
Wt : Weight of the tank shell and the portion of the fixed roof and insulation, if any,  

supported by the shell, in lb/ft of shell circumference. 

Finally, compression stress of bottom shell is given by following formula. 

Compression stress = b/(12t)

Eurocode8: Design of structures for earthquake resistance-  
Part4: Silos, tanks and pipelines 

According to EN 1998-4:2006, the vertical uplift at the edge of the base, w, as derived from a 
parametric study with finite element models of un-anchored cylindrical steel tanks above ground 
of commonly used geometry and fixed, fairly heavily loaded roof, is given in Figure 1-8 as a 
function of the normalized overturning moment M/WH, for different values of the aspect ratio 
H/R.

For the estimation of radial membrane stress in the plate, the length L of the uplift part of the 
tank bottom is necessary. Results from [3] for fixed-roof tanks are shown in Figure 1-9. Once 
uplift occurs, the dependence of L on the vertical uplift w is almost linear. 
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FIGURE 1-8: MAXIMUM VERTICAL UPLIFT OF FIXED-ROOF UNANCHORED 

CYLINDRICAL TANKS ON GROUND VERSUS OVERTURNING MOMENT M/WH [3] 

 
FIGURE 1-9: LENGTH OF UPLIFTED PART OF THE BASE IN FIXED-ROOF 

UNANCHORED CYLINDRICAL TANKS ON GROUND AS A FUNCTION OF THE 
VERTICAL UPLIFT AT THE EDGE [3] 

An estimate of the membrane stress rb in the base plate due to the uplift is given in [4]. 

Where,
R : Radius of the tank 
s : Thickness of the base plate 
E : Modulus of elasticity of tank material 
p :Pressure on the base 

:1-L/(2R), with L=uplifted part of the base 
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1-2-3 Factors affecting the current seismic design of LNG tanks 
Demand for LNG is growing worldwide because of the changeover from oil to LNG as a fuel 

source. This is due to concerns over global warming and environmental problems. Expansion of 
existing LNG terminals and construction of new ones are planned in many countries, and some 
of such projects are already in progress. This trend is expected to continue because of lower 
transportation and infrastructure costs. These costs are dropping due to progress in LNG 
technology, broadening of LNG demand and the expectation of increasing shale gas production. 

Sites for LNG terminals are selected by assessment of environmental impact and possible 
hazards to the locality. Since it is difficult to find a perfect location which satisfies all 
requirements, sites selected for construction may occasionally have unfavorable soil conditions 
from the viewpoint of earthquake response. Design requirements tend to be higher for LNG 
storage tanks to be built on such sites, as they have severe seismic conditions listed in their 
specifications. 

Severe seismic conditions result in a large response of tanks. This response can cause large 
uplift of the bottom plate which induces failure of the bottom plate and the sidewall. To deal with 
increased seismic design requirements, it is necessary to implement one or more of the following 
measures. 

(1) Rearrange of tank dimensions such as increasing of thickness of a sidewall and an 
annular plate, which is installed at periphery part of a bottom plate, widening of an 
annular plate. 

(2) Install anchor straps (Figure 1-10) 
(3) Install seismic isolators (Figure 1-11) 
(4) Change a tank proportion to being shorter and broader 

Figure 1-10 shows an installation example of anchor straps for uplift restraint of an annular 
part of a tank. Anchor straps measuring 15 to 20 cm wide and several centimeters thickness are 
installed at intervals of about 1 m, depending on a magnitude of design overturning moment 
during an earthquake. The anchor straps penetrate the annular part of the secondary barrier which 
protects the concrete outer tank from contact with LNG in an event of leakage from an inner 
tank. When LNG leaks, it cools the secondary barrier and causes contraction displacement, 
which generates large stress around the penetrations. Therefore, adequate design consideration 
must be given to protect the weak points. 
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FIGURE 1-10: EXAMPLE OF CONFIGURATION OF THE BOTTOM PLATE WITH 
ANCHOR STRAPS [5] 

Figure 1-11 shows an installation example of pendulum seismic isolators [6]. Depending on a 
tank size, about 200 to 300 units of such device need to be installed between a concrete slab and 
a tank foundation. 

Example of seismic isolator [6] 

FIGURE 1-11: INSTALLATION EXAMPLE OF SEISMIC ISOLATORS 
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Measures (1), (2) and (3) mentioned above directly affect a construction cost, while (4) may 
be impossible depending on a layout plan of a terminal or for some other reasons. 

Current situation of seismic design for tanks summarizes as follows. 

- Many previous studies, based on static conditions, were conducted on tanks with a bottom 
plate fixed to a foundation (i.e. cases with no-uplift or cases with anchor straps). The results 
from these studies are quoted in existing seismic design standards, including equations for 
estimation of dynamic pressure and verification of stress of a bottom plate and a sidewall. 

- Similarly, some previous studies, based on static conditions, were also conducted on tanks 
with an unfixed bottom. The results from these studies as well as tilt tests using scale models 
are quoted in existing seismic design standards. 

- Tanks regulated by API or Euro Codes usually are not required to be equipped with anchor 
straps in case uplift height during earthquakes is acceptably small. This is because these 
tanks do not have a inner roof. Hence, there is no uplifting force due to gas pressure acting 
on a bottom plate. However, anchor straps may be required, when uplift height due to an 
earthquake is beyond acceptable level. There is an increasing demand for adding an FE 
analysis which incorporates tank uplift to take into account verification of the design that is 
obtained by standard seismic design methods. 

- There are a few previous studies which examine the effect of dynamic behavior on tank 
uplift. These studies typically conduct by theoretically or use time-history finite element 
analysis. It has been revealed in some fundamental studies that uplift is smaller under 
dynamic conditions than in static conditions [7], [8]. 

- LNG tanks in Japan usually have an inner roof to sustain the pressure of tanks and are thus 
equipped with anchor straps. Therefore, finite element analysis based on static conditions is 
commonly used with fixed conditions applied to the bottom corner part and with the 
maximum dynamic pressure loaded statically. 

Seismic design conditions are anticipated to be more severe in future. Hence, it is desirable to 
avoid unnecessarily excessive specifications and establish a rationalized tank design, with 
construction costs and other economic factors taken into account. Consequently, it is essential to 
understand the tank dynamic behavior during uplift of a bottom plate corner connection. In 
addition, establishing a simplified standard design procedure is desirable for tank engineers 
rather than to using a complicated time-history finite element analysis. This procedure should 
take into account an interaction of dynamic pressure and uplift of a tank bottom plate.  
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1-3 CONCEPT AND ORGANIZATION OF THIS PAPER   

1-3-1 Concept of this Paper 
This paper proposes a simplified design procedure for tank bottom plate corner connections 

based on the understanding of dynamic response behavior through the FE analysis, with the 
following assumptions: 

- Tanks are un-anchored. 
- Yield of a bottom plate or a sidewall and an occurrence of a plastic hinge are not discussed. 

This is because in the design process, the dimensions and thickness of each part are selected 
to be within the allowable stress level or, if there is no other option, anchors are installed. 

- Effect by membrane force in a tank bottom plate due to large deformation is not considered, 
because large deformation that generates high stress is not accepted by stress limitation of 
design standard. 

- The theoretical models of dynamic pressure due to bulging motion of Housner [9] and 
rocking motion of Taniguchi and Segawa (rectangular tank model) [7], which are the basis of 
this study, are established with the assumption of a rigid sidewall and tank bottom. Therefore, 
there are several differences compared with actual phenomena or the FE analysis. For 
example, the rocking motion model of Taniguchi and Segawa [7] is assumed as single point 
contact with tank bottom insulation. 

- The undulating local deformation of the sidewall observed in the FE analysis is not 
considered, its expected effect on uplift is discussed. 

1-3-2 Organization of this Paper 
This paper consists of seven chapters. 
Chapter 1, presents an outline and background including current design concepts and 

seismic design of tanks. Factors affecting the current seismic design of tanks and the concepts of 
this paper also specified. 

Chapter 2, reviews previous studies involving dynamic pressure, rocking response, uplift 
behavior of a bottom plate and characteristics of an axial force at a bottom of a sidewall and 
summarizes these. 

Chapter 3, researches in the detail dynamic response behavior including the uplift of the tank 
bottom plate for specific tank by applying fluid-structural coupled 3-dimensional time-history FE 
analysis. 

Chapter 4, develops the integrated Structural Mathematical Model of the tank’s sidewall, 
bottom plate and the tank bottom (bottom insulation). It’s effectiveness is then verified. 

Chapter 5, develops the Force Coupling Mathematical Model for determining an extent of 
uplift and axial force distribution at the bottom of the sidewall. The Force Coupling 
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Mathematical Model is an essential part of the Structural Mathematical Model. This is because 
the Force Coupling Mathematical Model calculates the value of the axial force which is a 
required input to the Structural Mathematical Model. 

Chapter 6, proposes the Simplified Seismic Design Procedure for a tank bottom plate corner 
connection, based from previous studies and both the Structural Mathematic Model and the 
Force Coupling Mathematical Model. It also summarizes the items to be studied in the future. 

Chapter 7, summaries the outcomes of this paper. 

1-3-3 Tank used in this Paper 
In this paper, the subject tank is shown in Figures 1-12 and 1-13. Its major dimensions and 

properties are as follows. 

D: Tank diameter            74,400 mm  
H:  Tank height      36,820 mm 
h:  Liquid height     36,250 mm 
ts:  Thickness of bottom of the sidewall  29.6mm 
k: Reaction coefficient of the tank bottom   25.5 N/mm2

E: Modulus of elasticity of steel   191,000 MPa 
Wb: Width of the annular plate         1,900 mm 
tb: Thickness of the bottom plate (annular plate) 18.7mm 
: Fluid density     480 kg/m3

g: Gravity acceleration    9.8 m/s2
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FIGURE 1-12: TANK USED IN THIS PAPER 
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FIGURE 1-13: CONFIGURATION OF STIFFENER 
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CHAPTER 2 
PREVIOUS STUDIES ON UPLIFT OF BOTTOM PLATE 

DURING EARTHQUAKE FOR ABOVE GROUND CYLINDRICAL TANKS

As specified in Chapter 1, seismic design of tanks is generally categorized into (a) tank 
structure vibration response caused by the short period seismic wave component of earthquakes 
which has a frequency close to a natural period of a tank, and (b) sloshing of liquid caused by 
sympathetic vibration with the relatively long period seismic wave component of earthquakes. 

This paper focuses on response behavior of tanks due to the short period seismic wave 
component. In the previous studies, response behavior has been studied from viewpoint of both 
of bulging and rocking motion. 

2-1 PREVIOUS STUDIES REGARDING DYNAMIC PRESSURE INDUCED BY 
BULGING RESPONSE 

In the studies regarding dynamic pressure caused by earthquake, theoretical research of 
Housner [1], which was subjected to dynamic pressure induced by translation of a tank (called 
“bulging pressure”) based on the assumption of a fixed base and a rigid wall tank, was widely 
recognized. This theory is established with the conception that dynamic pressure is consist of 
impulsive pressure due to inertia force and convective pressure by sloshing of liquid. While the 
effect of coupling of sidewall and liquid is not considered. 

Jacobsen [2], Senda and Nakagawa [3] performed a research from the same viewpoint as 
Housner. They applied a potential theory to vibration of liquid at free surface and they arrived at 
similar achievement as Housner from a macroscopic viewpoint. 

Baron and Shalak [4], Bauer [5] and other researchers [6]-[10] studied a problem assuming 
an elastic tank. These studies model a sidewall as a beam structure. However, the outcome of 
their research does not provide a guideline for designing tanks subject to earthquake conditions. 

Veletsos at al. [11] proposed a procedure for obtaining dynamic pressure with a consideration 
of fluid-tank interaction, which approximates the vibration mode by using a simplified function 
and beam structure to model a sidewall. 

Okada at al. [12] conducted finite element interaction analysis with a coupling model of 
fluid-elastic shell system, then, Sakai at al. [13] proposed a procedure for obtaining dynamic 
pressure from an eigenmode and its simplified method. These results take into account an effect 
of deformation of a sidewall and how it affects dynamic pressure. 

The dynamic pressure proposed by Housner [1], Veletsos at al. [11] and Sakai at al. [13] are 
applied to the current seismic design of tanks. 
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 In a Japanese guideline of above ground LNG tank [16], other several examples of 
calculation of dynamic pressure are presented [14], [15]. 

FIGURE 2-1: 
EXAMPLE OF CALCULATION RESULTS FOR DYNAMIC PRESSURE [16] 

Pressure (kgf/cm2) 

Dynamic pressure on the sidewall
(seismic wave downstream side) 

Inner dia. of inner tank 
Sidewall height  

Inner tank material 

Sidewall height (m)

Soil conditions 
Damping ratio of tank 
Acceleration at bottom 
Average thickness of 

sidewall  

Material properties 

9% Ni 
steel

Class 4

Poisson’s 
ratio

Modulus of 
elasticity

Density

Calculation conditions

Method 
Items 

A : Housner theory (Assumed amplification ratio of response acceleration as 1.0) 
B : Velocity potential theory (Assumed amplification ratio of response acceleration as 1.0)
C : Veletosos theory 
D : This value consist of component due to rigid movement and relative deformation. 
E : Finite element method 

Table 4.6(a) Analysis example of 75,000 kL tank

Note
 [1] In case E, sidewall consists of 17 elements and liquid part consists of 12 elements. 
 [2] () values in the table are ratio against B. 
 [3] The value of F is obtained by multiplying the result of A by amplification ratio due to 

 natural period which is calculated by D. 

Natural period 
Maximum response 

acceleration 
Base shear due to 
dynamic pressure 

Overturning moment 
of sidewall due to 
dynamic pressure 
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2-2 PREVIOUS STUDIES REGARDING ROCKING RESPONSE 

2-2-1 Previous studies regarding rocking behavior of tanks 
There are various studies about rocking and uplifting of a bottom plate of tanks. Tani and 

Hori [17] investigated rocking due to soil-tank interaction analytically and obtained the result 
that flexibility of foundation has an effect to reduce dynamic pressure. Clough [18] performed 
static-tilt tests and dynamic shaking table tests in their series of studies and reported that 
deformation and stress of sidewall became large under unanchored conditions, while with roof 
conditions 30-40% axial stress decreased. Isoe [19] conducted large scale static-tilt tests in which 
were geometrically similar to actual tanks and reported that restriction of sidewall deformation 
by a roof contributed to reduction of uplift height of a bottom plate. 

Dimension and properties of the Tilt model and actual tanks 

Photo of Tilt test           Historical record of uplift height in the Tilt test  

FIGURE 2-2: DETAILS OF LARGE SCALE, STATIC-TILT TEST [19] 
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Displacement of tanks in the Tilt test 

Axial stress of side wall in the Tilt test 
FIGURE 2-3:  

GRAPHICAL RESULTS FROM LARGE SCALE STATIC-TILT TEST [19] 

Maekawa et al. [20-22] studied experimentally and analytically by explicit finite element 
method, seismic characteristics of water storage tanks. They reported that an oval-type vibration 
occurred at a sidewall. They also insisted that this vibration effects on a tank natural period for 
changing to long period by decreasing of stiffness of tank structure. 

2-2-2 Previous studies about modeling of axial force in a sidewall 
Clough [18], Wozniak and Mitchell [23] and Kobayashi and Ishida et al. [24] each proposed 

an analytical model for estimating an axial force in sidewall when uplift occurs, using different 
approaches. These models are based on equilibrium between a vertical force (i.e. an axial force 
in a sidewall) and a overturning moment. Their details are outlined and discussed below. 
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Clough Model 
Clough developed a formula for calculating compressive stress in a sidewall which is 

dependent on a extent of uplift, which corresponds to the amount of overturning moment and the 
axial force on a bottom plate. His theory was developed from: 

- assuming a triangle shape distribution of a compressive force along a sidewall, from the 
result of experiment (see a red line in Figure 2-4) , 

- defining uplift area as between a tank radius R and a radius of r,
- applying the relation of (a) liquid weight of crescent shape uplift area equal to (b) a force 

couple of overturning moment equal to (c) total of an assumed compressive force, as 
follows. 

Fh = Wf × ( R – r ) + Ws × kR

W = Wf + Ws

Then, the maximum compressive force fmax is obtained from kR (center of reaction force 
along sidewall). 

FIGURE 2-4: AXIAL FORCE IN SIDEWALL OF CLOUGH MODEL [18]

R : Radius of container 
r : Radius of portion remains in contact 
h : Height of F 
F : Effective lateral seismic force 
W : Total weight of shell and contents 
Ws : Reaction at the point of contact 

between shell and foundation  
Wf : Weight of contents within r 
fmax : Peak compressive shell force 
k : Dimensionless constant
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Wozniak, Mitchell Model 
Wozniak and Mitchell proposed a method for safety assessment of tanks against an 

overturning moment. This method is quoted by API650 and API620. 
Their theory was developed by: 

- modelling the bottom plate as a beam with two plastic hinges and assumes a vertical 
tensile axial force in the sidewall which has no relationship with uplift height, 

- assuming that vertical tensile axial force distribution along a sidewall is constant, while 
the downward acting, compressive axial force distribution is a cosine curve, 

- obtaining (a) the maximum tensile force (Numax), (b) the maximum compressive force 
(Ncmax), and (c) the start point of uplifting ( ), by establishing equilibrium between the  
vertical axial force and the overturning moment, and establishing continuity of the 
vertical axial forces at .

This model ignores the tensile force in the radial direction in the bottom plate of uplift area. 

FIGURE 2-5: AXIAL FORCE IN SIDEWALL OF WOZNIAK MITCHELL MODEL [23] 
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Kobayashi, Ishida Model
Kobayashi and Ishida et al. proposed a method for estimating a axial force along a sidewall

based on the assumption that the vertical axial force followed distribution as shown in Figure 2-6. 
Their theory was developed by: 

- modeling the bottom plate as a beam and considering a tensile force in area of uplift in 
the bottom plate, 

- confirming by undertaking a small scale (1m radius) tilt test, 

They expanded their theory to dynamic rocking analysis. 

FIGURE 2-6: AXIAL FORCE IN SIDEWALL OF KOBAYSHI & ISHIDA MODEL [24] 

The Kobayshi and Ishida’s analytical studies of uplift behavior had been developed with an 
innovative geometric non-linearity, material yielding, a membrane force in a bottom plate, 
flexibility of foundation, effects of dynamic shaking, etc. 

2-2-3 Previous studies regarding rocking response and dynamic pressure 
By focusing on a phenomenon of rocking of tanks due to an earthquake, Taniguchi et al. 

[25-28] investigated the interaction between the rocking motion of a tank and the effective mass 
of fluid being rocked and the its inertia, which effects on oscillation of a tank. 

Taniguchi and Segawa [29], Taniguchi and Sirasaki [30] focused on the dynamic pressure 
induced by uplift of a bottom plate and proposed a theoretical model based on the assumption of 
a rigid sidewall and bottom plate. In that fundamental study, it was revealed that the uplift 
behavior under dynamic cyclic loading has the possibility of reducing the dynamic pressure 
induced by translation of tank compared to no-uplift (i.e. fixed base) conditions which are 
generally used for seismic design of most tanks. 

Taniguchi and Katayama [31] considered a model of a cylindrical tank with partial uplift of a 
bottom plate by assuming that it consists of a set of thin rectangular tanks. By using of this 
model, they established the theoretical equations of the effective mass of fluid for rocking 
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motion, rocking-bulging interaction and effective moment inertia of fluid for rocking motion, 
and their centroid. 

Taniguchi and Okui [32], [33] proposed a model for estimating an angular acceleration of a 
bottom plate due to horizontal acceleration. The angular acceleration is one of principal factors 
for magnitude of the dynamic pressure induced by uplift of a bottom plate. In this model, the 
response acceleration and the base shear under uplift condition are also obtained. D’Amico at al. 
[34] improved Taniguchi and Okui’s model for increasing the accuracy by investigating the 
effectiveness of terms of original model and modifying the model. 

Nakashima [35] developed an FE analysis model of tanks by applying a semi-analytical
finite ring element. This model consists of shell elements for a sidewall, non-liner ring elements 
for a bottom plate and spring elements for under a bottom plate. He performed static finite 
displacement analysis by the model for estimating amount of uplift of the bottom plate under a 
rocking motion. Then verified an uplift mechanism and related physical quantity, and examined 
reliability of current seismic design guidelines and suggested the items to be considered. 

TABLE 2-1: ESTIMATION OF ANGULAR ACCELERATION [32] 

Result of research 
by Hayashi et al. 

Result of the study 

Target values (1a), (1b) and (2)

Summary of analysis result 

Angular acceleration Base shear

Absolute maximum 
response acceleration of 
the tank bulging motion 

Analysis conditions 

Uplift conditions Ratio of uplift area
Amplification ratio of 

response acceleration Analysis conditions

No uplift

Uplift
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CHAPTER 3 
DYNAMIC RESPONSE BEHAVIOR DURING EARTHQUAKES

 
In this chapter, the fluid-structural coupled 3-dimensional time-history FE analysis was 

performed for three different structural conditions with three seismic waves and an equivalent 
static condition (constantly increasing horizontal acceleration up to the maximum value), 
hereinafter ‘constant horizontal acceleration case’. This analysis was conducted for researching 
dynamic behavior including uplift of a bottom plate during earthquakes. The findings are applied 
for developing mathematical models used in the proposed seismic design procedure specified in 
section 3-3, which is used for design of a connection between a bottom plate and a sidewall of 
tanks. 
 
3-1 TIME-HISTORY FE ANALYSIS MODEL OF TANK 

 

3-1-1 Specifications of the tank and FE analysis model 
Figure 3-1 shows dimensions of a LNG tank used in the EE analysis. The analytical 

conditions were determined based on the maximum design liquid level of the tank. The tank has 
a T shaped top stiffener ring and four plate type stiffener rings on the sidewall. 

 

 
FIGURE 3-1: TANK CONFIGURATION 

Figure 3-2 shows the FE analysis model used in the time-history FE analysis. The features of 
this model are as follows. 

(1) Explicit method for structure and fluid physical quantity was applied. 
(2) Symmetrical half model with respect to 0 – 180 degrees center line, which is oscillation 

direction of seismic wave, was established for reducing the calculation duration. 

Capacity: 150,000 m3

Contents: LNG (Fluid density: 0.480 t/m3 )
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(3) Non-linear and large deformation model was established. In this model, contact element 
was installed between the bottom plate and the bottom insulation. (Friction coefficient: 
0.5. This value is experientially used for tank design) 

(4) An arbitrary lagrangian eulerian (ALE) method using Euler elements was adopted for 
fluid elements. 

(5) A penalty-coupling method was adopted for the fluid-structure interface. 

 
FIGURE 3-2: TIME-HISTORY NUMERICAL MODEL 

 
An explicit method has the possibility of accumulating numerical errors, because physical 

values (liquid pressure, displacement, stress and so on) of each time step are calculated from the 
values of previous time step. In this paper, general purpose program LS-DYNA developed by 
Livermore Software Technology Corporation was used. The applicability and calculation 
accuracy of this model were verified by comparison with tilt test result and dynamic shaking test 
results. [1] (Refer to APPENDIX A). In addition, finer mesh elements were rearranged at the 
annular plate and the bottom of the sidewall for obtaining a more exact result of displacement 
and stress.

Modulus of elasticity:  0.530 GPa

Fluid density:     480 t/m3
Viscosity:             0.0 

Modulus of elasticity:  191 GPa

Density:     7.85 t/m3
Poisson's ratio:        0.3 

Exciting force direction

FE analysis program: LS-DYNA
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3-1-2 Applied seismic wave 
The following three seismic acceleration waves were applied to confirm influences of 

difference of each of the seismic waves on tank response. The intervals of acceleration data (unit 
is gravity acceleration ‘G’) are 0.01 seconds for Artificial Seismic Wave and 0.02 seconds for 
other two waves and applied to the center of tank foundation. Since the natural period of subject 
tank is 0.498 seconds, interval of the data is sufficient for response analysis. Each wave has 
different acceleration level, however the characteristic is similar. Only EL Centro NS includes a 
component like a pulsive wave around 2 seconds. 

 
(1) Artificial Seismic Wave (Figure 3-3) was generated from the design response 

acceleration spectrum shown in Figure 3-6.  
(2)  Taft EW (Figure 3-4 [2]) 
(3)  EL Centro NS (Figure 3-5 [2,3]) 

 
FIGURE 3-3: ARTIFICIAL SEISMIC WAVE 

FIGURE 3-4: SEISMIC WAVE OF TAFT EW 
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FIGURE 3-5: SEISMIC WAVE OF EL CENTRO NS 
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FIGURE 3-6: RESPONSE ACCELERATION SPECTRUM 
 

TABLE 3-1: RESPONSE ACCELERATION OF THE TANK 

 
Figure 3-6 shows the response acceleration spectrum of each seismic wave and the natural 

period of the tank (0.498 s) that was obtained from an eigenvalue analysis under no-uplift 
conditions. Short period seismic wave component is dominant in each wave. As shown in Table 
3-1, the response acceleration of the tank by Artificial Seismic Wave, Taft EW and EL Centro 
are 0.4094 G, 0.3467 G and 0.8343 G, respectively. It is expected to highlight the influence of 
different acceleration magnitudes and characteristics of seismic waves on tank response by 
applying Taft EW and EL Centro NS. 

3-1-3 Analysis case 
Table 3-2 shows summary of the analysis cases. Case 11 and Case 21 are basic models for 

no-uplift and uplift conditions, respectively. From the results of these cases, difference of 
behavior between no-uplift and uplift conditions is confirmed. Case 21R is the model for 
studying effects of undulating deformation at the top of the sidewall on tank response. All 
stiffeners of this model are changed to a top ring type with reinforced dimension as shown in 
Figure 1-13 of Chapter 1. In addition, its modulus elasticity is increased 100 times of steel 
property. By reducing sidewall deformation with rigid stiffeners, find out the differences of 

0.0
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(G)
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0.4094 0.3467 0.8343
Rate 1.00 0.85 2.04Ratio



36 

behavior with that of the basic uplift model. Cases 31 (Taft EW case) and 32 (EL Centro NS 
case) are the cases applied to verify influences of the magnitude and characteristics of input 
waves on tank response. 

TABLE 3-2: ANALYSIS CASES 

 
 
Additionally, the constant horizontal acceleration case (Case 41) is selected. The magnitude 

of its acceleration is determined so that base shear becomes equal to that of Case 11. Further, the 
acceleration is loaded on the tank taking enough time (in this case 5.3 seconds) so as to be the 
same situation as statically loading. This case is expected to highlight differences of tank 
response between a static analysis with the maximum dynamic pressure and a historical analysis 
with oscillating loading of dynamic pressure. 

 

Uplift Stiffener stiffness Applied seismic wave

Case 11 No-uplift Basic stiffener stiffness Artificial seismic wave

Case 21 Uplift Basic stiffener stiffness Artificial seismic wave

Case21R Uplift Rigid stiffener stiffness Artificial seismic wave

Case 31 Uplift Basic stiffener stiffness Taft EW

Case 32 Uplift Basic stiffener stiffness EL Centro NS

Case 41 Uplift Basic stiffener stiffness Constant horizontal acceleration
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3-2 ANALYSIS RESULTS 
 

3-2-1 Response acceleration 
Figure 3-7 shows example results of the response acceleration at the point of 2/3 height of the 

sidewall whose value corresponds to the maximum acceleration of the tank. 
Figure 3-8 shows the distribution of the response acceleration along the height of the 

sidewall. 
 

 
 

 

FIGURE 3-7: EXAMPLE OF THE MAXIMUM RESPONSE ACCELERATION 
AT THE SIDEWALL (at the point of 2/3 height)  

According to the distribution of Cases 21 and 21R in Figure 3-8, as the stiffness of stiffeners 
increase, the acceleration at the upper part of the sidewall becomes smaller, while the 
acceleration at the lower part grow larger. 

Table 3-3 shows the maximum and average (arithmetic mean) of the response acceleration in 
the sidewall of each case and the ratio of those of average against Case 11 and Case 21. The 
maximum response acceleration of Case 11 (0.4655) was 13.7% larger than that obtained from 
the response acceleration spectrum shown in Figure 3-6. While the response acceleration of 
uplift case (Case 21) was about half of that of Case 11. This implies that at tank response under 
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uplift conditions clearly differs from that under no-uplift conditions. However, the stiffness of 
the stiffeners has the relationship with the response acceleration. As their stiffness increase, the 
average response acceleration becomes larger. The ratio of the average response acceleration of 
Case 31 and 32 against Case 21 are 0.900 and 2.099, respectively, while the ratio obtained from 
natural period and the response acceleration spectrum shown in Table 3-1 (no-uplift condition) 
are 0.85 and 2.04. Variability ratio of response acceleration against difference seismic waves 
seems to maintain the same proportion when uplift occurs. 

 

 
FIGURE 3-8: THE DISTRIBUTION OF THE RESPONSE ACCELERATION 

AT THE SIDEWALL 
 
 

TABLE 3-3: THE RESPONSE ACCELERATION 

 

(G)
Case 11 Case 21 Case 21R Case 31 Case 32

Max. 0.4655 0.2469 0.2003 0.1975 0.5535
Average 0.2437 0.1246 0.1910 0.1121 0.2615

Ratio of average against Case 11 1.000 0.511 0.784 0.460 1.073
Ratio of average against Case 21 1.956 1.000 1.533 0.900 2.099
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3-2-2 Base shear 
Figure 3-9 shows the results of the base shear (total shearing force at the bottom plate caused 

by the seismic force) of Case 11 and Case 21. The magnitude of the base shear under the no-
uplift conditions based on Housner’s [4] and Veletsos’s theory [5] are also plotted on the graphs. 

Table 3-4 shows the maximum of the base shear of each case and the ratio of those against 
Case 11 and Case 21. The magnitude of the base shear of the uplift case (Case 21) is about 40% 
of that of the no-uplift case (Case 11). However this ratio is smaller than that of the acceleration 
response, both response result show the same trend. These results indicate when uplift occurs, 
tank response considerably decreases. 

The stiffness of the stiffeners also has the relationship with the base shear. According to the 
result of Case 21 and Case 21R, as the stiffness of the stiffeners increase (Case 21R), the base 
shear becomes larger. The ratio of the magnitude of the maximum base shear of Case 31 (Taft 
EW) and 32 (EL Centro NS) against Case 21 (Artificial wave) is 0.937 and 1.638. While the 
ratio of that of the response acceleration shown in Table 3-1, which is obtained from a natural 
period for no-uplift condition and the response acceleration spectrum, are 0.85 and 2.04. It 
implies that the trend of amplification of tank response with uplift condition is almost the same 
as that with no-uplift condition. 

The graph of Case 11 in Figure 3-9 shows that the maximum base shear of the no-uplift case 
was larger than that of Housner’s theory (170MN) or Veletsos’s theory (144MN). This difference 
seems to be the influence of undulating deformation at the top of the sidewall which appears 
mainly after 14 seconds (this influence on tank response is discussed in the section 3-2-3). On 
the other hand, the maximum base shear up to 14 seconds specified in Table 3-4 is rather close to 
the value of Housner’s or Veletsos’s theory. 
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FIGURE 3-9: EXAMPLE OF THE BASE SHEAR 

TABLE 3-4: THE MAXIMUM BASE SHEAR 
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Housner
(no-uplift) 170 170 170 170 144 346 170
Veletsos
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3-2-3 Dynamic pressure 
Figure 3-10-1 to 3-10-3 show distribution of the maximum and minimum values of fluid 

gauge pressure (in MPaG) acting on the sidewall of each case. In each graph, static pressure and 
theoretical dynamic pressure under no-uplift conditions obtained from the theoretical equations 
of Housner [4] and Veletsos and Yang [5] are also plotted. The values of Housner’s theory are 
based on the assumption of a rigid sidewall, while those of Veletsos’s theory includes an 
influence of sidewall flexibility. 

The dynamic pressure of Case 11 is larger than the theoretical pressures. This tendency 
corresponds to the base shear of Case 11. An actual tank response under oscillating loading has 
some difference from that based on theory, since the theoretical model is based on an ideal 
assumption. In the FE analysis under oscillating loading, undulating deformation at the top of the 
sidewall appeared which is not treated in the theoretical model. When this mode increases, the 
dynamic pressure increases. 

To highlight this tendency, additional analysis of Case 11’, whose model has smaller sized 
stiffeners, was performed. Figure 3-11 shows the result of the sidewall deformation and the 
dynamic pressure at the 90 degrees direction as shown in Figure 3-2. According to the theoretical 
equations proposed by Housner [4] and Veletsos and Yang [5], no dynamic pressure appears at 
this direction. While in the FE analysis, the undulating deformation and the dynamic pressure 
appeared. This pressure increased after 14 seconds in proportion to the progress of the undulating 
deformation. Therefore, this pressure is considered to be induced by the undulation deformation. 
For confirming this consideration, the dynamic pressures of Case 11*, which is calculated by the 
values at 0° or 180 minus the values at 90°, are plotted in Figure 3-10-1. These pressures are 
expected the dynamic pressure without the effect of the undulation deformation. The plotted data 
shows good agreement with the values of theoretical equation. Therefore, exceed pressure 
component than theoretical pressure is considered to be caused by the undulating deformation. 
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FIGURE 3-10-1: THE DYNAMIC PRESSURE ON THE SIDEWALL FOR CASE 11 

 

 
FIGURE 3-10-2: THE DYNAMIC PRESSURE ON THE SIDEWALL 

FOR CASE 21 AND CASE 21R 
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FIGURE 3-10-3: THE DYNAMIC PRESSURE ON THE SIDEWALL 
FOR CASE 31, CASE 32 AND CASE 41 

 

 

 
FIGURE 3-11: DEFORMATION AND THE DYNAMIC PRESSURE  

OF THE SIDEWALL AT 90 °DIRECTION 
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Figure 3-10-2 shows the result of the dynamic pressure of Case 21 and Case 21 (up to 14s) 
(before undulation deformation appears). Form the result it is considered that the effect of 
undulation deformation on dynamic pressure does not appear under uplift conditions, because the 
values of the dynamic pressure of Case 21 and Case 21(up to 14s) are almost the same value. 

 
The comparison of the result of Case 21 with that of 21R implies the stiffness of stiffeners 

also seems to have the relationship with dynamic pressure caused by oscillation loading. As the 
stiffness of the stiffeners varied, the distribution of the dynamic pressure slightly changed. The 
results of Case 31 and 32 in Figure 3-10-3, shows that the magnitude of dynamic pressure also 
changed depending on the magnitude of response acceleration. 

3-2-4 Uplift height 
Figure 3-12 shows the uplift height of the tank bottom plate at 180 for each case.  
The pattern of the response acceleration (Figure 3-7) is similar to the pattern of the base shear 

(Figure 3-9). However, the pattern of the uplift height response (Figure 3-13) does not follow the 
pattern of the response acceleration. 

This phenomenon is assumed to be caused by two factors. The first factor is the magnitude of 
the acceleration response of the tank. (as the acceleration of the tank becomes larger, then the 
base shear will become larger also.) The second factor is the undulation deformation at the top of 
the sidewall. If the out-of-round sidewall deformation is large, then the uplift will be large also. 
Both factors have different frequency as shown in Figure 3-13. In case both factors become large 
simultaneously as shown in Figure 3-13, the uplift becomes larger. 

Since the frequency of undulation deformation differs from the natural period of the bulging 
mode of a tank, uplift occurs at unstable intervals. To confirm this assumption, the value 
obtained by Eq. (3-1) is introduced as an indication pointer, hereinafter called ‘contribution 
factor’. 

Each graph in Figures 3-12 shows when uplift occurs the contribution factor also increases. 
Consequently, it is confirmed that the magnitude of deformation at the top of sidewall is one of 
the major factors of uplift height in the same way as the magnitude of tank response such as 
acceleration and base shear. 

 
 

ndeformatioSidwallMax.
ndeformatioSidewall

shearBaseMax.
shearBase

factoronContributi   (3-1) 

 
 

Contribution factor 
Sidewall deformation 

Max. sidewall deformation 
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FIGURE 3-12: THE UPLIFT HEIGHT 
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FIGURE 3-13: SITUATION OF THE BASE SHEAR AND THE DEFORMATION 
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Table 3-5 shows the maximum uplift height of each case and the ratio of those against Case 
21. It is important that the uplift result from Case 41, arising from the equivalent static loading of 
the dynamic pressure, is significantly larger than those of base case (Case 21). This demonstrates 
that the tank response under oscillating loading conditions is absolutely different from that of 
static conditions. From this viewpoint static tilt test is not equivalent to earthquake conditions.  

The stiffness of the stiffeners also has the relationship with the uplift height. As the stiffness 
of the stiffeners increased, the uplift height becomes smaller. The ratio of the uplift height of 
Case 32 compared to Case 21 is in proportion to 2.58 times the ratio of the average response 
acceleration of Case 32 as described in Table 3-3. It demonstrates that the response acceleration 
is only one factor for the magnitude of uplift. As above specified, deformation at the top of the 
sidewall is considered another contributory factor. 

TABLE 3-5: THE MAXIMUM UPLIFT HEIGHT 

3-2-5 Uplift width and height 
Figure 3-14 shows the relationship between uplift width of the bottom plate along the radial 

direction and uplift height at the bottom of sidewall for Cases 21, 32 and 41. Once small height 
uplift occurs, about 1m width of the tank bottom plate is instantly lifted. It seems to be an effect 
of thicker annular plate installed at periphery part of the bottom plate. Its width is 1900 mm, 
then, initial uplift width corresponds to about 55% of the annular plate width. After that, the 
uplift width gradually increases corresponding to increase in uplift height. The ratio between the 
uplift height and the width is within about 1:13 to 1:23 for the subject tank.  
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FIGURE 3-14: RELATIONSHIP OF UPLIFT HEIGHT AND UPLIFT WIDTH
The points of Case 32 at the height of 113.8 mm and 116.8 mm have a different trend than 

other points. These data are response during pulsive like wave period around 2 seconds. The 
relationship of uplift height and width is expected to change by characteristic of wave. 

Figure 3-15 shows a color contour of uplift height and Figure 3-16 shows uplift height and 
width of the bottom plate at each direction of Case 41. The color of scale is adjusted so as to 
highlight the uplift area. These Figures indicate that the uplift starts at the area of beyond 50 
degrees. The phenomenon of ‘instantly uplift of bottom plate’ shown in Figure 3-14 is also 
confirmed in Figure 3-16. According to the trend of lines of 50.3 degrees (before uplift) and 52.5 
degrees (after uplift), when uplift occurs, the uplift width becomes more than 1 m instantly. This 
reason is considered that the effect of the thicker annular plate installed at periphery part of the 
bottom plate. 

Figure 3-17 shows the deformation trend of the bottom of the sidewall at compression side 
along circumferential direction. Since the nominal in-plane shear stiffness of the sidewall is 
enough, the bottom of the sidewall seems to be rigid in the vertical direction. However, from a 
microscopic viewpoint, it deforms slightly in an arch shape up to the neutral axis, while it drops 
in the area around 0 degree. 

 
 

 

FIGURE 3-15: DISPLACEMENT OF TANK BOTTOM PLATE 
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FIGURE 3-16: DISPLACEMENT OF BOTTOM PLATE IN EACH DIRECTION 

FIGURE 3-17: DISPLACEMENT OF THE BOTTOM OF THE SIDEWALL
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3-2-6 Axial force in the sidewall 
Figure 3-18-1 to 4 show the axial force distribution in the sidewall for Cases 21, 32 , 32  

and 41, respectively. The data of Case 32  is at the moment of occurring small uplift (50.0mm) 
in Case 32, while the data of Case 32  is at the moment of occurring large uplift (116.8mm). 
These values are the average of cross sectional force in elements of bottom strake (course) of the 
sidewall at each direction. The axial force of the sidewall at uplift side (180 degrees) is tensile, 
while contact side (0 degree) is compressive. The axial force of Case 41, which is constant 
horizontal acceleration case (equivalent static conditions), is obviously larger than that of Case 
21. Around 0 –10 degrees, the axial force decreases locally, which is correspond to the trend of 
deformation of bottom of the sidewall shown in Figure 3-17. 

Table 3-6 shows the relationship of uplift width and an axial force in the sidewall. The 
pressure load acting on the uplift area is supported by the tank bottom insulation and the 
sidewall. As the sidewall supports the pressure loads, the axial force in the sidewall may 
increase. In the Table 3-6, the width of the tank bottom plate, on which pressure loads 
correspond to the axial force in the sidewall is also specified. This width is calculated by the 
axial force divided by the liquid pressure. The size of this width against the uplift width means 
the ratio of pressure load supported by sidewall against the load of act on uplift area. In Table 3-
6-1 to 3-6-4, the ratio of that obtained from the reaction force of bottom insulation is also 
specified. The same trend is shown in both ratio (calculated from the axial force and that 
obtained from the reaction force). 

In the constant horizontal acceleration case (Case 41), the ratio is almost a half. It indicates 
that the sidewall and the tank bottom insulation evenly support the pressure load. This is the 
same as the theory used to describe the behavior of the ends of a simply supported beam. While 
in the seismic event cases, Case 21 and Case 32, the ratio of supported by sidewall becomes 
larger. It may imply that most of pressure load on the uplifted tank bottom pate is supported by 
the sidewall during the dynamic uplift process. 
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FIGURE 3-18-1: DISTRIBUTION OF AXIAL FORCE ON SIDEWALL (Case 21) 

FIGURE 3-18-2: DISTRIBUTION OF AXIAL FORCE ON SIDEWALL (Case 32 )
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FIGURE 3-18-3: DISTRIBUTION OF AXIAL FORCE ON SIDEWALL (Case 32 )
 

FIGURE 3-18-4: DISTRIBUTION OF AXIAL FORCE ON SIDEWALL (Case 41)  
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TABLE 3-6-1: THE RATE OF THE UPLIFT WIDTH SUPPORTED BY SIDEWALL 

 

TABLE 3-6-2: THE RATE OF THE UPLIFT WIDTH SUPPORTED BY SIDEWALL 
(Case 21: 12.9 – 13.15 sec) 

TABLE 3-6-3: THE RATE OF THE UPLIFT WIDTH SUPPORTED BY SIDEWALL 
(Case 32 : 3.1 – 3.4 sec) 

 
 

TABLE 3-6-4: THE RATE OF THE UPLIFT WIDTH SUPPORTED BY SIDEWALL 
(Case 32 : 2.2 – 2.6 sec) 

 
* This is ratio of the portion of uplift width supported by the sidewall compare to total 

 uplift width at the point of the maximum uplift. 
 

Case 21 Case 32 Case 32 Case 41
13.1 sec 3.2 sec 2.35 sec -

Uplift height (mm) 21.6 50.0 116.8 215.8
Uplift width (mm) 1450.0 1500.0 4303.4 4303.4
Pressure (N/mm2) 0.1559 0.1531 0.1261 0.1506
Axial force (N/mm) 186.1 230.5 358.9 366.1
Uplift width supported by sidew (mm) 1193.6 1505.9 2846.6 2431.2
Ratio against width of annular plate 0.82 1.00 0.66 0.56

Average 0.83

12.9 sec 13.0 sec 13.1 sec 13.15 sec
Uplift height (mm) 0.6 12.2 21.6 13.0
Uplift width (mm) 1250.0 1450.0 1450.0 825.0
Pressure (N/mm2) 0.1874 0.1741 0.1559 0.1518
Axial force (N/mm) 124.0 147.4 186.1 67.3
Uplift width supported by sidewall (mm) 661.5 846.5 1193.5 443.1
Ratio against width of annular plate (obtained from axial force) 0.53 0.58 0.82 0.54
Ratio against width of annular plate (obtained from bottom reaction force) 0.76 0.79 0.73 0.68

Case 21

3.1 sec 3.2 sec 3.3 sec 3.4 sec
Uplift height (mm) 3.8 50.0 42.9 17.7
Uplift width (mm) 1450.0 1500.0 1500.0 1500.0
Pressure (N/mm2) 0.1698 0.1531 0.1686 0.1613
Axial force (N/mm) 186.1 230.5 256.1 200.2
Uplift width supported by sidewall (mm) 1096.2 1505.9 1518.7 1241.4
Ratio against width of annular plate (obtained from axial force) 0.76 1.00 1.01 0.83
Ratio against width of annular plate (obtained from bottom reaction force) 0.69 0.91 0.87 0.79

Case 32

2.2 sec 2.3 sec 2.35 sec 2.4 sec 2.5 sec 2.6 sec
Uplift height (mm) 35.8 98.5 116.8 113.8 92.9 30.6
Uplift width (mm) 1500.0 3141.1 4303.4 3672.4 2317.1 1500.0
Pressure (N/mm2) 0.1404 0.1307 0.1261 0.1294 0.1554 0.2008
Axial force (N/mm) 186.7 323.7 358.9 349.8 326.5 288.1
Uplift width supported by sidewall (mm) 1329.2 2476.3 2846.6 2704.0 2100.2 1434.5
Ratio against width of annular plate (obtained from axial force) 0.89 0.79 0.66 0.74 0.91 0.96
Ratio against width of annular plate (obtained from bottom reaction force) 0.89 0.77 0.84 0.90 0.88 0.65

Case 32
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Table 3-7 shows the force couple of tensile side and compressive side at the time of rising 
and descending of the bottom plate. These values are calculated form axial force in the sidewall 
and the distance from neutral axis to each point. According to the result, the force couple of 
tensile and compressive side is not even in the dynamic rocking transition. Expect for the data of 
at 2.3 seconds of Case 32  and Case 41, during rising of the bottom plate, force couple of 
compressive side becomes larger than that of tensile side. On the other hand, during descending 
of the bottom plate, force couple of tensile side becomes larger. 

 
TABLE 3-7: FORCE COUPLE OF TENSILE SIDE AND COMPRESSIVE SIDE 

 
 
As shown in Figure 3-18-1 to 4, variation is observed in the axial force distribution along the 

circumference. It is considered to be the effect of gravitational force loading at the preparation 
stage before the start of the time-history FE analysis.  

In the preparation stage of the analysis, a gravitational force was applied then a stationary 
state period of 3 seconds was provided before starting the horizontal base excitation. This is to 
mitigate any vibration due to gravity loading. 

Figure 3-19 shows the axial force distribution of at 2.5 sec. and that at the instant of the 
maximum uplift height. The vibration of each time frame seems to have the same cycle length. 
Figure 3-20 shows the result of Fast Fourier Transforms (FFT) of the values of the axial force 
distributions of every 1.125 degree. The ordinate shows the amplitude (Fourier Spectrum) of 
FFT of the axial force. Then it is confirmed that both distributions have the same cycle wave 
length. Therefore, it is considered that the remaining vibration effect on the result of the time-
history FE analysis. Consequently, the axial force is expected to be the center of vibrated values. 

 
 
 

  

Case 41
13.0 sec 13.1 sec 3.2 sec 3.3 sec 2.2 sec 2.3 sec 2.4 sec -

Uplift height (mm) 12.2 21.6 50.0 42.9 35.8 98.5 113.8 215.8
Situation rising rising rising descending rising rising descending rising

Location of neutral axis (degree) 87.8 79.9 72.0 63.0 95.6 57.4 61.9 58.5
Overturning moment (N-mm) 1.38E+12 1.44E+12 2.10E+12 1.90E+12 2.09E+12 2.52E+12 1.83E+12 2.47E+12

Force couple Tensile side (N-mm) -4.02E+11 -5.74E+11 -9.68E+11 -1.17E+12 -4.13E+11 -1.54E+12 -1.42E+12 -1.65E+12

Compressive side (N-mm) -8.71E+11 -8.71E+11 -1.13E+12 -7.28E+11 -1.67E+12 -9.85E+11 -4.08E+11 -8.20E+11

Ratio of Tensile side 0.291 0.397 0.462 0.617 0.198 0.609 0.776 0.668
force couple Compressive side 0.631 0.603 0.538 0.383 0.802 0.391 0.224 0.332

Case 21 Case 32 Case 32
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FIGURE 3-19: COMPARISON OF AXIAL FORCE DISTRIBUTION 

Note: Fourier Spectrum has the unit that multiplied direction step ( degree = 1.125 degree) 
of data to amplitude. 
 
 
FIGURE 3-20: FFT OF AXIAL FORCE ON SIDEWALL 
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3-2-7 Sidewall deformation 
Figure 3-21 shows the observed typical undulating deformation at the top of the sidewall for 

each case. According to the results, the extent of the undulating deformation under uplift 
conditions depends on the stiffness of the stiffeners and the magnitude of response acceleration. 
As the stiffness of the stiffeners increases, the undulating deformation and the uplift height 
become smaller. While as the result of Case 32 shows, high response acceleration stimulates the 
large undulating deformation. 

 
 

 

FIGURE 3-21: THE SIDEWALL DEFORMATION 

Case 11 (x100) Case 21 (x100) 

Case 21R (x100) Case 31 (x100) 

Case 41 (x50) Case 32 (x50) 

Time = 16.6 sec. 
Max. displacement factor = 100  

Time = 19.7 sec. 
Max. displacement factor = 100  

Time = 14.3 sec. 
Max. displacement factor = 100  Time = 13.6 sec. 

Max. displacement factor = 100  

Time = 6.8 sec. 
Max. displacement factor = 50  

Time = 5.6 sec. 
max. displacement factor = 40  
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The result of Case 41 shows the top of the sidewall ovally deformed and the magnitude of the 

deformation was exceedingly larger than the other case. This difference of mode proves that the 
tank response under oscillating loading fundamentally differs from that under statically loading 
conditions. 

Table 3-8 shows the maximum displacement at the top of the sidewall for each case and the 
ratio of those against Case 11 and Case 21. As the same as for the uplift height, the displacement 
of Case 41 was significantly larger than that of basic case (Case 21). Also, the stiffness of the 
stiffeners has an influence on the displacement. As the stiffness of the stiffeners increased, the 
displacement became smaller. The ratio of the maximum displacement of Case 32 against Case 
21 was about 2.2 times of the ratio of average response acceleration of Case 32 as specified in 
Table 3-3. It demonstrates that tank response acceleration is only one factor for the magnitude of 
the displacement at the top of the sidewall. It is considered that sympathetic vibration between 
the undulating deformation and seismic wave occurs. 

 
 
TABLE 3-8: THE MAXIMUM DISPLACEMENT AT THE TOP OF THE SIDEWALL 

(mm)
Case 11 Case 21 Case 21R Case 31 Case 32 Case 41

43.6 53.6 24.3 36.7 250.9 274.9
Ratio against Case 11 1.000 1.227 0.557 0.840 5.748 6.298
Ratio against Case 21 0.815 1.000 0.454 0.684 4.685 5.133
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3-2-8 FFT analysis of base shear and sidewall displacement 
To verify the vibration characteristics of tank response, FFT analysis is performed for the 

base shear and the sidewall displacement of time step t = 0.1 second for sidewall displacement, 
t = 0.01 second for base shear. Figures 3-22-1 to 5 show the results of FFT analysis of the base 

shear and the sidewall displacement of each case. The ordinate shows the amplitude (Fourier 
Spectrum) of FFT of the sidewall displacement and the base shear. 

 
 

Note: Fourier Spectrum has the unit that multiplied time step of data ( t) to amplitude.

FIGURE 3-22-1: FFT ANALYSIS OF THE SIDEWALL DISPLACEMENT (CASE 11) 

FIGURE 3-22-2: FFT ANALYSIS OF THE SIDEWALL DISPLACEMENT (CASE 21) 
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FIGURE 3-22-3: FFT ANALYSIS OF THE SIDEWALL DISPLACEMENT (CASE 21R) 

FIGURE 3-22-4: FFT ANALYSIS OF THE SIDEWALL DISPLACEMENT (CASE 31) 

FIGURE 3-22-5: FFT ANALYSIS OF THE SIDEWALL DISPLACEMENT (CASE 32) 
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TABLE 3-9: REPRESENTATIVE NATURAL PERIOD OF THE SIDEWALL 
FOR EACH GROUP 

Figure 3-22-1 (Case 11) shows a typical vibration characteristic of the tank, known as 
bulging mode. In many cases, the tank structure is considered as a single spring-mass system and 
in that case a unique natural period appears. The frequency and the natural period were 1.992 Hz 
and 0.502 seconds, respectively. These were the same as the results of the eigenvalue analysis 
(0.498 seconds). In this figure, the FFT results for the data of the base shear up to 14 seconds are 
also plotted. Since during this period the undulating deformation at the top of the sidewall does 
not appeared, the natural period without the effect of that deformation can be confirmed. This 
natural period is slightly shorter than that obtained from the eigenvalue analysis. However, it is 
almost the same as eigenvalue analysis. (Its amplitude is smaller than that of full period result. 
This trend depends on the magnitude of base shear.) From this consideration and the fact of no 
other significant natural period observed, the undulating deformation does not effect on vibration 
characteristics of the tank under no-uplift conditions. 

The results of the uplift cases show the different vibration characteristics. Instead of 
decreasing amplitude, of 1st natural period, 2nd and 3rd natural period groups become larger. 
These natural period groups are longer than that of the bulging mode. According to the result of 
Case 21 and 21R, with an increase of stiffener stiffness, the amplitude of the 2nd and 3rd natural 
period groups becomes smaller. Therefore, it is estimated that these natural periods have the 
relationship with the uplift behavior and the undulating deformation, respectively. Particularly, it 
is believed that result of the 3rd natural period group is due to not by bulging response but the 
undulating deformation. Because that appears only in FFT result of sidewall displacement, and 
when undulation deformation is small (Case 21R), this group disappears. The band of 3rd natural 
period group of Case 32 is longer than that of other cases. It is presumed that uplift behavior 
affects natural period of undulation deformation, because Case 32 has considerably higher uplift 
than other cases.  

3-2-9 Angular acceleration at the bottom of the sidewall and uplift induced 
dynamic pressure 

As described in Ref. [6], angular acceleration at the bottom of the sidewall dominates the 
magnitude of the dynamic pressure induced by uplifting. This pressure acts adversely to the 

Case 11 Case 21 Case 21R Case 31 Case 32
Natural 1st group 0.502 0.474 0.474 0.441 0.492
period 2nd group - 0.610 0.582 0.545 0.853
(sec) 3rd group - 1.280 - 1.219 1.600

Frequency 1st group 1.992 2.109 2.109 2.266 2.031
(Hz) 2nd group - 1.641 1.719 1.836 1.172

3rd group - 0.781 - 0.820 0.625
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dynamic pressure due to bulging mode, and has an offset effect on the total dynamic pressure. To 
confirm the relationship between stiffener stiffness and level of the dynamic pressure induced by 
uplifting, angular acceleration is investigated. Figure 3-23 shows the results of the angular 
acceleration at the bottom of the sidewall for Case 21 and 21R. 

 

FIGURE 3-23: EXAMPLE OF THE ANGULAR ACCELERATION 
AT THE BOTTOM OF THE SIDEWALL 

 
Table 3-10 shows the maximum angular acceleration at the bottom of the sidewall for each 

case and the ratio of those against Case 21. As the stiffness of the stiffeners increased, the 
angular acceleration became smaller. According to Table 3-5, the ratio of the maximum uplift 
height of Case 32 against Case 21 is 5.407. On the contrary the ratio of the maximum angular 
acceleration of Case 32 against Case 21 is 1.930 shown in Table 3-9. When the oscillation period 
of the tank is the same, increasing of ratio of angular acceleration is proportional to that of uplift 
height. This discrepancy is considered due to the difference of transition speed of the uplift 
between Case 21 and Case 32. As above discussed in the section 3-2-4, the uplift has the 
relationship with undulating deformation. The natural period of the undulating deformation of 
Case 32 (3rd group in Figure 3-22-5) is longer than that of Case 21(3rd group in Figure 3-22-2). 
Therefore, the transition speed of both cases is expected to different. 

TABLE 3-10: THE MAXIMUM ANGULAR ACCELERATION 
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It has been known that the uplift induces dynamic pressure, refer previous study [6] based on 
an assumption of an inviscid, incompressible, irrotational fluid, by applying the velocity 
potential theory and using a rectangular tank model with a unit width.  

Figure 3-24 shows the rectangular tank model and boundary conditions used in deriving the 
mathematical solutions. 

FIGURE 3-24: MECHANICAL MODEL OF RECTANGULAR RIGID TANK 
WITH UNIT WIDTH DURING UPLIFTING MOTION [6] 

 
The theoretical equation for dynamic pressure is given as follows from the continuous 

conditions 2 =0 and boundary conditions. 
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Where, 
  p: Dynamic pressure 

  : Fluid density 
  0 : Angular acceleration of the sidewall 
  2l: Tank length (= diameter) 
  a: Start point of uplift 
  h: Tank height 

The uplift induced dynamic pressure is able to be obtained from Eq. (3-2) by using angular 
acceleration calculated by the FE analysis. This is considered as one of factors causing the 
difference between fluid pressure of the no-uplift case and the uplift case. 

Figure 3-25 shows the pressure distribution of Case 21 (uplift case) minus Case 11 (no-uplift 
case) as calculated by the FE analysis, and the uplift induced dynamic pressure calculated by the 
theoretical equation with the same conditions of Case 21. The both pressure (red line and blue or 
green line) implies uplift induced pressure. However the difference exists between the values of 
the FE analysis and that of theoretical equation, the direction of both of that pressure is opposite 
to bulging pressure (i.e. Bulging pressure at uplift side is negative, while induced dynamic 
pressure is positive. Bulging pressure at compression side is positive, while induced dynamic 
pressure is negative.). This means that bulging pressure is reduced by the effect of rocking-
translation interaction [7- 9].  

FIGURE 3-25: UPLIFT INDUCED DYNAMIC PRESSURE 
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3-3 CONCEPT OF INTRODUCING DYNAMIC EFFECT TO A STATIC ANALYSIS 

According to the results obtained so far, tank responses such as acceleration, base shear and 
dynamic pressure significantly decrease compared to the no-uplift conditions, when uplift 
occurs. The reduction in these responses is led by a rather small uplift. Eventually, these will 
reach a certain balanced state. Figure 3-26 shows the relationship between the uplift height and 
the base shear that represents the tank response. If the uplift is larger than 50mm, the tank 
response becomes small less than half of that under no-uplift conditions. Up to 20 mm of the 
uplift height, the tank response decreases drastically rather than that after 20 mm. It is considered 
the relationship with the features of uplift shown in Figure 3-14. When small height uplift 
occurs, about 1m width of the tank bottom plate is instantly lifted. This behavior is considered to 
introduce the significant decrease within 20 mm of uplift height. 

 
FIGURE 3-26: RELATIONSHIP BETWEEN UPLIFT HEIGHT 

AND RESPONSE OF THE BASE SHEAR 

It is expected that two major elements exist to reduce the tank response such as acceleration 
and base shear, during dynamic vibration. 

The first element is that due to change of natural period. As Figure 3-22 shows, 2nd natural 
period groups, which is arose by uplift of the bottom plate, appears. The 2nd natural period is 
longer than that of 1st natural period. According to the response spectrum feature in Figure 3-6, 
when a natural period is longer, magnitude of response acceleration becomes small. (The 3rd 
natural period is due to undulating deformation and thought to be correlation with the tank 
excitation response) 

Generally, it is sufficiently suitable to regard 1st natural period as a sole representative value 
of the tank natural period, from a seismic design viewpoint. Because tank structure closes to 
single mass structure, moreover amplification of response acceleration by 1st natural period is 
larger than that form 2nd. In case the mode of 2nd natural period has a considerable effective 
mass, estimation of seismic force from only 1st natural period becomes too conservative. In this 
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case, taking into account of 2nd natural period is thought to be practical. The detail investigation 
for establishing of a procedure to provide a natural period of tanks with uplift condition is 
required for applying this concept. 

If it is possible to establish the relationship between the uplift height and the ratio of 
reduction as shown in Figure 3-26, then it will be possible to establish a response acceleration 
spectrum for the uplift conditions similar to that shown in Figure 3-27. If the natural period of 
the tank for the uplift conditions can also be determined, tank response can be determined 
through the same process as used in the current seismic design procedures. To establish the 
response acceleration spectrum for general use in dynamic uplift conditions, further investigation 
based on the FE analysis for a range of tank dimension may be required. 

 
FIGURE 3-27: NATURAL PERIOD, FREQUENCY AND RESPONSE ACCELERATION 

UNDER UPLIFT CONDITIONS 
 
This study also focuses on a second element for establishing of seismic design procedure for 

the tank bottom plate corner connection. That element is the effect of uplift induced dynamic 
pressure during rocking motion.  

As specified in Chapter 1, present seismic design standard does not take into account this 
element. The dynamic pressure quoted in the standard is based on the achievement of research 
for no-uplift condition. Research of effect of this element on response behavior of tanks and 
introducing in the procedure is required for rational design. Difference of the response dynamic 
pressure between uplift and no-uplift conditions is expected to arise from the uplift induced 
dynamic pressure which is due to bulging-rocking interaction. The effect of uplift induced 
pressure is taken into account for seismic design by the proposed procedure as shown in Figure 
3-28. The procedure consists of the outcomes of previous studies and the proposed model 
presented in this paper. 

The dynamic pressure due to bulging mode is calculated from conventional theories [4], [5]. 
However, the dynamic pressure induced by rocking motion is also obtained from two theories on 
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bottom plate by using the assumed uplift [10], [11]. From another theory comes the calculation 
of the dynamic pressure induced by uplift of the tank bottom plate during rocking motion by 
using the angular acceleration [6]. Once the two dynamic pressures are obtained, the tank 
overturning moment is calculated. 

The assessment of the bottom corner connection is performed by determining the stress level 
in the tank bottom plate and the bottom of the sidewall. For achieving this, the Structural 
Mathematical Model (b) of bottom plate and sidewall is developed, which is specified in Chapter 
4. To apply this model, the axial force at the bottom of the sidewall is required. Then the Force 
Coupling Mathematical Model (a) for calculating the axial force from the tank overturning 
moment is also developed as specified in Chapter 5. In the previous studies regarding modeling 
of axial force in a sidewall, its distribution is assumed from experimental or analytical result. For 
establish the rational design procedure, the model (a) is developed according to theoretical 
discussion based on research of dynamic behavior by the FE analysis. An assumed uplift width, 
which is used for the calculation of angular acceleration, is obtained from the model (b). In other 
words, this design procedure is conducted through an iterative process. 

In the later chapters, development of the Structural Mathematical Model (b) of the tank 
bottom plate and sidewall, the Force Coupling Mathematical Model (a) for axial force and design 
procedure are specified. 

 
START

Set up the design conditions
such as tank properties and seismic conditions

Assumption of 
uplift width "W"

Calculation of angular
acceleration of bottom plate

in considering of interaction of
Bulging-Rocking motion [10], [11] Calculation of

bulging pressure 
Calculation of by theoretical equation

dynamic pressure induced ex. [4], [5]
by uplift of bottom plate [6]
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FIGURE 3-28: FLOWCHART FOR OBTAINING THE DYNAMIC PRESSURE 
UNDER UPLIFT CONDITIONS AND ASSESSMENT OF BOTTOM CORNER 
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3-4 FINDINGS 
 

In this chapter, fluid-structure coupled 3-dimensional time-history FE analysis was 
performed for investigating dynamical behavior of tanks including uplift of a tank bottom plate. 
Several cases, which are no-uplift case, rigid stiffener stiffness case and 3 different seismic wave 
cases (artificial seismic wave, Taft EW and EL Centro NS), were calculated and effects of 
structural conditions on the tank response are mainly verified. 

Findings from this research are summarized below. 
 

- The response acceleration and the base shear of the uplift case become about half and 40% of 
the no-uplift cases, respectively. This tendency is also observed for the result of the fluid 
pressure. These results provide that the tank response under uplift conditions is absolutely 
different from that under no-uplift conditions. 

- The stiffness of the stiffeners has the relationship with the tank response under uplift 
conditions. As the stiffness of the stiffeners increases, the average response acceleration and 
the base shear grow larger. Meanwhile the uplift height and the sidewall displacement 
become smaller. In addition, the stiffness of stiffeners affects the distribution of the response 
acceleration and the fluid pressure on the sidewall. 

- When the uplift occurs, about a 1 m (correspond to about 55% of annular plate width) of 
bottom plate is lifted. The thicker annular plate installed at the periphery of the tank bottom 
plate may cause it. It implies the necessity to take into account this phenomenon for 
developing the mathematical model in Chapter 5. 

- Since the nominal in-plane shear stiffness of the sidewall is enough, the bottom of the 
sidewall seems to be rigid in the vertical direction. However, from a microscopic viewpoint, 
it deforms slightly in an arch shape up to the neutral axis, while it drops in the area around 0 
degree (compression side). 

- Liquid pressure, which acts on the uplifted tank bottom plate, is supported by the sidewall 
and tank bottom insulation evenly under the static loading conditions. While during the 
dynamic uplift process, the amount of the load supported by the sidewall becomes larger. 
This point should be considered when develop the mathematical model in Chapter 5. 

- The force couple of tensile and compressive side is not even in the dynamic rocking 
transition. During rising of the bottom plate, force couple of compressive side becomes larger 
than that of tensile side. On the other hand, during descending of the bottom plate, force 
couple of tensile side becomes larger 

- The undulating deformation at the top of the sidewall is observed under the oscillating 
loading conditions. While under constant horizontal acceleration case, which equivalent 
static loading, oval shape deformation appears at the top of the sidewall and the uplift height 
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becomes significantly larger. From these results, it is confirmed that the tank response due to 
oscillating loading is fundamentally different from that of static conditions. 

- The Contribution Factor, which consists of the magnitude of the base shear and the sidewall 
displacement, is introduced for investigating of the appearance of the uplift. Then it is 
confirmed that the undulating deformation at the top of the sidewall is one of the major 
factors of enhance the uplift in the same way as oscillation force. 

- The angular acceleration at the bottom of the sidewall, which is an indication pointer of the 
magnitude of the dynamic pressure induced by uplifting, also has the relationship with the 
stiffness of the stiffeners. As the stiffness of the stiffeners increases, the uplift decreases, then 
consequently the angular acceleration becomes smaller. 

- The natural periods of the tank are obtained from FFT analysis for the base shear and the 
sidewall displacement. The natural period under the uplift conditions shows different 
vibration characteristics than that of the no-uplift conditions, because unlike no-uplift 
conditions dominated by only 1st natural period, 1st, 2nd and 3rd natural period groups appear. 
Here, 1st group is the natural period of the bulging mode, while 2nd and 3rd groups are caused 
by the uplift and the undulating deformation. In addition, these vibration characteristics are 
affected by features of the seismic waves and the stiffness of the stiffeners. 
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CHAPTER 4 
MODELING OF UPLIFT BEHAVIOR AT BOTTOM PLATE

In this chapter, the integrated mathematical model (referred to as the Structural Mathematical 
Model) of the sidewall, the bottom plate and the bottom insulation is developed for calculating 
uplift height and width, deformation and stress of a bottom plate corner connection. This model 
takes into account of an effect of subsidence of a tank bottom plate and bulging deformation of a 
sidewall due to liquid pressure on uplift behavior of a bottom plate.

4-1 MODELING OF THE BOTTOM PLATE 

4-1-1 Modeling of the bottom plate 
The response behavior of a bottom plate during an earthquake differs from place to place. At 

a periphery part, a bottom plate repeats uplift and landing. At a supported part, a bottom plate is 
supported by bottom insulation and slightly sinks in bottom insulation. Therefore, the bottom 
plate model for the uplift part and the supported part are established respectively by applying 
different mathematical models. Then each model is combined using interface conditions. In the 
study, a cantilever beam model an elastic bearing beam are adopted for each part. 

FIGURE4-1: MODEL OF THE BOTTOM PLATE 
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Where,  v1: Displacement of the bottom plate at uplift part 
v2: Displacement of the bottom plate at supported part 
M0: Moment of the bottom plate at the sidewall side 
V0: Force of the bottom plate at the sidewall side 
q(x1), q(x2): Liquid pressure on the bottom plate along x1, x2 axis 
M1: Moment at interface of beams 
V1: Force at interface of beams 
W: Uplift width of the bottom plate 
a: Length of bottom plate on elastic foundation 
k: Reaction coefficient of tank bottom 

Consider the coordinate system, which has x axis along the radius direction and v axis along 
the sidewall direction. In the beam model for the uplift part, the origin of the coordinate system 
is placed at the bottom of the sidewall and each axis is expressed as x1 and v1. In the elastic 
bearing beam model for the supported part, the origin of the coordinate system is placed at the 
starting point of uplift and each axis is expressed as x2 and v2.

4-1-2 Modeling of the uplift part 
The fundamental equation of the beam is generally expressed as; 

14
1

1
4

xq
dx

vdEI (4-1)

Where,  
v1:  Displacement of the bottom plate at uplift part 
q(x1): Liquid pressure on the bottom plate along x1 axis 

 E:  Modulus of elasticity of steel 
 I:  Momentum of inertia for rectangular cross section beam 

12

3
bb twI

 wb: Unit width of bottom plate 
 tb:  Thickness of bottom plate (annular plate) 

Distribution of q consists of static and dynamic liquid pressure on the bottom plate during 
earthquake. In past studies, the dynamic pressures are theoretically derived. Housner [1] (see Eq. 
(4-2)) derived these equations, which is based on the assumption of a rigid sidewall. Figure 4-2 
shows that typical distribution, which is calculated with following conditions.  
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h
R

h
r

hu'Pd cos3cosh

cos3sinh

2
3

0 (4-2)

Where,  
Pd: Dynamic pressure on the bottom plate (MPaG) 

: Fluid density (= 480kg/m3)
 u’0: Horizontal acceleration (= 0.45) 
 h:  Liquid height (= 36,250 mm) 
 R: Tank radius (=37,200 mm) 
 r:  Distance from the tank center (37,200mm) 
 : Angle from acceleration direction (= 0) 

FIGURE 4-2: LIQUID PRESSURE CONSISTS OF STATIC AND DYNAMIC PRESSURE 
AT THE BOTTOM PLATE 

To simplify the problem, distribution of dynamic pressure is approximated as linear 
distribution as follows and shown in Figure 4-2. 
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Where,
P:  Liquid pressure (MPaG) 
P0: Static pressure (MPaG) 
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FIGURE 4-3: MODELING OF PRESSURE ON THE BOTTOM PLATE 

FOR UPLIFT PART 

Substituting Eq. (4-3) for Eq. (4-1), the fundamental equation of beam with distribution load 
becomes; 
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The derived functions of Eq. (4-4) are derived as; 
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4-1-3 Modeling of the supported part 
The fundamental equation of the elastic bearing beam is generally expressed as; 

224
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vkxq
dx

vdEI  (4-9) 

Rewriting as 4 4/ EIk , Eq. (4-9) becomes; 
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The solution v2 of Eq. (4-10) is given as a total of the general solution v2g, which is obtained by 
substituting 0 for the right side of Eq. (4-10) and the particular solution v2s.

sg vvv 222                      (4-11) 

The general solution v2g and that derived functions are derived as follows. 
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The particular solution v2s, one of which is the solution of the bearing beam equation with 
limited range distribution load, is derived by using the technique described on Ref. [2] (Refer to 
APPENDIX B)
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The equations of the elastic bearing beam are obtained by combining Eqs. (4-12) - (4-15) and 
Eqs. (4-16) - (4-19). 
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4-1-4 Connection of the uplift and the supported part 
The boundary conditions and interface conditions between the uplift model and the 

supported model are as follows. 
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Employing the boundary conditions given by Eqs. (4-24a) and (4-24b), constants of integration 
C11 and C12 are obtained as; 

012011 , MCVC

Considering the situation to satisfy the condition given by Eq. (4-24c), C21 and C22 become; 

0,0 2221 CC

Employing the conditions given by Eqs. (4-24d), (4-24e), (4-24f) and (4-24g), constants of 
integration C14, C23, C13 and C24 are respectively obtained as; 
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Arranging the Eqs. (4-30), (4-32) and (4-33), cubic equation of W is obtained as; 
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Employing the solution formula for cubic equation, and selecting the significant solutions, uplift 
width W is given as following formula. 

p
p

YW 1

0033

3

302

2

2

22

223 223 22

331,21

0,cos

0
3

cos2

0

M
p

V
p
p

p
p

qV
pp

p
p

u
pp

qu

pqupY

pqpqqpqqY

(4-35)



79 

4-1-5 Trial calculation of the bottom plate model 
When the uplift width W is obtained from Eq. (4-35), the displacement and cross sectional 

force of the bottom plate are calculated by Eqs. (4-8), (4-20) and the integral constants C11 –C24.
The trial calculation of the bottom plate is performed with following values. Here, M0 is the 

value, when the angle at x1 = 0 becomes 0. And k (nominal reaction of the foundation per unit 
length) corresponds to the elasticity of the bottom insulation, which consists of Fromglass 
(insulation material made from expanded glass) and concrete. 

R: 37,200 mm  : 480 kg/m3

h:  36,250 mm  k: 25.5 N/mm2

M0:  -1.4 105 N-mm E: 204,000 MPa 
V0: 200 N/mm  I: 666.7 mm4

P0: 0.1706 MPaG  wb: 1.0 mm 
Pd: 0.0628 MPaG   tb: 20.0 mm 

    FE analysis program: MSC NASTRAN 

Figure 4-4 shows a non-linear beam static FE analysis model, which consists of beam and 
spring support elements and to be performed for comparison with the calculation results. For this 
numerical calculation, general purpose program NX Nastran provided by Numerical Simulation 
Tech Corporation is used. The results of the non-linear beam static FE analysis include 
simplified linear distribution load case and Housner’s distribution load case. Figure 4-5 
compares the calculation results and the numerical one. 

FIGURE 4-4: FE ANALYSIS MODEL OF THE BOTTOM PLATE 

Spring support 

Force V0

Beam element 
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FE analysis program: NX NASTRAN 
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FIGURE 4-5: DISPLACEMENT OF THE BOTTOM PLATE 

From Figure 4-5, the results of the mathematical model, which apply the simplified linear 
pressure distribution, are the same as the results of the non-linear beam static FE analysis with 
linear pressure. The uplift height of the mathematical model and the non-linear beam static FE 
analysis with Housner’s distribution are 635mm and 616mm, the uplift width are 2,673mm and 
2,637mm, respectively. These values are sufficiently close and it demonstrates the simplified 
linear distribution pressure model is acceptable for a estimation of the bottom plate 
displacement.  
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In enlarged view graph shows that the bottom plate at uplift starting point sinks deeper in the 
bottom insulation than other part. The difference between the mathematical model with linear 
pressure and the non-linear beam static FE analysis with Hounser pressure is caused by only 
difference of pressure distribution. In the graph, calculation result of the mathematical model 
with modified liner pressure distribution as shown in Figure 4-6 to correspond with Hounser 
pressure, are also plotted. This modified distribution is made so as to close the average values 
within 3m from 0 m or 74.4m to Housner’s value. The calculation result with modified liner 
pressure distribution shows rather corresponding to the result of the non-linear beam static FE 
analysis with Housner’s pressure than the result with liner pressure distribution. Even so, the 
liner pressure distribution model shows sufficiently good agreement and acceptable accuracy, 
therefore, liner pressure distribution model is selected for this study.  

FIGURE 4-6: MODIFIED PRESSURE MODEL 
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4-2 MODELING OF THE SIDEWALL 

4-2-1 Modeling of the sidewall 
A sidewall bulges and deforms by static and dynamic pressure, and this deformation is 

expected to affect a bottom plate displacement. To consider an effect of sidewall bulging 
deformation on uplift of a bottom plate, the sidewall mathematical model with inner pressure is 
established by applying a cylindrical shell theory, and combined with the bottom plate model. 

Consider the cylindrical coordinate system, which has x3 axis along the tank height direction 
and R axis along radius direction and the bulging displacement of the sidewall is expressed as v3.

FIGURE 4-7: MODEL OF THE SIDEWALL 

Where,
Mx3, M : Moment at the sidewall 
Nx3, N : Membrane force at the sidewall 
Qx3, Q : Shear force at the sidewall 

Cut out the shell element of Rd  dx and consider the force balance conditions as; 
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The relationship with bulging displacement v3 and strain of circumferential direction of the 
sidewall  is; 

Rv3                                (4-37)
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Employing the sidewall thickness ts and modulus of elasticity of sidewall Es and Hook’s low, 
circumferential cross sectional force N  becomes;  

R
vtEtEtN ss

sss
3                      (4-38) 

Substituting the relationship N =R PT for Eq. (4-38), bulging displacement v3 is expressed as; 
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3                               (4-39)

Here, liquid pressure PT consists of static and dynamic pressure. Approximating each heightwise 
pressure distribution as linear, bulging displacement of the sidewall caused by inner pressure is 
expressed as;  
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Where,
: Fluid density 

 h: Liquid height 
 Pds1, Pds2: Dynamic pressure on the sidewall 
 R: Tank radius 
 Es: Modulus of elasticity of the sidewall 
 ts: Thickness of bottom of the sidewall 

FIGURE 4-8: MODELING OF PRESSURE ON THE SIDEWALL 
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Bending moment at boundary of the shell element Mx3 is expressed with deformed radius R1, as 
follows. 
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Therefore, Qx3, N  becomes; 
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Employing Eq. (4-38), Eq. (4-42) becomes;  
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Rewriting as 4 222 /13 stRK , Eq. (4-43) becomes;
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The solution of this equation is the bulging displacement of the sidewall considering the 
boundary conditions and to be derived as follows. 
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The bulging displacement is expressed by addition of Eqs. (4-40) and (4-45). 
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The derived functions of Eq. (4-46) are derived as follows. 
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The boundary condition at the top of sidewall and interface conditions between the sidewall and 
the bottom plate are; 
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Employing the boundary conditions given by Eq. (4-49a), constants of integration C33 and C34

are obtained. 

03433 CC     (4-50) 

Employing the boundary conditions given by Eqs. (4-49b), (4-49c) and (4-49d), constants of 
integration C31, C32 and M0 are respectively obtained as; 
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Substituting C13 of Eq. (4-31) for Eq. (4-53), quartic equation of the uplift width W is obtained 
as;
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4-2-2 Introducing the equivalent stiffness 
In this study, a beam theory is applied for the bottom plate to simplify the problem. In the 

actual structure, the bottom plate is a circle plate and its periphery part is connected to the 
sidewall. Therefore, some stiffness difference exists between the proposed model and actual 
structure. To compensate for this difference, this study tries to introduce the bottom plate model. 

FIGURE 4-9: BEAM AND PLATE MODEL 
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Where, 
p:  Uniformed distribution load 
Lbeam:  Half length of beam 
a:  Radius of ring 
b:  Radius of inner edge guide 

beam-Max: Maximum displacement of beam 

plate-Max: Maximum displacement of plate 

A maximum displacement of the ring plate with uniformed distribution load, periphery fixed 
and inner edge guided conditions is expressed by Eq. (4-55) [3]. On the other hand, the 
maximum displacement of the beam with uniformed load and both edges fixed conditions is 
expressed by Eq. (4-56). 
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Where, 

beam-Max:   Maximum displacement of beam 

plate-Max:   Maximum displacement of plate 
Ebeam: Modulus of elasticity of beam 
Eplate: Modulus of elasticity of ring 

Poisson’s ratio 
Wbeam: Width of beam 
tbr: Thickness of beam and ring 
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FIGURE 4-10: RELATION OF Ebeam and Eplate

To equate the maximum displacements of both models, relation of modulus elasticity of the 
beam and the ring plate should be as Figure 4-10. As later calculation shows, b/a becomes 0.93 
with the assumed conditions, then Ebeam corresponds to about 1.12 times of Eplate.

platebeam EE 12.1                         (4-57)

Employing this rate, the relation of the modulus of elasticity of the bottom plate E and that of 
sidewall Es becomes; 

sEE 12.1                              (4-58) 

4-2-3 Trial calculation of the bottom plate and the sidewall model 
When the uplift width W is obtained from Eq. (4-54), the displacement and cross sectional 

force of the bottom plate and the sidewall are calculated by Eqs. (4-8), (4-20), (4-46) and 
coefficients C11 –C34.

R: 37,200 mm  Pd: 0.0380 MPaG 
h:  36,250 mm  Pds1: 0.0209 MPaG (55% of Pd)

: 480 kg/m3 Pds2: 0.0171 MPaG (45% of Pd)
V0: 230 N/mm  

 (Same condition as FE analysis) 
P0: 0.1831 MPaG 
       = 0.1686MPaG + 0.0145 MPaG 
 (Static pressure + Vertical earthquake pressure) 
k: 25.5 N/m2

E:   = 1.12Es = 213,920 MPa 
Es: 191,000 MPa 
tb: 18.7 mm 
tsa: 20.8 mm (Average thickness of top and bottom sidewall) 
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FIGURE 4-11: TANK CONFIGURATION 

FIGURE 4-12: APPLIED PRESSURE ON THE SIDEWALL 

The displacement of the bottom plate and the sidewall are calculated with the values in 
Figure 4-11 and the approximated uplift side dynamic pressure shown in Figure 4-12. The values 
of Pds1 and Pds2 are decided as the total force due to approximated linear dynamic pressure 
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became equal to that of theoretical dynamic pressure. Average thickness of the tank is applied for 
representative sidewall thickness ts. To verify the calculation result, the non-linear 3D static FE 
analysis of the tank shown in Figure 4-13 was also performed with the same conditions and each 
result is compared. For this numerical calculation, general purpose program Abaqus developed 
by Dassault Systèmes is used. Figure 4-12 shows the approximated dynamic pressure 
distribution applied for the calculation and the theoretical dynamic pressure used for the non-
linear 3D static FE analysis. 

FIGURE 4-13: DISPLACEMENT OF THE FE ANALYSIS 

FIGURE 4-14: CALCULATION RESULT 

-3000

-2500

-2000

-1500

-1000

-500

0

-500 0 500 1000 1500 2000 2500 3000 3500
Distance along bottom plate (mm)

H
ei

gh
t (

m
m

)

Calculation result (mm)
FE analysis result case 1 (mm)
FE analysis result case 2 (mm)

Incline 

FE analysis program: Abaqus 



91 

Figure 4-14 shows the displacement calculated by the mathematical model and the non-linear 
3D static FE analysis. The non-linear 3D static FE analysis was performed with 2 cases, which 
had different stiffness of stiffeners. The uplift height and width of the mathematical model are 
662mm and 2,341mm, and those of the non-linear 3D static FE analysis are 691 – 894mm and 
1,900mm, respectively. The results of the model and the non-linear 3D static FE analysis show 
the same trend, however differences of uplift height exist. As shown in Figure 4-13, the sidewall 
of uplift side leaned toward the tank center about 1.3 – 1.7 degree and the top of the sidewall 
deformed as oval shape. This deformation mode has an influence on the uplift height and 
considered as one of major cause of the difference between the proposed model and the non-
linear 3D static FE analysis. As introduced the result of previous study in Figure 2-3, this 
phenomenon (deformation mode of sidewall and uplift height) is directly in proportion as 
increasing of compressive stress at sidewall. Therefore, this phenomenon has to be investigated 
in detail and will be researched at other opportunities. In Chapter 5, relation between oval shape 
deformation at top of the sidewall and uplift height of bottom plate is modeled mathematically. 
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4-3 CASE STUDY 

4-3-1 Case study of the uplift 
To understand the influence of the thickness of the bottom plate and sidewall thickness and 

elasticity of the bottom insulation on uplift behavior, the calculation by the mathematical model 
is performed with varied conditions. 

Figures 4-15-1 to 3 show the obtained displacement for varied conditions. 

FIGURE 4-15-1: DISPLACEMENT OF THE BOTTOM AND THE SIDEWALL 
(DIFFERENCE OF BOTTOM PLATE THICKNESS)  

FIGURE 4-15-2: DISPLACEMENT OF THE BOTTOM AND THE SIDEWALL 
(DIFFERENCE OF SIDEWALL THICKNESS) 
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FIGURE 4-15-3: DISPLACEMENT OF THE BOTTOM AND THE SIDEWALL 
(DIFFERENCE OF INSULATION STIFFNESS) 

As Figures 4-15-1 to 3 show, the uplift height and width are different due to thickness of the 
bottom plate and sidewall, and elasticity of the bottom insulation. Table 4-1 summarizes those 
tendencies. The difference of the uplift width is relatively small. On the contrary, the uplift 
varied by conditions. Particularly, it is found that the thickness of sidewall affects the uplift 
height significantly. 

TABLE 4-1: SUMMARY OF PARAMETER STUDY 

4-3-2 Influence of the uplift on dynamic pressure 
The extent of the influence due to various conditions on the uplift-induced dynamic pressure is 
estimated by employing Eq. (4-59), which is established in the previous study [4] based on an 
assumption of an inviscid, incompressible, irrotational fluid, by applying the velocity potential 
theory and using a rectangular tank model with a unit width.
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Where,  
   p: Dynamic pressure 

   : Fluid density 

   0 : Angular acceleration of the sidewall 

   2l: Tank length (= diameter) 
   a: Start point of uplift 
   h: Tank height 

In the previous study [5], the value of 0 for the same dimension tank as this study is 

estimated as 0.05 – 0.15 rad/s2 from the time historical FE analysis in Chapter 3.
As Table 4-1 shows, 5% thickness variation of the sidewall causes about 24% difference of 

the uplift height. Angular acceleration 0  is in proportion to the uplift height, since it is 

considered that the uplift period is depends on bulging period and has no relationship with uplift 
height. Therefore, when uplift height increases, angular acceleration proportionally increases. 

Then, in this parameter study, 0.15 rad/s2 is used for the angular acceleration of the 100% 
sidewall thickness case, 0.19 rad/s2 (1.24 times of 0.15 rad/s2) is used for the 95% sidewall 
thickness case. Also uplift width ratio listed in Table 4-1 is applied. 
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FIGURE 4-16: DYNAMIC PRESSURE CAUSED BY UPLIFT 

Figure 4-16 shows the calculation results of uplift-induced dynamic pressure of uplift and 
compression side, respectively. It indicates that 5% sidewall thickness variation causes about 
maximum 27% difference on the uplift-dynamic pressure. 

Since the magnitude of the uplift-induced dynamic pressure is estimated as about 20% of 
overall dynamic pressure [5], the afore mentioned pressure difference is equivalent to about 6% 
of overall dynamic pressure. 
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4-4 FINDINGS 

In this chapter, the mathematical model (referred to as the Structural Mathematical Model)  
for the tank bottom plate was established, which included the uplift behavior and the influence of 
the sidewall deformation. In addition, this proposed mathematical model was verified by 
comparing with the result of the non-linear beam static FE analysis and the non-linear 3D static 
FE analysis, which was performed with the same conditions as the mathematical model. Besides 
parameter study by the mathematical model was performed to investigate the influence of 
thickness of the bottom plate and the sidewall and the elasticity of the bottom insulation on the 
uplift behavior. 

Findings from this research are summarized below. 

- The thickness of the bottom plate and the sidewall and the elasticity of the bottom insulation 
affect the uplift height. Beside the uplift width receives small influence by these variations. 

- In case of thinner bottom plate, the uplift height becomes small. On the contrary, thinner 
sidewall, the uplift height becomes larger. 

- In case of high elasticity of the bottom insulation, the uplift becomes larger. 
- The variation of the sidewall thickness has the most impact to the uplift height. In the 

parameter study, 5% thickness variation causes about 24% uplift height difference. 
- The magnitude of uplift-induced dynamic pressure is affected by the conditions of the bottom 

plate and the sidewall thickness and the elasticity of the bottom insulation. 
- In the parameter study, 5% thickness variation of the sidewall causes about 6% difference of 

the overall dynamic pressure. 
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CHAPTER 5 
MODELING OF AXIAL FORCE DISTRIBUTION AT BOTTOM          

OF SIDEWALL WHEN UPLIFT OF BOTTOM PLATE OCCURS 
 

In this chapter, the mathematical model (referred to as the Force Coupling Mathematical 
Model) is established for obtaining axial force distribution at a bottom of a sidewall of a 
cylindrical tank due to the tank’s response to an earthquake. 

The model demonstrates that a crescent shaped area of the bottom plate of the tank is 
expected to lift away from the tank bottom insulation due to a change in the axial forces. This 
change is caused by the overturning moment generated by the bulging and the rocking motion of 
the tank and its contents as the result of an earthquake. The overturning moment generates the 
axial forces which act on the bottom of the tank sidewall. Around the perimeter of the tank, these 
axial forces vary from being compressive to being tensile. 
 

Chord = Neutral axis for equilibrium of overturning moment and force couple 
Minor Segment = relatively small area under net compressive forces 
Major Segment = relatively large area under net tensile forces 
Annular plate = thicker and width plate under the sidewall 

 
FIGURE 5-1: DEFINITION OF SEGMENT 

 
5-1 MODELING OF THE EXTENT OF THE UPLIFT AREA DUE TO SUBSIDENCE OF 

THE TANK’S BOTTOM PLATE 

5-1-1 Modeling of the extent of the uplift area 
The extent of the uplift area of the bottom plate is affected by: 

   -  Subsidence of the tank bottom due to the overturning moment, 
   -  Width of the annular plate of the tank bottom part which is located underneath the 

tank’s sidewall, 

Neutral axis 

Major Segment 
(Area under net 

tensile force) 

Minor Segment 
(Area under net 

compressive force)

Annular plate 
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-  Effects of oval shape deformation at the top of the sidewall on uplift height. 
 This chapter develops the mathematical model (the Force Coupling Mathematical Model) of 

a tank experiencing an earthquake. The model includes the effect of subsidence of the tank’s 
bottom plate and the corresponding uplift of the opposite end of the bottom plate.  

The parameters derived from the model are: 
- the location of the neutral axis due to the overturning moment arising from an 

earthquake, 
- the extent of the uplift of the bottom plate, 
- the distribution of the axial forces at the bottom of the sidewall. 

  
The results of these calculations can then be used to the design of a connection between a 

bottom plate and a sidewall of tanks. 
The model is based on the following assumptions. 
- The overturning moment is the force couple formed by the reaction force due to 

subsidence of the tank bottom versus the resistance force against uplift caused by the 
weight of liquid in the tank on the uplift area in major segment of the bottom plate.  
(Refer to Figure 5-2 and 5-3) 

- The sidewall does not have any in-plane shear deformation in the vertical direction. In 
other words, the sidewall deforms rigidly when uplift occurs. 

- The point where the tank bottom plate subsidence is zero is the location of the neutral 
axis of the tank. (Refer to Figure 5-2) 

- The vertical axial force in the sidewall in the major segment becomes tensile. (Refer to 
Figure 5-2) 

- Meanwhile, the vertical axial force in the minor segment becomes compressive. (Refer to 
Figure 5-2) 

- The tensile axial force is caused by the weight of the liquid acting down on the uplift area 
in major segment as it tries to move upward away from the tank’s bottom insulation. 
(Refer to Figure 5-3) 

- The liquid pressure during earthquake consists of static pressure and dynamic pressure   
due to bulging and rocking mode. (Refer to Figure 5-3) 

- The region of uplift consists of two, adjacent crescent shaped portions. One portion has a 
constant width. The other portion is wider at the point of maximum tensile force, tapering 
to zero as the crescent approaches the neutral axis. The constant width area (annular 
shaped area) is formed by the effect of a thicker annular plate which is installed at the 
connection with the side wall. (Refer to Figure 5-3) 

- In the minor segment, the reaction force from the tank bottom plate is introduced to the 
sidewall as a compressive force. This force acts through the constant effective width of 
bottom plate which is located underneath the tank’s sidewall. (Refer to Figure 5-3) 
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FIGURE 5-2: MODEL OF THE TANK BOTTOM 
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FIGURE 5-3: MODEL OF AXIAL FORCE 
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For obtaining actual location of a neutral axis and realistic distribution of tensile axial force 
and compressive axial force, a formula of axial force is established based on the result of the FE 
analysis, and theoretical consideration. Each symbol in Figure 5-2 and 5-3 is as follows, 

 
R: Tank radius   

: Angle indicating location of neutral axis   
l: Circular length of subsidence         Rl (5-1) 
L: Length from neutral axis to sidewall     cos1RL                (5-2) 
W: Uplift width of bottom plate             aWWW 0                    (5-3) 
W0: Fundamental uplift width 
Wa: Width of bottom plate effected by annular plate 
M: Over turning moment 
: Force couple of compressive side 
: Force couple of tensile side  

S: Subsidence depth at 0 degree       U
LR

LS
2

  (5-4) 

U: Uplift height at 180 degree 
C: Compressive axial force per unit width 

C is assumed that it consists of 1st component C1 based on cosine curve and 2nd 
component C2 based on sine curve for approximating the trend of the axial force in 
the result of the FE analysis as show in Figure 5-4. 

 

3
14sin

2
cos 21

b
b CCC                      (5-5) 

wSdkC r1                                  (5-6) 
   wSdkC r12                                        (5-7) 

Where, C2 is applied only for when   
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k: Reaction coefficient of tank bottom 
dr: Coefficient for a supplemental bulge shape of subsidence of bottom plate 
w: Effective width of bottom plate (The reaction force of the insulation is introduced into 

the tank’s sidewall through width w bottom plate. This effective width is taken as being 
equal to 16 x the thickness of the bottom plate and thickness of the sidewall) 

T: Tensile axial force per unit width at 180 degrees 
It is assumed that T at 180 degrees consists of components of T1, T2, Td1 and Td2. T1 

is the component due to static liquid pressure and Td1 is that due to dynamic liquid 
pressure, which act on the crescent shaped area. While T2 is the component due to 
static liquid pressure and Td2 is that due to dynamic liquid pressure, which acts on the 
annular shaped area. 

          2121 dd TTTTT                        (5-8) 

T1 + T2: Component due to static pressure 

WwhgTT ef21                        (5-9) 

aef WWwhgT1                  (5-10) 

aef WwhgT2                       (5-11) 

: Fluid density  
g: Gravity acceleration 
h: Liquid height 
wef: Coefficient expressing of increase in axial force at the bottom of sidewall 

Note: In a static situation wef is 0.5. In a dynamic situation, wef determines a portion of the force, 

which acts on the tank’s sidewall. This value is found by the FE analysis. The remainder of 

the force acts on the tank’s bottom insulation. Refer Chapter 3 for further explanation. 
 
Td1 + Td2: Component of dynamic pressure 

   

WwPPTT efbdrbdbdd 18018021 (5-12) 

aefbdrbdbd WWwPPT 1801801        (5-13) 

aefbdrbdbd WwPPT 1801802             (5-14) 
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180bdbP  : Dynamic pressure at 180 degrees due to bulging mode  
Housner’s theory [1] as below is applied to calculate the distribution 

of the axial force. 
 

h
R

h
r

huP
b

b

odb cos3cosh

cos3sinh

2
3'                     (5-15) 

 
u’0: Horizontal acceleration 

 
According to Eq. (5-15), pressure act on the bottom plate has a certain 
distribution along radius direction. For simplifying the model, average of 
dynamic pressure at r = R and r = R-W of uplift side ( b= 180) is 
considered. It becomes, 
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(5-16) 

180bdrP  : Dynamic pressure at 180 degrees due to rocking mode 
Taniguchi and Segawa’s theory [2] is applied, as shown below, to 

calculate the dynamic pressure on the bottom plate and the sidewall. 

 
 

FIGURE 5-5: MODEL OF THE RECTANGULAR TANK [2] 
 



105

l
xn

l
hn

h
l
hn

n
l

n

l
hn

al
l

n
l

l
anl

alhttxP

n

n

n

odr

2
cos

2
cosh2

tanh2111

2
tanh

2
22

2
cos14

2
",0,

2

1
32         (5-17)  

 
According to Eq. (5-17), pressure act on the bottom plate also has a certain 

distribution along radius direction. For simplifying the model, average of dynamic 
pressure at x = 2l and x = a of uplift side is considered. Then the equation becomes as 
shown below (using the co-ordinate conversions of 2l =2R, and a = 2l-W). 
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      (5-18) 

 
5-1-2 Modeling of force couple and axial force at compression area 

The force couple at compression area , which consists from reaction force of the tank 
bottom insulation, is assumed to be expressed by the formula consisting of two components, by 
using Eqs. (5-5), (5-6) and (5-7). 

wSdk br 2
cos and wSdk b

r 3
14sin1 are the 

components of reaction force from tank bottom,  bR coscos  is the length from natural 

axis of the tank and  Rd b is infinitesimal distance, respectively. Then the equation of 

force couple at the compression area  becomes; 
 

0
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FIGURE 5-6: FORCE COUPLE OF COMPRESSIVE SIDE 

 
The equation is transformed by applying C1 and C2, as follows. 

 

21                                                          (5-20) 
 

RdRC bbb coscos
2

cos2
011                          (5-21) 

Where, 
wSdkC r1                                               (5-6) 

 

RdRC bb
b coscos

3
14sin2

4/22                 (5-22) 

Where, 
wSdkC r12                                        (5-7) 

 
 is obtained by solving the Eqs. (5-21) and (5-22) as follows. 
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Where, 
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While, the total of the compressive force Cf is expressed by following formula. 
 

4/201 3
14sin2

2
cos2 b

b
bbf RdCRdCC (5-26) 

 
Then Cf is obtained by solving the Eq. (5-26) as follows. 
 

cos1
2

3
2

sin4 21 RCRCC f (5-27) 

 
5-1-3 Modeling of force couple and axial force at tensile area 

The force couple of the tensile area , consists of two components of 1 and 2. These are 
functions of cosine curve pressure distribution, rectangular shape pressure distribution, the size 
of the crescent shaped uplift area and the size of the annular shaped uplift area. 

 
2

sin b
aef WWwhg and  

2
sin b

aefbdrbdb WWwPP  

are the components of static pressure and dynamic pressure which act on crescent uplift area, 

while  aef Wwhg  and  aefbdrbdb WwPP  are the components of those 

which act on the annular shaped uplift area. Then,  bR coscos  is the length from the 

natural axis of the tank and  Rd b  is an infinitesimal distance, respectively. Then the 

equation of force couple at compression area  becomes; 
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bb
b

aefbdrbdb

bb
b

aef

dRRWWwPP

dRRWWwhg

coscos
2

sin2

coscos
2

sin21

 (5-28) 

bbaefbdrbdb

bbaef

dRRWwPP

dRRWwhg

coscos2

coscos22  (5-29) 

 

 
FIGURE 5-7: FORCE COUPLE OF TENSILE SIDE 

 
Pdb( b) and Pdr( b) around the circumference of the tank are obtained from the theoretical 

equations of the bulging mode (Eq. (5-15)) and rocking mode (Eq. (5-17)). However, the 
equation is complicated to integrate into the model, practically. Therefore, a cosine curve is 
applied to the distribution of Pdb( b) and Pdr( b) along the tank’s sidewall. 

Figure 5-8 shows the comparison of the pressure value (total of static and dynamic pressure) 
between theories (Housner’s theory [1] for the bulging mode and Taniguchi and Segawa’s theory 
[2] for the rocking mode) and cosine curve model of the dynamic pressure arising from the 
bulging mode and the rocking mode being applied to the subject tank. 

The difference in the values obtained from the two different methods is typically about 4 - 
5% on average. Refer Figure 5-8 for further details. The trends are considered to be the same to 
any proportion's tanks, even if degree of difference slightly varies due to tank dimensions. The 
pressure load on the uplift area of the tank’s bottom plate contributes to the resistance force 
against overturning moment. The difference of the values in uplift area directly decreases 
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accuracy. Therefore, supplementing these differences to achieve the result of the model to the 
current theories is essential. 

For improving the accuracy of the model, an additional function Eq. (5-30) is introduced to 
the model. 
 

FIGURE 5-8: PRESSURE DIFFERENCE BETWEEN THEORY AND THE MODEL 
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(5-30) 
In this equation, apd  is decided from following relationship. 

135135135 )sin()sin()( beCoapdbeCodbTheoryd PPP               (5-31) 

 
FIGURE 5-9: SCHEMATIC VIEW OF SUPPLEMENT BY ADDITIONAL FUNCTION 
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Where, 

4
3cos3cosh

4
3cos3sinh

2
3'135)(

h
R
h
R

huP obTheoryd                  (5-32) 

4
3cos180135 )()sin( TheorydbeCod PP                           (5-33) 

4
32sin

180
135 )(

)sin(
pd

Theoryd
beCoapd a

P
P                       (5-34) 

pda : Coefficient for optimization of the model 

When Eq. (5-31) is solved, the value of pda  is obtained as 5.18. 

Figure 5-10 shows the comparison of total of static and theoretical pressure and those from 
the modified model. It is in good agreement around the uplift area, especially the area which is 
greater than 90 degrees. Though some amount of difference still remains at the area less than 90 
degrees, it may be a minor effect on the model since most of the area less than 90 degrees is in 
the area of compression. 

 

 
FIGURE 5-10: MODIFIED DYNAMIC PRESSRE MODEL 
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When modified model in Figure 5-10is applied, 1 becomes as follows.

     

bb
b

bda

bb
b

bd

bb
b

dRRT

dRRT

dRRT

coscos
2

sin22sin2

coscos
2

sincos2

coscos
2

sin2

1

1

11

          (5-35) 

 
Where, 

aef WWwhgT1                                       (5-10) 

aefbdrbdbd WWwPPT 1801801                         (5-13) 

aef
pdb

bdb
da WWw

a
PT 180

1
                                    (5-36) 

 
While, 2 is specified as follows. 
 

bbbda

bbbd

bb

dRRT

dRRT

dRRT

coscos22sin2

coscoscos2

coscos2

2

2

22

                      (5-37) 

Where, 

aef WwhgT2                                            (5-11) 

aefbdrbdbd WwPPT 1801802                             (5-14) 

aef
pdb

bdb
da Ww

a
PT 180

2
                                        (5-38) 

 
In addition, unit tensile reaction T of each direction is expressed by following formula.
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bdabd

b
bda

b
bd

b

TTT

T

TTT

22sincos
2

sin22sin

2
sincos

2
sin

222

1

11

(5-39) 

 
1 and 2 are obtained by solving the Eqs. (5-35) and (5-37). 

 

222222

11111121

222
222

nsbadansbrdns

nsbadansbrdns

TTTTTT
TTTTTT

          (5-40) 

 
Where, 

 

2
223

3223

1 483
cos8cos24cos24cos8 RTns

               (5-41) 

 

4233245

2

54233245

233245

233245
1

6425636426145

6432062058026145
2cos412113

coscos32cos96cos94cos30

R

Tnsbr

 (5-42) 

 
 

  

6524334256

6655

244333

42256

6524334256
1

230413824337764294429912108001575
1

768cos11524352cos6912
10128cos1696012368cos21760

8340cos153682936cos5648420cos840

76848641268817456133645400900nsbaT

 

2
6524334256

524334256

522

334256

524334256

230413824337764294429912108001575
1

32sin64320620580426145
22sincos288cos1440

cos2800cos2640cos1202cos210
2sin5762880570856042725525

R

 

(5-43) 
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2

2 cossincossin RTns
                            (5-44) 

2
2 4

222sinsincos4 RTnsbr                     (5-45) 

2
2 6

2cos22coscos32cos3cos34 RTda       (5-46) 

         
While, the total of tensile force Tf is expressed by following formula. 
                      

 

bbdabbdb

b
b

bda

b
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bdb
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dRTdRTRdT

dRT

dRTdRTT

22sin2cos22

2
sin22sin2

2
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2
sin2

222

1

11

 (5-47) 

 
Then Tf  is obtained by solving Eq. (5-47). 

  

RTRTRT

RT

RTRTT

dad

da

df

122cossin22
163215

816822sin222

483
cos44

222

22

222

1

22

2

11

 (5-48) 

 

5-1-4 Formula of angle indicating the location of neutral axis 
To obtain the formula for the angle indicating the location of neutral axis  (or l or L) and 

parameter of subsidence S and uplift U, the equations of overturning moment M, force couple at 
the compression area  and the tensile area  given below are applied. (Detail of each symbol is 
explained in Figure 5-1) 
 

M             (5-49) 
                                   (5-50) 

Rl                         (5-1)     
cos1RL                (5-2) 

U
LR

LS
2

                                                 (5-4) 
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221121 22 mpmp CCCC        (5-23) 

 

3
14sin

2
cos 21

b
b CCC             (5-5) 

wSdrkC1           (5-6) 
wSdrkC 12          (5-7) 
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(5-51) 

WwhgTT ef21                      (5-9) 

aef WWwhgT1                 (5-10) 

 aef WwhgT2                          (5-11) 
 
 

WwP
a

PPTTTT efbdr
pdb

bdb
bdbdaddad 1801801802211  

(5-52) 

aefbdr
pdb

bdb
bdbdad WWwP

a
PPTT 18018018011     (5-53) 
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bdbdad WwP

a
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115

From Eqs. (5-3), (5-10), (5-11), (5-40), (5-49) and (5-50), the equation to calculate  is; 
                

    

0180180

180180
4

1

22

10
1

0

nsbraefbdrbdbnsaef

nsbraaefbdrbdb
ns

aaef

TWwPPTWwgh

TWWWwPPM
T

WWWwgh

(a) 

 
From Eqs. (5-6), (5-7), (5-23), (5-49) and (5-50) the equation to calculate S is; 
 

    
2214 mmm CCCdrwk

MS                                 (b) 

 
From Eqs. (5-2), (5-4) and (b) the equation for calculate U is obtained as; 
 

2214cos1
cos12

mmm CCCdrwk
M

R
RRU             (c) 

 
Using Eqs. (a) to (c), the key parameters forming the model can be found by the following steps 
below. 
 
Step1: Calculate the parameter of angle indicating the location of neutral axis  by Eq. (a). 
Step2: Calculate the parameter of subsidence S and uplift U by Eqs. (b) and (c), respectively. 
Step3: Calculate the compressive axial force per unit width at 180 degrees C and the tensile 

axial force per unit width at 180 degrees T by Eqs. (5-5) and (5-51), respectively. 
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5-2 MODELING OF RELATIONSHIP BETWEEN OUT OF ROUND DEFORMATION 
 OF SIDEWALL AND UPLIFT HEIGHT 

 
5-2-1 Modeling of deformation of sidewall and uplift height 

According to the results of the FE analysis in Chapter 3, magnitude of the deformation at the 
top of the sidewall is one of the major factors which enhance the uplift height of the bottom 
plate. 

The uplift width, which affects the axial force in sidewall, has a relationship with the uplift 
height as shown in Figure 3-14. While as specified in the section 3-2-4, deformation at the top of 
the sidewall is one of the important factors to decide the uplift height. Therefore, considering the 
effect of the deformation at the top of the sidewall is essential for improving the mathematical 
model. 

A supplementary model can be established using geometrical relationships as shown in 
Figure 5-11. In this supplementary model, it is assumed that the bottom of the sidewall remains 
in a circular shape while the top of the sidewall at 180 degrees deforms inward towards the tank 
center, during an earthquake. 

The top of the sidewall forms an oval shape with minor axis 2R-  running between 0 and 180 
degrees. The vertical lines, which are an extension of the sidewall at 0 and 180 degrees, meet a 
point above the tank and form an angle designated as  as shown below. 

This extension of the tank’s sidewalls, together with the tank bottom plate, form a sector 
defined by the inclined angle . Using the standard geometrical relationships given below, uplift 
height v can be calculated. 

 
 

  
FIGURE 5-11: MODEL OF UPLIFT OF THE BOTTOM PLATE AND INCLINE 

DEFORMATION OF SIDEWALL 
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Each symbol in Figure 5-11 show is as follows.  
 

R: Tank radius 
H: Tank height 

:  Horizontal displacement (difference in diameter from complete round) of the top of 
the side wall 

Sr: Distance from the meet point of extensions of the sidewall at 0 and 180 degrees to 
the bottom plate 

t: Angle from the sidewall at 0 degree to each point of bottom plate 
 b: Angle from 0 degree to each point of the sidewall 
: Angle at the point of intersection of a line drawn as an extension to the sidewall at 

180 degrees and a line drawn as an extension of the sidewall at 0 degree 
v( ): Uplift height of bottom plate due to horizontal displacement of the top of the 

sidewall at 180 degrees 
   

When the top of the sidewall deforms as an oval shape, the geometrical relationships 
between each of the values in Figure 5-11 are: 
 

        RSr 2                                                    (5-56) 

RHSr 2
2

tan2                                       (5-57) 

  cos1rSv                                             (5-58) 

 
H

                                                        (5-59) 

 
To obtain the uplift height v at each point along b, the geometrical relationship given in Eq. 
(5-60) is used: 
 

btr RS cos1tan                                          (5-60) 
 
Angle of each point of bottom plate t is expressed as function of b as follows. 
 

b
r

t S
R cos1tan 1                                          (5-61) 
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Each point of v( b) is expressed from Eqs. (5-58) and (5-61). 
 

     b
r

rb S
RSv cos1tancos1 1                       (5-62) 

 
The exact value of r is derived from Eqs. (5-56) and (5-57). However, to simplify the problem, 
Eq. (5-59) is applied instead of Eq. (5-57) to obtain r as; 
 

      RHSr
2                                                (5-63) 

From the Eqs. (5-62) and (5-63), the equation to calculate v( b) is obtained as; 
 

bb H
RHv cos1

2
tancos12 1                       (5-64) 

 
 
5-2-2 Comparison of the calculation result with the FE analysis 

Figures 5-12 and blue line of 5-13 show the results of the FE analysis of the uplift case 
(Case 21) specified in Chapter 3. The blue line is obtained by original deformation (green line) 
minus horizontal rigid deformation. These results show an undulating deformation occurring at 
the top of the sidewall. 

As specified in Chapter 3, this undulating deformation at the top of the sidewall appeared 
mainly after 14 seconds. It has the relationship with uplift height of the bottom plate. As opposed 
to an anchored tank, an unanchored tank will have a similar undulating deformation but this 
configuration does not affect dynamic pressure, as discussed in Chapter 3. 

The seismic wave is comprised of a number of different frequencies. One or more of 
frequencies may match the natural period of the undulating deformation mode of the tank. 

The deformation at the top of the sidewall may consist of component of an oval shape and a 
local undulation. In Figure 5-13, assumed oval shape (red line, expected deformation is 11 mm in 
radius) also is plotted. The pink line, which is obtained by blue line minus red line, is considered 
undulation component. If the deformation at the top of the sidewall can be converts to oval shape 
by removing undulation component, Eq. (5-64) is expected to function effectively. 
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FIGURE 5-12: DISPLACEMENT OF SIDEWALL OBTAINED 
BY THE FE ANALYSIS CASE 21 

 
 

  
FIGURE 5-13: DISPLACEMENT TREND AT THE TOP OF THE SIDE WALL ALONG 
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Table 5-1 shows the result of the trial calculation for the uplift height of the bottom plate by 

the proposed supplementary model. This calculation is performed by following steps. 
 
From (a) - The displacement of the uplift side 
Subtract (b) - The displacement of the compression side, then 
To obtain (c) - The oval displacement at the top of the sidewall 
Then calculate (d) - The uplift height calculated using Eq.(5-64) and the value from (c) 
Then compare this with (e) the uplift height by the FE analysis from Chapter 3. 
 

TABLE 5-1: CALCULATION RESULT OF UPLIFT 
DUE TO INCLINE DISPLACEMENT OF SIDEWALL 

 
 Note 

-  Case 21 is a normal tank (uplift conditions) with normal stiffener during earthquake. 
-  Case 21R is a normal tank during an earthquake but with rigid stiffeners attached 

around the sidewall to decrease undulation of the sidewall. 
-  Case 41 is a tank which is subject to a constant horizontal acceleration (constantly 

increasing horizontal acceleration up to the maximum value) only and it deforms in an 
oval shape. 

 
The calculation result with the condition of constant horizontal acceleration Case 41, which 

has oval shape deformation at the top of the sidewall, is in relatively good agreement with the 
result of the FE analysis. However, other cases are more than 2 times larger than the result of the 
FE analysis. This different is thought to be caused by the effect of the undulating deformation 
mode (the maximum displacement seems to be a trend within local area.). The calculation result 
also implies that the deformation at top of a sidewall has a close relationship with the uplift 
height and it is affected by a configuration of deformation sensitively. Consequently, converting 
the undulation deformation to oval deformation by using some kind of average method is 
necessary to use the supplementary model, as represented by Eq. (5-64), does work effectively. 
For example, applying moving average to the values of displacement of each direction is one 
option to evaluate amplitude of the oval deformation. 

(mm)
Case 21 Case 21R Case 41

(a) The displacement of the uplift side 27.1 24.3 274.9

(b) The displacement of the compression side 21.0 19.5 56.4

(c) The oval displacement at the top of the sidewall 6.1 4.8 218.5

(d) The uplift height calculated using Eq. (5-64) and the value from (c) 6.1 4.8 220.7

(e) The uplift height by the FE analysis from Chapter 3 21.6 9.9 215.8
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Investigation of the mechanism of undulating deformation at top of a sidewall and 
developing the model for introducing the effect of the deformation is necessary in future work 
for improving the accuracy of the model. 

 
5-2-3 Reflect the effect of sidewall deformation to the formula of angle indicating 

the location of neutral axis 
As specified in Figure 3-14 of Chapter 3, the uplift height has a linear relationship with the 

uplift width. This relationship is expressed as ‘uplift width = du uplift height’, by using the 
coefficient du (this coefficient expresses the ratio of uplift width against uplift height and differs 
depending on tank dimensions, then preparing the values through FE analysis for each tank 
proportion is necessary). Then, the uplift width due to uplift caused by sidewall deformation at 
180 degree, which is calculated by Eq (5-64), becomes; 

vdu                                                       (5-65) 
 

Consequently, the effect of uplift due to sidewall deformation on uplift width is integrated in Eq. 
(a) as follows. 
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Where, total uplift width W is specified as; 
 

au WvdWW )(0                                             (a-2) 
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5-3 CALCULATION OF UPLIFT AREA AND AXIAL FORCE OF SIDE WALL 
 
5-3-1 Conditions of calculation by proposed model 

A trial calculation is performed by the mathematical model (the Force Coupling 
Mathematical Model) under the same conditions as the FE analysis case to verify effectiveness 
of a proposed model. Figure 5-14 and following values show the dimensions of the subject LNG 
tank and the parameter values used in the FE analysis for Case 21, 32 and Case 41. 

The assumed value of the angular acceleration of Case 41 (constant horizontal acceleration 
case) is calculated from, (a) estimated 3rd natural period from other cases and (b) the uplift height 
by the FE analysis of Case 41. As discussed in Chapter 3, the 3rd natural period is considered for 
the undulating deformation, which has a relationship with uplift height. Therefore, (a) is used for 
a natural period of the uplift.  

The values of parameters Wa, wef, du may be depend on tank characteristics such as 
proportion and dimension of each part. Therefore, at this moment these values have to be set up 
based on the result of the FE analysis.

 
FIGURE 5-14: TANK CONFIGURATION 

 
R: Tank radius           37,200 mm  
H: Tank height     36,250 mm  
ts: Thickness of bottom of the sidewall 29.6mm 
k: Reaction coefficient of tank bottom  25.5 N/mm2 
E: Modulus of elasticity of steel        191,000 MPa 
M: Over turning moment         Case 21:      1.44 E+12 N-mm 
           Case 32( ):   2.05 E+12 N-mm 
   Case 32( ):   2.19 E+12 N-mm 
     Case 41:   2.47 E+12 N-mm 
    (From the FE analysis results of Case 21, 32 and Case 41. Case 32  is the value 

 at the moment of occurring small uplift (50.0mm) in Case 32, while Case 32
is the value at the moment of occurring large uplift (116.8mm).) 
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Wa: Width of the bottom plate affected 1045 mm 
by annular plate         (55% of annular plate width) 

wef: Coefficient expressing of increase   Case 21 :  85% 
  in axial force at the bottom of   Case 32( ):    85% 
  sidewall  Case 32( ): 65% 
    Case 41 :  50% 

(These values are set up based on the FE analysis result shown in Table 3-6.) 
du:  Coefficient expressing a ratio of 16.5 

uplift with against uplift height 
(This value is set up based on the FE analysis result shown in Figure 5-15.) 

 
FIGURE 5-15: RELATION OF UPLIFT HEIGHT AND UPLIFT WIDTH 

 
w: Effective width of bottom plate    349.6 mm 

  (Assumed as thickness of sidewall and 16 times of thickness of annular plate) 
v( ): Uplift height of bottom plate due to Case 21: 21.6 mm 

 horizontal displacement of the top  Case 32( ):  50.0 mm 
 of the sidewall at 180 degrees    Case 32( ):  116.8 mm 
                                             Case 41: 215.8 mm 

(These values are set up based on FE analysis result shown in Table 3-5.) 
: Fluid density                   480 kg/m3 

h: Liquid height            35,820 mm 
g: Gravity acceleration            9.8 m/s2 
u’0: Horizontal acceleration Case 21:  0.2469 

                     Case 32( ):  0.1970 
                     Case 32( ):  0.5535 
 Case 41: 0.4049 
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(The value for Case 41 is obtained from natural period and response 
acceleration spectrum of Artificial seismic wave as shown in Table 3-1. Other 
values are the maximum response acceleration in the FE analysis. The values 
of Case 21 and Case 32( ) are specified in Table 3-3) 

0  : Angular acceleration Case 21: 0.041 rad/s2 
                      Case 32( ):  0.072 rad/s2 
                      Case 32( ):  0.064 rad/s2 
 Case 41: 0.030 rad/s2 

(These values are set up based on the FE analysis result. Part of value is shown 
in Table 3-10. The value for Case 41 is calculated from uplift height of the FE 
analysis of Case 41 and estimated 3rd natural period from each dynamic uplift 
case. 

  

 
FIGURE 5-16: EXAMPLE OF NATURAL PERIOD OF CASE 21 

 

 
FIGURE 5-17: RELATIONSHIP BETWEEN UPLIFT HEIGHT AND NATURAL PERIOD 
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TABLE 5-2: RELATION BETWEEN UPLIFT HEIGHT AND NATURAL PERIOD 

    
 

5-3-2 Result of calculation 
Figures 5-18-1 to 5-18-4 and Table 5-3 show the results of the distribution of the axial force 

on the end of the sidewall of each model by the proposed calculations. Trial calculation cases are 
selected so as to include various situations. Case 21 is for artificial seismic wave, Case 32 is for 
EL Centro seismic wave, while Case 41 is for constant horizontal acceleration case. The uplift 
heights of selected cases are from 16.9 to 215.8 mm. Accordingly, the differences between the 
results obtained from the mathematical model and the FE analysis are: 
 

 0 to +25 % in uplift width 
 - 7 to +22% in location of neutral axis 
 - 22 to -1 % in the maximum tensile axial force of sidewall 
 - 8 to +9 % in the minimum compressive axial force of sidewall. 

 
Even though, several values are different more than 20%, trend of calculation result is similar 

to that of the FE analysis. In the dynamic FE analysis, each value varies with time. In addition, 
this transient situation (duration) is slightly different by each physical quantities and location that 
generated. Therefore, local or within short period unstable behavior occurs. This trend is shown 
in the FE analysis result. For applying the proposed mathematical model, which is established 
based on the conditions without this kind of unstable, to tank design, suitable allowance for 
comprising these unstable behavior in actual phenomenon. From this viewpoint, the calculation 
results are considered within an acceptable level. 

 
TABLE 5-3: CALCULATION RESULTS 

 

Model FE analysis Model FE analysis Model FE analysis Model FE analysis
Uplift width (mm) 1450.0 1450.0 1870.0 1500.0 4303.4 4303.4 4605.7 4303.4

Ratio 1.00 1.25 1.00 1.07
Location of neutral axis (degree) 74.3 79.9 69.3 72.0 71.3 58.5 66.3 58.5

Ratio 0.93 0.96 1.22 1.13
Tensile force at 180 degree *1 (N/mm) 184.6 186.1 253.8 256.1 331.1 336.8 284.0 366.1

Ratio 0.99 0.99 0.98 0.78
Compressive force at 0 degree *2 (N/mm) -481.3 -520.8 -858.3 -796.2 -956.6 -874.5 -1132.0 -1042.4

Ratio 0.92 1.08 1.09 1.09
*1 : Average of values at 160 -180 degree
*2 : Average of values at 0 - 20 degree

Case 41Case 21 Case 32( Case 32( )
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FIGURE 5-18-1: RESULT OF TRIAL CALCULATION (Case 21) 

 
 

 

 
FIGURE 5-18-2: RESULT OF TRIAL CALCULATION (Case 32 ) 
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FIGURE 5-18-3: RESULT OF TRIAL CALCULATION (Case 32 ) 

 
 

 

 
FIGURE 5-18-4: RESULT OF TRIAL CALCULATION (Case 41) 
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5-4 FINDINGS 
 

In this chapter, the mathematical model (referred to as the Force Coupling Mathematical 
Model) was proposed to estimate distribution of an axial force on a bottom of a sidewall. This 
model takes into account physical phenomenon of a force couple formed by a reaction force of a 
tank bottom due to subsidence, a resistance force against uplift due to liquid weight in uplift area 
and an effect of deformation at top of a sidewall. Then, comparison of a trial calculation with the 
same conditions by the FE analysis was performed to verify the applicability of the model. 

The findings are summarized below. 
 

- The differences of the result between the proposed mathematical model and between the FE 
analysis are 25% in uplift width, 11% in location of neutral axis, 22% in the maximum tensile 
axial force and 24% in the minimum compressive axial force, respectively. While, trend of the 
calculation result is similar to that of the FE analysis. 

- One of the reason of these discrepancies are local or within short period unstable behavior of 
physical quantities during transient duration in dynamic analysis. 

- For applying the proposed mathematical model to tank design, suitable allowance for 
comprising these difference is required.  

- It is considered that the deformation at top of a sidewall has a close relationship with the 
uplift height and it is affected by a configuration of deformation sensitively. 

- Further investigation and development of the model is required for the undulating 
deformation at the top of the sidewall for improving of calculation accuracy. 

- A cosine curve is assumed to be the pressure distribution profile on the surface of the uplift 
area due to the bulging and rocking modes. This profile is used instead of a theoretical value 
to simplify the model. It had better to integrate the theoretical formula into the mathematical 
model for improving the calculation accuracy. 
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CHAPTER 6 
PROPOSAL OF DESIGN PROCEDURE FOR TANK BOTTOM PLATE

In this chapter, the seismic design procedure (the Simplified Seismic Design Procedure) for a 
bottom plate corner connection is established from outcomes of previous studies of bulging and 
rocking motions and the proposed mathematical models (the Structural Mathematical Model and 
the Forced Coupling Mathematical Model). These mathematical models, together with some 
additional calculations, form the design procedure. Then trial calculations by the proposed 
procedure are conducted for a specific standardized tank. 

Suggested topics to be studied in the future are also summarized. 

6-1 DESIGN PROCEDURE FOR TANK BOTTOM PLATE 

 Figure 6-1 shows the proposed Simplified Seismic Design Procedure for a bottom plate 
corner connection and a sidewall. 
 The Simplified Seismic Design Procedure uses previous studies to calculate some of the 
variables needed. These include: 

-  Dynamic pressure due to a bulging mode with no-uplift condition is calculated from the 
theory of Housner [3] or Veletsos and Yang [4] (Step 5).  

-  Angular acceleration of a tank bottom plate, which is used for obtaining of uplift induced 
pressure, is calculated by the mathematical model of Okui [1] or D’Amico et al. [2] (Step 
3). In this step, an assumed uplift width is applied. 

-  Dynamic pressure induced by an uplift of a bottom plate is calculated from the theory of 
Taniguch and Segawa [5] by using the angular acceleration of a bottom plate (Step 4). 

 An extent of uplift, a location of neutral axis, an axial force and sidewall stress are 
calculated from the Force Coupling Mathematical Model developed in this study (Step 7). This is 
accomplished by using a tank overturning moment (Step 6) obtained from the dynamic pressure 
derived in Step 4 and Step 5.  
 Then, values of uplift height and a width of a tank bottom plate are calculated by the 
Structural Mathematical Model (Step 8). 
 The value of W’ , uplift width assumed, derived from the above steps are then re-introduced 
to the mathematical model of Okui or D’Amico to converge the results for the uplift induced 
pressure. Then this value is re-introduced to the subsequent steps of the model to further 
converge the results. 
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 This iterative process is described below: 

-  The calculated uplift width of a tank bottom plate W’ is re-introduced as the assumed width 
used in Step 3. 

-  Steps 2 to 9 are repeated until an error becomes less than an acceptable level. Finally, the 
assessment of integrity of the corner connection of a tank bottom plate is demonstrated by 
the value of the calculated stress (Step 10). 

 Following is the description of each step. 

 Step 1:  Set up the design conditions 
Select appropriate design conditions of a tank such as dimensions, a natural period, a 
response spectrum and the horizontal acceleration at ground level 

 Step 2:  Assume an uplift width 
Assign an assumed uplift width W (assumed one is described as W’), which consists 
of W0, du v( ) and Wa, since this value is essential for Step3. W is corrected by 
adjusting W0 through repeated calculation process of the proposed design procedure. 

 Step 3:  Calculate the angular acceleration of the tank bottom plate during uplift 
Calculate angular acceleration and the response acceleration of the tank. The 
response acceleration* of the tank becomes an input to Step 5. 

 Step 4:  Calculate the dynamic pressure induced by the uplift of the tank bottom 
plate 

Calculate the dynamic pressure induced by the uplift of the tank bottom plate by the 
angular acceleration. 

 Step 5:  Calculate the bulging dynamic pressure 
Calculate the dynamic pressure due to the bulging mode by applying the response 
acceleration* due to the uplift to the tank bottom plate, derived from Step3. 

 Step 6:  Calculate the tank overturning moment 
Calculate the tank overturning moment from the dynamic pressure induced by the 
bulging response and the uplift of the tank bottom plate 

 Step 7:  Calculate the extent of the uplift and the axial force at the bottom of the 
sidewall 

Calculate the extent of the uplift and the axial force at the bottom of the sidewall by 
the tank overturning moment and the effect of the maximum displacement of the top 
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of the sidewall. The displacement is inwards towards the center of the tank. This 
displacement occurs when the tank temporarily becomes an oval shape during an 
earthquake. The displacement is the difference between the length of the tank’s 
circular diameter and the length of the tank’s minor axis. 

 Step 8:  Calculate the uplift height and the width 
Calculate uplift height ‘v’ and the width ‘W’ of the tank bottom plate due to the axial 
force acting on the bottom of the sidewall as well as the total of the static and 
dynamic pressures acting on the sidewall and the tank bottom plate 

 Step 9:  Decide if a further iteration of the calculations is required 
Compare the value of W used as an input to the design procedure (W’) with the 
newly calculated value of W. If the difference is large, change the value of Input W’
by adjusting W0 within positive, then, repeat Steps 3 to 9 several times until the 
difference becomes less than the acceptable level. 

 Step10: Assess the stress of the tank bottom plate and the sidewall 
Combine the stress derived from the above procedure and from other factors 
affecting the tank such as self-weight. Then re-calculate up to decide the minimum 
required dimensions for the tank bottom plate and the sidewall, in accordance with 
an appropriate safety factor. 

* In future plan, this value will be obtained from a natural period and response acceleration 
spectrum of tanks with uplift conditions as specified in 3-3 of Chapter 3. 
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FIGURE 6-1: VERIFICATION PROCEDURE OF TANK BOTTOM PLATE 

START
Step 1

Set up the design conditions
   [Input conditions]
      - Tank dimension
      - Natural period of tank
      - Horizontal acceleration at ground
      - Response spectrum

                       Step 2
Assume an

      uplift width ' W' '

                      Step 3
Calculate the angular acceleration

of the tank bottom plate during the uplift [1], [2]
    [Input]
       - Conditions
       - Uplift width ' W' ' * In future plan
    [Output]         Response acceleration *
       - Angular acceleration of bottom plate
       - Response acceleration of tank
         (including of interaction of Bulging
          and Rocking motion) Step 5

                     Step 4 Calculate of the bulging dynamic pressure (no-uplift)
Calculate the dynamic pressure induced by the theoretical equation [3], [4]

by the uplift of the bottom plate [5]     [Input]
    [Input]        - Conditions
       - Angular acceleration of bottom plate        - Response acceleration 
    [Output]     [Output]
       - Dynamic pressure by uplift response        - Dynamic pressure by bulging response

                     Step 6
Calculate the tank overturning moment

(with uplift effect)
[Input]
   - Dynamic pressure induced by bulging response

    - Dynamic pressure induced by uplift
[Output]
   - Over turning moment

                     Step 7
Calculate the extent of the uplift and the axial force

at the bottom of the sidewall           Displacement at the top 
[Input]                     the side wall
   - Over turning moment
   - Deformation at top of side wall
[Output]
   - Uplift range along circumferential direction
     (Location of neutral axis)
   - Axial force along circumferential direction

                     Step 8
Calculate the uplift height and the width [6]

[Input]
   - Axial force along circumferential direction
   - Integrated dynamic pressure
[Output]
   - Uplift height ' v '
   - Uplift width ' W '

Step 9
No Decide if a further iteration of the 

calculation is required
Uplift width - Input uplift width

< acceptable level

Yes
END

     Step 10
Assess the stress

of the tank bottom plate and the sidewall

This value will be obtained
from a natural period and
response acceleration
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6-2 CALCULATION METHOD FOR ANGULAR ACCELERATION AND REDUCTION 
RATIO IN RESPONSE ACCELERATION  

In this design procedure, the theory of Okui’s model [1] is applied for obtaining two values. 
The first is an angular acceleration of the sidewall, which is essential factor for estimating the 
dynamic pressure due to the rocking motion. The second is a reduction ratio in translational 
response acceleration against the translational response acceleration under no-uplift condition, 
which is used for calculating of the dynamic pressure due to the bulging motion. 

Figure 6-2 compares the uplift width against the tank diameter and the reduction ratio in 
response acceleration, and the angular acceleration at each response acceleration reduction case 
for Okui’s model. These relationships are based on the subject tank conditions. 

FIGURE 6-2: RELATIONSHIP BETWEEN RATE OF UPLIFT WIDTH AND ANGULAR 
ACCELERATION FOR A SPECIFIC TANK USING OKUI’S MODEL 
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Okui’s model demonstrates that there is a reduction in the response acceleration as above 
described and in the maximum base shear between the ‘no-uplift’ case and the ‘uplift’ case. The 
maximum angular acceleration of the model shows acceptable agreement. However, the FE 
analysis provides larger reduction than this model. (Refer to APPENDIX C).
 In this paper, the angular acceleration obtained by Okui’s model is applied. And the 
reduction factor ref for response acceleration based on Okui’s model is introduced tentatively for 
a start point. Regarding obtaining of response acceleration of tanks with uplift conditions, 
another approach than Okui’s theory is specified in section 3-3 of Chapter 3. It is a providing 
method by using a natural period and responses spectrum. However, to establish the natural 
period estimation procedure and the response acceleration spectrum for general use in dynamic 
uplift conditions, further investigation is required. 
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6-3 SAMPLE CALCULATION OF DEFORMATION AND STRESS OF THE BOTTOM 
CORNER CONNECTION 

6-3-1 Sample calculation of subject tank 
In this section, sample calculation is performed along proposed procedure for the subject 

tank as specified below conditions. 

D:  Tank diameter           74,400 mm  
H:   Tank height      36,820 mm 
h:   Liquid height    36,250 mm  
ts:  Thickness at bottom of sidewall   29.6 mm 
tsa:  Average thickness of top and bottom sidewall 20.8 mm 
E: Modulus of elasticity of steel    191,000 MPa 

: Fluid density   480 kg/m3

 The value of W0 is fundamental uplift width and takes only positive value. The value of Wa

is width of the bottom plate effected by the annular plate. This value is decided to 0.55 for the 
calculation, according to the discussion in the section 3-2-5 of Chapter 3, based on the result of 
the FE analysis. 

The value of wef is a coefficient expressing of increase in axial force at the bottom of the 
sidewall, which is induced by liquid pressure act on the uplift part of the bottom plate (hear in 
after ‘coefficient for contribution of width’). This value is decided to 0.85 for the calculation, by 
referring the result of the FE analysis in Table 3-6 in Chapter 3. 

The value of w is effective width of the bottom plate under the sidewall. This value is 
assumed as thickness at the bottom of the sidewall and 16 times of thickness of the annular plate 
(this ratio is experimentally applied for estimating a range of plate effected a bending moment). 

The value of du is a coefficient expressing a ratio of uplift width against uplift height. This 
value is decided to 16.5 for the calculation, by referring the result of the FE analysis in Table 
5-14 in Chapter 3. 

The value of dr is a coefficient for a supplemental bulge shape of subsidence of the bottom 
plate. This value is decided to 0.85, according to Figure 5-3 in Chapter 5. 

The value of is horizontal displacement (difference in diameter from complete round) at 
the top of the sidewall. It is decided to 22 mm which is converted from the result of the FE 
analysis to expected oval deformation (11 mm in radius) as shown in Figure 5-12 of Chapter 5. 

The value of ref is a reduction factor for response acceleration under uplift condition against 
that of no-uplift condition. This value is obtained from outcomes of Okui’s model [1] shown in 
Figure 6-2 with a ratio of uplift width against a diameter.

The assumed uplift width W’ is addition of W0, du v( ) and Wa. W’ is corrected through 
repeated calculation process by changing the value of W0.

Table 6-1 shows the input conditions and the calculation result. 
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TABLE 6-1: INPUT CONDITIONS AND CALCULATION RESULT

 

FIGURE 6-3: PROCESS UNTIL CONVERGENCE 

Step 1 R : Tank diameter        37,200 mm
H : Tank height 36,820 mm
ts : Thickness at bottom of sidewall 29.6 mm
tsa : Average thickness of top and bottom sidewall 20.8 mm
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Wb : Width of annular plate 1900 mm
tb : Thickness of annular plate 18.7 mm
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against uplift width
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According to the results in Table 6-1, the Simplified Seismic Design Procedure is thought to 
work effectively. However, the uplift width W obtained by the procedure is 23.4 % difference 
from assumed uplift width W’. This result is outcome in the repeated calculation process. 
 Figure 6-3 shows this process until convergence. The assumed uplift width W’ is corrected 
through the process by changing W0 within positive value. In this case, W0 becomes 0 then the 
process is finished. 
 After that the values of axial force at the bottom of the sidewall, uplift height, deformation 
of the bottom plate and the sidewall, and stress in the tank bottom plate and the sidewall are 
obtained.
 Figure 6-4 shows the calculated distribution of the axial force at bottom of the sidewall. 
Figure 6-5 shows the displacement of the tank bottom plate and the sidewall and the stress 
distribution along the tank bottom plate. In both figures, the results of the FE analysis of Case 
21 are also plotted, which is similar conditions to the trial calculation. The uplift height of the 
trial calculation and the FE analysis are 61.2 mm and 21.6 mm, respectively. The value of the 
trial calculation is 2.8 times larger than that of the FE analysis. The other values of the trial 
calculation such as the sidewall displacement, the stress of the bottom plate and the 
compressive force and stress of the sidewall are also larger than that of the FE analysis. 
 It implied that a possibility of more suitable values for parameters of Wa, wef, du and dr.
Therefore, investigation of effectiveness of parameters on calculation result is performed.  
 Figure 6-6 to 6-9 show an effect of varying of parameter values on calculation result. 
 From the Figure 6-6, when Wa is decreased, W closes to W’, on the contrary,  (the angle 
indicating the location of the neutral axis), T (the tensile force) and C (the compressive force) 
deviate from the result of the FE analysis. 
 Figure 6-7 and 6-8 show variation of du and dr give a small influence on each value. 
 According to Figure 6-7, as the value of wef achieves 0.71, W closes to W’, and  and C also 
close to the result of the FE analysis. It is thought that wef is an influential parameter than other 
parameter. Where wef is less than 0.71, each value seems to diverge. 
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FIGURE 6-4: AXIAL FORCE ALONG BOTTOM OF SIDEWALL 
 

 
 

FIGURE 6-5: CHARACTERISTICS OF SIDEWALL AND TANK BOTTOM PLATE 
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FIGURE 6-6: RELATIONSHIP OF Wa (width effected by annular plate) 
AND EACH VALUES 

 
 
 

 
 

FIGURE 6-7: RELATIONSHIP OF wef (coefficient of contribution of width) 
AND EACH VALUES 
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FIGURE 6-8: RELATIONSHIP OF du (coefficient of height and width) 
AND EACH VALUES 

 
 
 

 
 

FIGURE 6-9: RELATIONSHIP OF dr (coefficient of subsidence of bottom plate) 
AND EACH VALUES 
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From these finding in parameter study, another trial calculation with revised value of wef is 
performed. In this trial calculation, following items area also modified. 

(a) The coefficient expressing of increase in axial force at the bottom of sidewall wef

Change to 0.71 based on the result of parameter study. 
(b) The reduction factor for response acceleration under uplift condition against that of 

no-uplift condition ref

Change the value of ref so as the result of calculated overturning moment M to 
become the same as overturning moment of Case 21. Because the initial value of ref

decided based on Okui’s model is not match to the result of the FE analysis as specified 
in APPENDIX C. 

(c) Introducing a parameter fr , which expresses a ratio of force couple of tensile side 
against total of force couple. 

According to the result of the FE analysis in Table 3-7 in Chapter 3, the force couple 
of tensile and compressive side is not even in the dynamic rocking transition. In case 21, 
during rising of the bottom plate, force couple of compressive side becomes larger than 
that of tensile side. For reflecting this phenomenon on the model, the parameter fr is 
introduced in Eqs, (a-1) and (b) in Chapter 5, then modify the equations as follows. The 
value of fr is decided 0.35 as an average of the result of the FE analysis in Table 3-7. 
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 Table 6-2 and Figure 6-10 show the input conditions and calculation result with wef = 0.71 
and its process until convergence. 
 The assumed uplift width W’ is corrected through the calculation process by changing W0

within positive value. In this case, W becomes the same value as W’.
 Figure 6-11 shows the calculated distribution of axial force at bottom of the sidewall. Figure 
6-12 shows the displacement of the tank bottom plate and the sidewall and the stress 
distribution along the tank bottom plate. The uplift height of trial calculation and the FE 
analysis are 30.1 mm and 21.6 mm, respectively. The value of the trial calculation is 1.4 times 
larger than that of the FE analysis. These results improve than 1st trial calculation. Other values 
such as sidewall displacement, stress of the bottom plate and compressive force and stress are 
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also relatively closer to that of the FE analysis than 1st trial calculation. It is thought that the 
calculated uplift height is sufficiently large (it seems to be beyond accepted level in design 
standards) so as to be affected by large deformation of the bottom plate. This is one of the 
reasons of difference of the result between trial calculation and the FE analysis. 
 This result implies that further investigation and establishing of suitable parameters in 
future study are essential for improving the procedure. In addition, considering an effect of 
membrane force in the tank bottom plate due to large deformation, which cannot take into 
account to the Structural Mathematical Model, is required for understanding the effect of that 
on the uplift. 
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TABLE 6-2: INPUT CONDITIONS AND CALCULATION RESULT (In case of wef = 0.71) 

 

Step 1 R : Tank radius 37,200 mm
H : Tank height 36,820 mm
ts : Thickness at bottom sidewall 29.6 mm
tsa : Average thickness of top and bottom sidewall 20.8 mm

Applied thickness of sidewall 29.6 mm
Wb : Width of annular plate 1900 mm
tb : Thickness of annular plate 18.7 mm
k : Reaction coefficient of tank bottom 25.5 N/mm2

E : Modulus of elasticity 191,000 MPa
W 0 : Fundamental uplift width 60.0 mm W0 is corrected through repeated re-calculation
Wa : Width effected by annular plate 1045.0 mm

wef : Coefficient for contribution of width 0.71

du : Coefficient for ratio of uplift width
against uplift width

16.5

w : Effective width of bottom plate 328.8 mm

dr : Coefficient for subsidence of bottom plate 0.85

: Incline displacement of sidewall 22 mm
: Fluid density 480 kg/m3

h : Liquid height 36,250 mm
g : Gravity acceleration 9.8 m/s2

u’ 0 : Horizontal acceleration 0.4049
ref u’ 0 : Horizontal acceleration 0.3826

ref : Reduction factor for response acceleration 0.945 Decide the value so as to M becomes the same as
overturning moment of Case 21.

Step 2 W' : Assumed uplift width 1,471.7 mm W' = W0 + du v( ) +  Wa

1.98 % W0 is corrected through repeated re-calculation
Step 3 " : Angular acceleration 0.061 rad/s2 According to the relation as follows in Figure 6-2

y = -3.1742x2 + 0.9264x + 0.0440
Step 4 Pdr( =180) : Dynamic presser due to rocking 0.0119 MPaG
Step 5 Pdb( =180) : Dynamic presser due to bulging -0.0515 MPaG
Step 6 M : Calculated overturning moment 1.47E+12 N-mm

Mb : Calculated overturning moment of bulging 2.04E+12 N-mm
Mr : Calculated overturning moment of rocking -5.76E+11 N-mm

Step 7 v( ) : Uplift height due to 22.2 mm

fr
: Ratio of force couple of tensile side 0.35

: Angle indicating location of neutral axis 76.1
T : Tensile force at 180 degree 140.4 N/mm
C : Compressive force at 180 degree -622.0 N/mm

Step 8 v : Calculated uplift height 30.1 mm
W : Calculated uplift width 1,471.7 mm

Step 9 : Comparison of W and W' 1,471.7 mm 1,471.7 mm  ( 0.0 mm ) Assumed uplift width ' W' '

Decide the value to 0.35, by referring the FE
analysis result in Table 3-7 of Chapter 3.

Decide the value to 55% of annular plate width,
according to the discussion in 3-2-5 of Chapter 3.

Assume as thickness of sidewall and 16 times of
thickness of annular plate.
Decide the value to 0.85, according to Figure 5-3 in
Chapter 5.

Decide the value to 16.5, by referring the FE
analysis result in Figure 5-14 of Chapter 5.

Change the value to 0.71.

Apply the value at expected oval deformaion of Case 21.
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FIGURE 6-10: PROCESS UNTIL CONVERGENCE (In case of wef = 0.71) 
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FIGURE 6-11: AXIAL FORCE ALONG BOTTOM OF SIDEWALL (In case of wef = 0.71) 
 
 

 
 

 FIGURE 6-12: CHARACTERISTICS OF SIDEWALL AND TANK BOTTOM PLATE 
(In case of wef = 0.71) 
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 In the calculation of Table 6-1 and 6-2, thickness at the bottom of the sidewall is applied. 
While, in Chapter 4, average thickness of top and bottom sidewall is used for trial calculation of 
the Structural Mathematical Model. It is performed for confirming availability of the model by 
comparison the result with that of non-linear 3D static FE analysis, and results in good 
agreement. Table 6-3 and Figure 6-13 and 6-14 show the calculation result with average 
thickness of top and bottom sidewall. The uplift width W does not converge on assumed uplift 
width W’ in the repeated calculation process. The uplift height becomes 7.7 times higher than 
the result of the FE analysis (time-history analysis). Consequently, the thickness at bottom of 
sidewall leads to better result under dynamic conditions than the average thickness. The 
Structural Mathematical Model can reflect bulging deformation of a sidewall due to liquid 
pressure on a bottom plate. For calculation of this deformation, average thickness is thought to 
be suitable. On the other hand, under dynamic conditions, undulating deformation at the top of 
sidewall has large effect than bulging deformation on the bottom plate. 

 
TABLE 6-3: INPUT CONDITIONS AND CALCULATION RESULT 

(In case of wef = 0.71, Average thickness of top and bottom sidewall) 
Step 1 R : Tank radius 37,200 mm

H : Tank height 36,820 mm
ts : Thickness at bottom sidewall 29.6 mm
tsa : Average thickness of top and bottom sidewall 20.8 mm

Applied thickness of sidewall 20.8 mm
Wb : Width of annular plate 1900 mm
tb : Thickness of annular plate 18.7 mm
k : Reaction coefficient of tank bottom 25.5 N/mm2

E : Modulus of elasticity 191,000 MPa
W 0 : Fundamental uplift width 0.0 mm W0 is corrected through repeated re-calculation
Wa : Width effected by annular plate 1045.0 mm

wef : Coefficient for contribution of width 0.71

du : Coefficient for ratio of uplift width
against uplift width

16.5

w : Effective width of bottom plate 320 mm

dr : Coefficient for subsidence of bottom plate 0.85

: Incline displacement of sidewall 22 mm
: Fluid density 480 kg/m3

h : Liquid height 36,250 mm
g : Gravity acceleration 9.8 m/s2

u’ 0 : Horizontal acceleration 0.4049
ref u’ 0 : Horizontal acceleration 0.3826

ref : Reduction factor for response acceleration 0.945 Decide the value so as to M becomes the same as
overturning moment of Case 21.

Step 2 W' : Assumed uplift width 1,411.7 mm W' = W0 + du v( ) +  Wa

1.90 % W0 is corrected through repeated re-calculation
Step 3 " : Angular acceleration 0.060 rad/s2 According to the relation as follows in Figure 6-2

y = -3.1742x2 + 0.9264x + 0.0440
Step 4 Pdr( =180) : Dynamic presser due to rocking 0.0116 MPaG
Step 5 Pdb( =180) : Dynamic presser due to bulging -0.0516 MPaG
Step 6 M : Calculated overturning moment 1.48E+12 N-mm

Mb : Calculated overturning moment of bulging 2.04E+12 N-mm
Mr : Calculated overturning moment of rocking -5.69E+11 N-mm

Step 7 v( ) : Uplift height due to 22.2 mm

fr
: Ratio of force couple of tensile side 0.35

: Angle indicating location of neutral axis 74.3
T : Tensile force at 180 degree 134.5 N/mm
C : Compressive force at 180 degree -665.9 N/mm

Step 8 v : Calculated uplift height 167.2 mm
W : Calculated uplift width 1,611.0 mm

Step 9 : Comparison of W and W' 1,611.0 mm 1,411.7 mm  ( -199.2 mm ) Assumed uplift width ' W' '

Decide the value to 0.35, by referring the FE
analysis result in Table 3-7 of Chapter 3.

Decide the value to 55% of annular plate width,
according to the discussion in 3-2-5 of Chapter 3.

Assume as thickness of sidewall and 16 times of
thickness of annular plate.
Decide the value to 0.85, according to Figure 5-3 in
Chapter 5.

Decide the value to 16.5, by referring the FE
analysis result in Figure 5-14 of Chapter 5.

Change the value to 0.71.

Apply the value at expected oval deformaion of Case 21.
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FIGURE 6-13: AXIAL FORCE ALONG BOTTOM OF SIDEWALL  
(In case of wef = 0.71, Average thickness of top and bottom sidewall)  

 

FIGURE 6-14: CHARACTERISTICS OF SIDEWALL AND TANK BOTTOM PLATE 
(In case of wef = 0.71, Average thickness of top and bottom sidewall)
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6-3-2 Applicability to other dimensional tanks 
 For investigating an applicability of the Simplified Seismic Design Procedure for other 
dimensional tanks, additional several sample calculations are performed. Table 6-4 shows the 
dimensional conditions of the subject tanks specified in 6-3-1 and 3 additional sample tanks. 
 The additional sample tanks have different size and proportion, which is expressed by a ratio 
of a diameter and height. These tanks are actually constructed tanks equipped an anchor and 
selected from a viewpoint of extensive investigation. 
 Capacities of additional the sample tanks are from 10,000 to 80,000 m3 and its proportions 
are from 0.95 to 2.07. The sample tank 2 (capacity 36,000 m3) is a relatively small tank for 
export or import terminal. The sample tank 3 is a tank used to small terminal for domestic 
transportation. 
 

TABLE 6-4: DIMENSIONAL CONDITIONS OF SAMPLE TANKS 
 

 

 The parameters of Wa, wef, du and dr are considered to be difference for each tank and it 
should be decided from a research by an FE analysis. This research will be conducted in next 
stage. In this paper, focus on confirming the calculation functions of the Simplified Seismic 
Design Procedure for other dimensional tanks than the subject tank. For this purpose the 
parameters for the subject tank are used to calculate tentatively. 
 Table 6-5 and Figure 6-15 and 16 show the result of the sample tank1, Table 6-6 and Figure 
6-17 and 6-18 show that of the sample tank 2, Table 6-7 shows that of the sample tank 3, 
respectively. 
 The Simplified Seismic Design Procedure including developed mathematical models is 
thought to function for the sample tank 1 and 2. However the obtained specific values are for 
reference, since used parameters are tentative one. The further research and investigation are 
essential for generalization of the procedure for applying to any size of tanks. 
 The sample tank 3, the rational result could not be obtained. As shown in Table 6-6, the 
uplift height is more than 3.5 m. It seems to be divergence the calculation. The size of this tank is 
considerably smaller and the proportion is different from that of the subject tank, which is base 
of the present parameters. Therefore, the parameters are considered to be not match to this tank. 
The other reason is assumption of the Structural Mathematical Model. The model is developed 

Capacity Diameter Height Ratio of The max. design Thickness of Width of Thickness Horizontal Deformation of
D and H liquid height bottom of sidewall annular plate of annular plate acceleration the sidewall

D H D/H h t Wb tb
(m3) (mm) (mm) - (mm) (mm) (mm) (mm) (G) (mm)

Subject tank 157,595 74,400 36,820 2.02 36,250 29.6 1900 18.7 0.4049 22
Sample tank 1 80,079 59,500 28,800 2.07 28,800 28.5 1600 18.0 0.4049 17.2
Sample tank 2 36,191 40,000 28,000 1.43 28,800 21 1600 15.0 0.4049 16.7
Sample tank 3 10,075 23,000 24,250 0.95 24,250 13.4 850 8.1 0.4049 14.5
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based on infinitesimal deformation theory. Therefore, in case of large uplift expected condition, 
calculation accuracy is supposed to decrease. 
 For reference, change the value of most sensitive parameter wef to 0.74 for the sample tank 3 
and perform a calculation again. The result is obtained without divergence as shown in Table 6-7 
and Figure 6-19 and 6-20. It concludes that the parameters should be changed depend on size and 
proportion of tanks. 
 The findings and suggested items to be studied in the next step are summarized in next 
section.

 
TABLE 6-5: INPUT CONDITIONS AND CALCULATION RESULT (Sample tank 1)  

Sample tank 1
Step 1 R : Tank radius 29,750 mm

H : Tank height 28,800 mm
ts : Thickness at of bottom of sidewall 28.5 mm
tsa : Average thickness of top and bottom sidewall 18.5 mm

Applied thickness of sidewall 28.5 mm
Wb : Width of annular plate 950 mm
tb : Thickness of annular plate 18.0 mm
k : Reaction coefficient of tank bottom 25.5 N/mm2

E : Modulus of elasticity 191,000 MPa
W 0 : Fundamental uplift width 385.0 mm W0 is corrected through repeated re-calculation
Wa : Width effected by annular plate 880.0 mm

wef : Coefficient for contribution of width 0.71

du : Coefficient for ratio of uplift width
against uplift width

16.5

w : Effective width of bottom plate 316.5 mm

dr : Coefficient for subsidence of bottom plate 0.85

: Incline displacement of sidewall 17.2 mm Assume from the value of Case 21 and tank height.
: Fluid density 480 kg/m3

h : Liquid height 28,800 mm
g : Gravity acceleration 9.8 m/s2

u’ 0 : Horizontal acceleration 0.4049
ref u’ 0 : Horizontal acceleration 0.3944

ref : Reduction factor for response acceleration 0.974

Step 2 W' : Assumed uplift width 1,558.2 mm W' = W0 + du v( ) +  Wa

2.62 % W0 is corrected through repeated re-calculation
Step 3 " : Angular acceleration 0.066 rad/s2 According to the relation as follows in Figure 6-2

y = -3.1742x2 + 0.9264x + 0.0440
Step 4 Pdr( =180) : Dynamic presser due to rocking 0.0104 MPaG
Step 5 Pdb( =180) : Dynamic presser due to bulging -0.0417 MPaG
Step 6 M : Calculated overturning moment 8.31E+11 N-mm

Mb : Calculated overturning moment of bulging 1.09E+12 N-mm
Mr : Calculated overturning moment of rocking -2.63E+11 N-mm

Step 7 v( ) : Uplift height due to 17.8 mm
fr : Ratio of force couple of tensile side 0.50

: Angle of neutral axis 53.0
T : Tensile force at 180 degree 116.1 N/mm
C : Compressive force at 180 degree -1146.3 N/mm

Step 8 v : Calculated uplift height 25.0 mm
W : Calculated uplift width 1,558.1 mm

Step 9 : Comparison of W and W' 1,558.1 mm 1,558.2 mm  ( 0.0 mm ) Assumed uplift width ' W' '

Assume the value as 0.50. (even condion)

Decide the value to 55% of annular plate width,
according to the discussion in 3-2-5 of Chapter 3.

Assume as thickness of sidewall and 16 times of
thickness of annular plate.
Decide the value to 0.85, according to Figure 5-3 in
Chapter 5.

y = -0.5348x + 0.9881
According to the relation as follows in Figure 6-2

Decide the value to 16.5, by referring the FE
analysis result in Figure 5-14 of Chapter 5.

Assume the value as 0.71.



  

150 
 

FIGURE 6-15: AXIAL FORCE ALONG BOTTOM OF SIDEWALL (Sample tank 1) 
 
 

 
FIGURE 6-16: CHARACTERISTICS OF SIDEWALL AND TANK BOTTOM PLATE 

(Sample tank 1) 
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TABLE 6-6: INPUT CONDITIONS AND CALCULATION RESULT (Sample tank 2) 

Sample tank 2
Step 1 R : Tank radius 20,000 mm

H : Tank height 28,000 mm
ts : Thickness at bottom of sidewall 21.0 mm
tsa : Average thickness of top and bottom sidewall 14.5 mm

Applied thickness of sidewall 21.0 mm
Wb : Width of annular plate 1600 mm
tb : Thickness of annular plate 15.0 mm
k : Reaction coefficient of tank bottom 25.5 N/mm2

E : Modulus of elasticity 191,000 MPa
W 0 : Fundamental uplift width 495.0 mm W0 is corrected through repeated re-calculation
Wa : Width effected by annular plate 880.0 mm

wef : Coefficient for contribution of width 0.71

du : Coefficient for ratio of uplift width
against uplift width

16.5

w : Effective width of bottom plate 261.0 mm

dr : Coefficient for subsidence of bottom plate 0.85

: Incline displacement of sidewall 16.7 mm Assume from the value of Case 21 and tank height.
: Fluid density 480 kg/m3

h : Liquid height 28,800 mm
g : Gravity acceleration 9.8 m/s2

u’ 0 : Horizontal acceleration 0.4049
ref u’ 0 : Horizontal acceleration 0.3916

ref : Reduction factor for response acceleration 0.967

Step 2 W' : Assumed uplift width 1,571.8 mm W' = W0 + du v( ) +  Wa

3.93 % W0 is corrected through repeated re-calculation
Step 3 " : Angular acceleration 0.076 rad/s2 According to the relation as follows in Figure 6-2

y = -3.1742x2 + 0.9264x + 0.0440
Step 4 Pdr( =180) : Dynamic presser due to rocking 0.0076 MPaG
Step 5 Pdb( =180) : Dynamic presser due to bulging -0.0363 MPaG
Step 6 M : Calculated overturning moment 3.61E+11 N-mm

Mb : Calculated overturning moment of bulging 4.98E+11 N-mm
Mr : Calculated overturning moment of rocking -1.37E+11 N-mm

Step 7 v( ) : Uplift height due to 11.9 mm
fr : Ratio of force couple of tensile side 0.50

: Angle indicating location of neutral axis 57.7
T : Tensile force at 180 degree 121.5 N/mm
C : Compressive force at 180 degree -867.3 N/mm

Step 8 v : Calculated uplift height 61.8 mm
W : Calculated uplift width 1,571.8 mm

Step 9 : Comparison of W and W' 1,571.8 mm 1,571.8 mm  ( 0.0 mm ) Assumed uplift width ' W' '

Assume the value as 0.50. (even condion)

y = -0.5348x + 0.9881
According to the relation as follows in Figure 6-2

Decide the value to 16.5, by referring the FE
analysis result in Figure 5-14 of Chapter 5.

Assume the value as 0.71.

Decide the value to 55% of annular plate width,
according to the discussion in 3-2-5 of Chapter 3.

Assume as thickness of sidewall and 16 times of
thickness of annular plate.
Decide the value to 0.85, according to Figure 5-3 in
Chapter 5.
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FIGURE 6-17: AXIAL FORCE ALONG BOTTOM OF SIDEWALL (Sample tank 2) 
 
 

 
FIGURE 6-18: CHARACTERISTICS OF SIDEWALL AND TANK BOTTOM PLATE 

(Sample tank 2)
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TABLE 6-7: INPUT CONDITIONS AND CALCULATION RESULT (Sample tank 3) 

Sample tank 3
Step 1 R : Tank radius    11,500 mm

H : Tank height 24,250 mm
ts : Thickness at bottom sidewall 13.4 mm
tsa : Average thickness of top and bottom sidewall 9.7 mm

Applied thickness of sidewall 13.4 mm
Wb : Width of annular plate 850 mm
tb : Thickness of annular plate 8.1 mm
k : Reaction coefficient of tank bottom 25.5 N/mm2

E : Modulus of elasticity 191,000 MPa
W 0 : Fundamental uplift width 2765.0 mm W0 is corrected through repeated re-calculation
Wa : Width effected by annular plate 467.5 mm

wef : Coefficient for contribution of width 0.71

du : Coefficient for ratio of uplift width
against uplift width

16.5

w : Effective width of bottom plate 143.0 mm

dr : Coefficient for subsidence of bottom plate 0.85

: Incline displacement of sidewall 14.5 mm Assume from the value of Case 21 and tank height.
: Fluid density 480 kg/m3

h : Liquid height 24,250 mm
g : Gravity acceleration 9.8 m/s2

u’ 0 : Horizontal acceleration 0.4049
ref u’ 0 : Horizontal acceleration 0.3686

ref : Reduction factor for response acceleration 0.910

Step 2 W' : Assumed uplift width 3,345.9 mm W' = W0 + du v( ) +  Wa

14.55 % W0 is corrected through repeated re-calculation
Step 3 " : Angular acceleration 0.112 rad/s2 According to the relation as follows in Figure 6-2

y = -3.742x2 + 0.9264x + 0.0440
Step 4 Pdr( =180) : Dynamic presser due to rocking 0.0081 MPaG
Step 5 Pdb( =180) : Dynamic presser due to bulging -0.0206 MPaG
Step 6 M : Calculated overturning moment 7.94E+10 N-mm

Mb : Calculated overturning moment of bulging 1.30E+11 N-mm
Mr : Calculated overturning moment of rocking -5.10E+10 N-mm

Step 7 v( ) : Uplift height due to 6.9 mm
fr : Ratio of force couple of tensile side 0.50

: Angle indicating location of neutral axis 90.0
T : Tensile force at 180 degree 240.1 N/mm
C : Compressive force at 180 degree -175.8 N/mm

Step 8 v : Calculated uplift height 3510.8 mm
W : Calculated uplift width 3,345.9 mm

Step 9 : Comparison of W and W' 3,345.9 mm 3,345.9 mm  ( 0.0 mm ) Assumed uplift width ' W' '

Assume the value as 0.50. (even condion)

Decide the value to 55% of annular plate width,
according to the discussion in 3-2-5 of Chapter 3.

Assume as thickness of sidewall and 16 times of
thickness of annular plate.
Decide the value to 0.85, according to Figure 5-3 in
Chapter 5.

y = -0.5348x + 0.9881
According to the relation as follows in Figure 6-2

Decide the value to 16.5, by referring the FE
analysis result in Figure 5-14 of Chapter 5.

Assume the value as 0.71.
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TABLE 6-8: INPUT CONDITIONS AND CALCULATION RESULT (Sample tank 3)
(wef = 0.74) 

 
Sample tank 3
Step 1 R : Tank radius    11,500 mm

H : Tank height 24,250 mm
ts : Thickness at bottom sidewall 13.4 mm
tsa : Average thickness of top and bottom sidewall 9.7 mm

Applied thickness of sidewall 13.4 mm
Wb : Width of annular plate 850 mm
tb : Thickness of annular plate 8.1 mm
k : Reaction coefficient of tank bottom 25.5 N/mm2

E : Modulus of elasticity 191,000 MPa
W 0 : Fundamental uplift width 572.0 mm W0 is corrected through repeated re-calculation
Wa : Width effected by annular plate 467.5 mm

wef : Coefficient for contribution of width 0.74

du : Coefficient for ratio of uplift width
against uplift width

16.5

w : Effective width of bottom plate 143.0 mm

dr : Coefficient for subsidence of bottom plate 0.85

: Incline displacement of sidewall 14.5 mm Assume from the value of Case 21 and tank height.
: Fluid density 480 kg/m3

h : Liquid height 24,250 mm
g : Gravity acceleration 9.8 m/s2

u’ 0 : Horizontal acceleration 0.4049
ref u’ 0 : Horizontal acceleration 0.3892

ref : Reduction factor for response acceleration 0.961

Step 2 W' : Assumed uplift width 1,152.9 mm W' = W0 + du v( ) +  Wa

5.01 % W0 is corrected through repeated re-calculation
Step 3 " : Angular acceleration 0.082 rad/s2 According to the relation as follows in Figure 6-2

y = -3.742x2 + 0.9264x + 0.0440
Step 4 Pdr( =180) : Dynamic presser due to rocking 0.0039 MPaG
Step 5 Pdb( =180) : Dynamic presser due to bulging -0.0245 MPaG
Step 6 M : Calculated overturning moment 1.01E+11 N-mm

Mb : Calculated overturning moment of bulging 1.38E+11 N-mm
Mr : Calculated overturning moment of rocking -3.67E+10 N-mm

Step 7 v( ) : Uplift height due to 6.9 mm
fr : Ratio of force couple of tensile side 0.50

: Angle indicating location of neutral axis 45.1
T : Tensile force at 180 degree 80.8 N/mm
C : Compressive force at 180 degree -1480.5 N/mm

Step 8 v : Calculated uplift height 28.4 mm
W : Calculated uplift width 1,152.8 mm

Step 9 : Comparison of W and W' 1,152.8 mm 1,152.9 mm  ( 0.0 mm ) Assumed uplift width ' W' '

Assume the value as 0.50. (even condion)

Decide the value to 55% of annular plate width,
according to the discussion in 3-2-5 of Chapter 3.

Assume as thickness of sidewall and 16 times of
thickness of annular plate.
Decide the value to 0.85, according to Figure 5-3 in
Chapter 5.

y = -0.5348x + 0.9881
According to the relation as follows in Figure 6-2

Decide the value to 16.5, by referring the FE
analysis result in Figure 5-14 of Chapter 5.

Assume the value as 0.71.
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FIGURE 6-19: AXIAL FORCE ALONG BOTTOM OF SIDEWALL (Sample tank 3) 
(wef = 0.74) 

 

 
FIGURE 6-20: CHARACTERISTICS OF SIDEWALL AND TANK BOTTOM PLATE 

(Sample tank 3) (wef = 0.74) 

-1500

-1000

-500

0

500

1000

0 20 40 60 80 100 120 140 160 180

Direction (degree)

A
xi

al
 fo

rc
e 

at
 b

ot
to

m
 o

f s
id

ew
al

l (
N

/m
m

)

-120

-110

-100

-90

-80

-70

-60

-50

-40

-30

-20

-10

0

10

20

S
tre

ss
 a

t b
ot

to
m

 o
f s

id
ew

al
l (

N
/m

m
2 )

Axial force at bottom of sidewall (N/mm)

Stress at bottom of sidewall (N/mm2)

-100

400

900

1400

1900

2400

-500 0 500 1000 1500 2000 2500 3000

Length along 180 degrees radius (mm)

H
ei

gh
t (

m
m

)

-1000

-500

0

500

1000

1500

2000

2500

S
tre

ss
 o

f b
ot

to
m

 p
la

te
 (N

/m
m

2 )

Deformation of bottom plate (mm)

Deformation of sidewall (mm)

Stress of bottom plate (N/mm2)



  

156 
 

6-4 FINDINGS AND SUGGESTED ITEMS TO BE STUDIED IN THE NEXT STEP 

This chapter summarized the simplified design procedure (referred to as the Simplified 
Seismic Design Procedure) for determining a tank bottom plate and sidewall connection, based 
on the Structural Mathematical Model and the Force Coupling Mathematical Model which are 
proposed in earlier chapters. 

A sample calculation based on the proposed procedure was also presented. 

Findings and the items suggested for future study listed as below. 

- It is confirmed that the proposed Simplified Seismic Design Procedure is functional for 
estimating the uplift height and the width of the bottom plate with the consideration of 
bulging and rocking motion and specific features of response behavior. 

- Setting up or adjusting several parameters, which depend on tank characteristics such as size, 
proportion, thickness of each part and so on, is required for using the Simplified Seismic 
Design Procedure effectively. Therefore, further research is essential for improving the 
parameters so as to apply to any size tanks. Especially, wef, which indicates the increase in 
reaction force at the bottom of the sidewall during dynamic oscillation loading is one of the 
most important factor for the model. 

- Regarding Step 3, further investigation of the reduction in the response acceleration during 
uplift is required for improving the procedure. 
(The concept of a providing method of the reduced response acceleration by using a natural 
period and responses spectrum is discussed in 3-3 of Chapter 3.) 

- Regarding Step 7, integrating of the theoretical formula of dynamic pressure due to bulging 
and rocking motion into the Force Coupling Mathematical Model is recommended for 
improving the procedure. At present, a cosine curve is used to approximate the dynamic 
pressure distribution for simplifying the mathematical model. 

- Regarding Step 7, further development of the specific estimation method for calculating the 
maximum displacement at the top of sidewall during an earthquake is required. 

- Regarding Step 8, improving the Structural Mathematical Model to asymmetric model is 
indicated.

- Regarding Step 6 to 8, further integration of the Structural Mathematical Model and the 
Forced Coupling Mathematical Model is recommended. 

- Considering an effect of membrane force in the tank bottom plate due to large deformation 
is required for understanding the effect of that on the uplift behavior. 
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CHAPTER 7 
CONCLUSION

In this study, fluid-structure coupled 3-dimensional time-history FE analysis (the FE 
analysis) was performed for study of dynamic response including uplift of a bottom plate. And 
the mathematical models of the bottom plate and the sidewall for design of a bottom plate corner 
connection were presented. Then, the comprehensive design procedure of a bottom plate 
corner connection based on the proposed mathematical models was established with the 
consideration of dynamic response including uplift of a bottom plate. 

In the Chapter 3, fluid-structure coupled 3-dimensional time-history FE analysis was 
performed for investigating dynamical behavior of tanks including uplift of a tank bottom plate. 
Several cases, which are no-uplift case, rigid stiffener stiffness case and 3 different seismic wave 
cases (artificial seismic wave, Taft EW and EL Centro NS), were calculated and effects of 
structural conditions on the tank response are mainly verified. 

Findings from this research are summarized below. 

- The response acceleration and the base shear of the uplift case become about half and 40% of 
the no-uplift cases, respectively. This tendency is also observed for the result of the fluid 
pressure. These results provide that the tank response under uplift conditions is absolutely 
different from that under no-uplift conditions. 

- The stiffness of the stiffeners has the relationship with the tank response under uplift 
conditions. As the stiffness of the stiffeners increases, the average response acceleration and 
the base shear grow larger. Meanwhile the uplift height and the sidewall displacement 
become smaller. In addition, the stiffness of stiffeners affects the distribution of the response 
acceleration and the fluid pressure on the sidewall. 

- When the uplift occurs, about a 1 m (correspond to about 55% of annular plate width) of 
bottom plate is lifted. The thicker annular plate installed at the periphery of the tank bottom 
plate may cause it. It implies the necessity to take into account this phenomenon for 
developing the mathematical model in Chapter 5. 

- Since the nominal in-plane shear stiffness of the sidewall is enough, the bottom of the 
sidewall seems to be rigid in the vertical direction. However, from a microscopic viewpoint, 
it deforms slightly in an arch shape up to the neutral axis, while it drops in the area around 0 
degree (compression side). 

- Liquid pressure, which acts on the uplifted tank bottom plate, is supported by the sidewall 
and tank bottom insulation evenly under the static loading conditions. While during the 
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dynamic uplift process, the amount of the load supported by the sidewall becomes larger. 
This point should be considered when develop the mathematical model in Chapter 5. 

- The force couple of tensile and compressive side is not even in the dynamic rocking 
transition. During rising of the bottom plate, force couple of compressive side becomes larger 
than that of tensile side. On the other hand, during descending of the bottom plate, force 
couple of tensile side becomes larger 

- The undulating deformation at the top of the sidewall was observed under the oscillating 
loading conditions. While under constant acceleration conditions, which emulated static 
loading, oval shape deformation appears at the top of the sidewall and the uplift height 
becomes significantly larger. From these results, it is confirmed that the tank response due to 
oscillating loading is fundamentally different from that of static conditions. 

- The Contribution Factor, which consists of the magnitude of the base shear and the sidewall 
displacement, is introduced for investigating of the appearance of the uplift. Then it is 
confirmed that the undulating deformation at the top of the sidewall is one of the major 
factors of generation the uplift in the same way as oscillation force. 

- The angular acceleration at the bottom of the sidewall, which is an indication pointer of the 
magnitude of the dynamic pressure induced by uplifting, also has a relationship with the 
stiffness of the stiffeners. As the stiffness of the stiffeners increases, the uplift decreases, then 
consequently the angular acceleration becomes smaller 

- The natural periods of the tank are obtained from FFT analysis for the base shear and the 
sidewall displacement. The natural period under the uplift conditions shows different 
vibration characteristics than that of the no-uplift conditions, because unlike no-uplift 
conditions dominated by only 1st natural period, 1st, 2nd and 3rd natural period groups appear. 
Here, 1st group is the natural period of the bulging mode, while 2nd and 3rd groups are caused 
by the uplift and the undulating deformation. In addition, these vibration characteristics are 
affected by features of the seismic waves and the stiffness of the stiffeners. 

In the Chapter 4, the mathematical model (referred to as the Structural Mathematical Model) 
for the tank bottom plate was established, which included the uplift behavior and the influence of 
the sidewall deformation. In addition, this proposed mathematical model was verified by 
comparing with the result of non-linear beam static FE analysis and non-linear 3D static FE 
analysis, which was performed with the same conditions as the mathematical model. Besides 
parameter study by the mathematical model was performed to investigate the influence of 
thickness of the bottom plate and the sidewall and the elasticity of the bottom insulation on the 
uplift behavior. 

The findings are summarized below. 

- The thickness of the bottom plate and the sidewall and the elasticity of the bottom insulation 
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affect the uplift height. Beside the uplift width receives small influence by these variations. 
- In case of thinner bottom plate, the uplift height becomes small. On the contrary, thinner 

sidewall, the uplift height becomes larger. 
- In case of high elasticity of the bottom insulation, the uplift becomes larger. 
- The variation of the sidewall thickness has the most impact to the uplift height. In the 

parameter study, 5% thickness variation causes about 24% uplift height difference. 
- The magnitude of uplift-induced dynamic pressure is affected by the conditions of the bottom 

plate and the sidewall thickness and the elasticity of the bottom insulation. 
- In the parameter study, 5% thickness variation of the sidewall causes about 6% difference of 

the overall dynamic pressure. 

In the Chapter 5, the mathematical model (referred to as the Force Coupling Mathematical 
Model) was proposed to estimate distribution of an axial force on a bottom of a sidewall. This 
Model takes into account the physical phenomenon of a force couple formed by a reaction force 
of a tank bottom due to subsidence, resistance force against uplift due to liquid weight in uplift 
area and an effect of deformation at top of a sidewall. Then, a trial calculation with the same 
conditions as used by the FE analysis was performed to verify the applicability of the model. 

The findings are summarized below. 

- The differences of the result between the proposed mathematical model and between the FE 
analysis are 25% in uplift width, 11% in location of neutral axis, 22% in the maximum tensile 
axial force and 24% in the minimum compressive axial force, respectively. While, trend of the 
calculation result is similar to that of the FE analysis. 

- One of the reason of this different is local or within short period unstable behavior of physical 
quantities during transient duration in dynamic analysis. 

- For applying the proposed mathematical model to tank design, suitable allowance for 
comprising these difference is required.  

- It is considered that the deformation at top of a sidewall has a close relationship with the 
uplift height and it is affected by a configuration of deformation sensitively. 

- Further investigation and development of the model is required for the undulating 
deformation at the top of the sidewall for improving of calculation accuracy. 

- A cosine curve is assumed to be the pressure distribution profile on the surface of the uplift 
area due to the bulging and rocking modes. This profile is used instead of a theoretical value 
to simplify the model. It had better to integrate the theoretical formula into the mathematical 
model for improving the calculation accuracy. 

In the Chapter 6, it summarized the simplified design procedure (referred to as the 
Simplified Seismic Design Procedure) for determining a tank bottom plate and sidewall 
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connection, based on the Structural Mathematical Model and the Force Coupling Mathematical 
Model which are proposed in earlier chapters. 

A sample calculation based on the proposed procedure was also presented. 
Findings and the items suggested for future study listed as below. 

- It is confirmed that the proposed Simplified Seismic Design Procedure is functional for 
estimating the uplift height and the width of the bottom plate with the consideration of 
bulging and rocking motion and specific features of response behavior. 

- Setting up or adjusting several parameters, which depend on tank characteristics such as size, 
proportion, thickness of each part and so on, is required for using the Simplified Seismic 
Design Procedure effectively. Therefore, further research is essential for improving the 
parameters so as to apply to any size tanks. Especially, wef, which indicates the increase in 
reaction force at the bottom of the sidewall during dynamic oscillation loading is one of the 
most important factor for the model. 

- Regarding Step 3, further investigation of the reduction in the response acceleration during 
uplift is required for improving the procedure. 

- (The concept of a providing method of the reduced response acceleration by using a natural 
period and responses spectrum is discussed in 3-3 of Chapter 3.) 

- Regarding Step 7, integrating of the theoretical formula of dynamic pressure due to bulging 
and rocking motion into the Force Coupling Mathematical Model is recommended for 
improving the procedure. At present, a cosine curve is used to approximate the dynamic 
pressure distribution for simplifying the mathematical model. 

- Regarding Step 7, further development of the specific estimation method for calculating the 
maximum displacement at the top of sidewall during an earthquake is required. 

- Regarding Step 8, improving the Structural Mathematical Model to asymmetric model is 
indicated.

- Regarding Step 6 to 8, further integration of the Structural Mathematical Model and the 
Forced Coupling Mathematical Model is recommended. 

- Considering an effect of membrane force in the tank bottom plate due to large deformation is 
required for understanding the effect of that on the uplift behavior. 
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APPENDIX A 

APPLIED PROGRAM AND VERIFICATION OF ANALYSIS ACCURACY [1]

(1) Analysis Method 

In this paper, LS-DYNA is adopted for the numerical analysis because phenomena to be 
dealt with contained such elements as fluid-structure coupling, time-history loading of seismic 
wave, and nonlinear behavior of the annular plate represented by contact between the annular 
part and the foundation [1]. 

This program is an excellent explicit FEM software capable of solving complex problems as 
compared to other implicit analysis programs as shown in Table A-1. However, this method 
should be used with careful verification of analysis accuracy. Physical values of each time step 
are calculated from the values of previous time step, and this implies a possibility of 
accumulation of numerical errors. In addition, proper modeling of the fluid and accurate 
estimation of fluid pressure on the structure are very important especially in handling the 
fluid-structure coupled problems because these two factors influence the behavior of the 
structure significantly. 

The penalty-coupling method was adopted for the fluid-structure interface of the numerical 
model where the coupling force was applied in accordance with the relative displacement 
between the fluid and structure elements. 

In this study pre-analysis was conducted to trace the following previous experiments for the 
verification of the numerical analysis by comparison between the analytical and experimental 
results. 

(a) Static tilt test by large-scale tank model [2] 
(b) Dynamic shaking test by scale tank model [3] 

The following methods were available for modeling the fluid: 
- Lagrange method using solid elements; 
- Arbitrary Lagrangian Eulerian (ALE) method using Euler elements in which the analysis 

space is divided into meshes and fluid properties are applied to the fluid area nodes; and 
- Smoothed Particle Hydrodynamics (SPH) method which uses elements consisting only of 

nodes and does not require a mesh. 

Test analysis was carried out using each method, and the ALE method was chosen for its 
satisfactory result. 
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TABLE A-1: SUMMARY OF FUNCTIONS OF 
NUMERICAL ANALYSIS PROGRAMS FOR FLUID ELEMENT [4]
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(2) Verification against Experimental Results 

(a) Comparison with Tilt Test Results
A large-scale tilt test had been carried out in 1985 [2] to investigate the uplift behavior of a 

cylindrical tank as shown in Figure A-1. This test was traced numerically in this study, using the 
same objects and conditions for the verification of the numerical model shown in Figure A-2 as 
well as calculation accuracy of the analysis program used. 

Outline of the scale model 
 

 Diameter:   9,600 mm 
 Height:   8,000 mm 
 Contents:   Water 
 Materials 

 Sidewall:   Aluminum, 5 mm 
 Bottom plate:  Aluminum, 3 mm 

 Tilt angle:   9

FIGURE A-1: VIEW OF STATIC TILT TEST USING LARGE-SCALE TANK MODEL 

Numerical model 
 Structure elements 

 Tank: Shell element 
 Foundation: Solid element 

 Fluid element: Euler element 
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 Bottom plate - foundation: Contact element (Coefficient of friction: 0.5) 
 Properties 

 Tank 
 Modulus of elasticity: 70,000 MPa 
 Poisson’s ratio: 0.3 
 Density: 2,700 kg/m3

 Fluid 
 Modulus of elasticity: 2,060 MPa 
 Viscosity: 0 
 Fluid density: 1,000 kg/m3

FIGURE A-2: NUMERICAL MODEL FOR VERIFICATION 

Table A-2 shows the results of the analysis and the experiment. The analytical fluid pressure 
values were nearly equal to the tilt test values, and both the height and the width (in the radius 
direction) of uplift induced by the pressure resulted in similar values between the analysis and 
the experiment. 

TABLE A-2: RESULTS OF FEM ANALYSIS AND TILT TEST 

 FEM 
analysis

Tilt test 

Pressure
(MPaG)

Uplift side 0.051 0.051 
Compression side 0.038 0.037 

Uplift height (mm) 37 41 
Width of uplift (mm) 460 500 
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(a) Comparison with Dynamic Shaking Test Results 
The other verification analysis was performed by tracing a horizontal shaking test which was 

carried out in 1979 [3] to investigate fluid-elastic vibration (so-called bulging) phenomena. 

Outline of the scale model 
 Diameter:   1,000 mm 
 Height:   1,000 mm 
 Contents:      Water 
 Materials 

 Sidewall:  Vinyl chloride, 1.5 mm 
 Bottom plate:  Vinyl chloride, 1.5 mm 

Numerical model 
 Structure and fluid elements: Same as the tilt test model 
 Properties 

 Tank 
 Modulus of elasticity: 3,236 MPa 
 Poisson’s ratio: 0.3 
 Density: 1,410 kg/m3

 Fluid 
 Modulus of elasticity: 2,060 MPa 
 Viscosity: 0 
 Fluid density: 1,000 kg/m3

 Acceleration amplitude: 0.1 G, 20 Hz 

Figure A-3 compares the verification distributions of total pressure consisting of static and 
dynamic pressures obtained by the analysis against the measurement results from the experiment. 

The analytical results were in good agreement with the experimental data in both pressure 
distribution along the side wall and pressure values.  

FIGURE A-3: RESULTS OF ANALYSIS AND SHAKING TEST
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The above verifications (1) and (2) confirmed that calculation by LS-DYNA using an Euler 
element for the fluid component and a numerical model coupled by the penalty-based method 
would ensure sufficient accuracy in dynamic pressure induced by harmonic excitation as well as 
static pressure. 
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APPENDIX B 

DERIVATION OF THE BEARING BEAM EQUATION WITH LIMITED RANGE 
DISTRIBUTION LOAD 

In general, the displacement v of infinite length elastic bearing beam with concentrated 
load P is given form the general equation and following boundary conditions. 

FIGURE B-1: MODELING OF INFINITE LENGTH ELASTIC BEARING BEAM WITH 
CONCENTRATED LOAD 
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Where,  
P:  Concentrated load 
v:  Displacement of infinite length elastic bearing beam 
k:  Reaction of the elastic bearing per unit length 
E:  Modulus of elasticity of beam 
I:  Momentum of inertia for rectangular cross section beam 
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The solution and the derived functions are led as; 

xxe
k

Pv x sincos
2                (B-7) 

xe
k

P
dx
dv x sin

2

               (B-8) 

xxe
EI

P
dx

vd x cossin
42

2

              (B-9) 
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24
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              (B-10) 

For considering distribution load with the value of p at start point and increasing ratio  
p , replace P to minute section dx as follows. 

   

FIGURE B-2: MODELING OF PRESSURE ON THE BOTTOM PLATE FOR 
SUPPORTED PART

dxpWcpxpP
                            (B-11) 

The displacement of the beam with the distribution load within “a” is expressed as; 

c x

b x

dxxxe
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dxxxe
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sincos
2

sincos
2

       (B-12)
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x
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The solution of Eq. (B-11) becomes; 
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c

c

b

b

(B-13)

Replacing “a 2R”, “c x2” and “b 2R-x2”, equation of v with distribution load within 
2R along x2 axis is obtained. Applying the same method, derived functions are also given.
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APPENDIX C 

COMPARISON OF CALCULATION RESULT 
BETWEEN OKUI’S MODEL AND THE FE ANALYSIS 

Table C-1 shows a summary of the FE analysis for Case 21 in Chapter 3. 
Table C-2 shows the comparison of the calculated values using Okui’s model [1] and that of 

the FE analysis. The results of the calculated angular acceleration are in agreement within an 
acceptable level. However, for translational response acceleration and base shear, considerable 
differences are identified. In the FE analysis, response acceleration and base shear of uplift case 
(Case 21) are about 50-55 % of that of the ‘no uplift’ case (Case 11). 

Okui’s model demonstrates that there is a small reduction in the response acceleration and in 
the maximum base shear between the ‘no-uplift’ case and the ‘uplift’ case. 

However, the FE analysis provides a larger reduction than the Okui’s model. 

TABLE C-1: RESPONSE OF THE TANK IN CASE OF NO UPLIFT AND DUPLIT 

TABLE C-2: RESPONSE OF THE TANK USING OKUI’S MODEL 

Case 11 Case 21
7.4 sec 12.5 sec 13.1 sec 19.6 sec 21.5 sec

Response accel. of side wall (G) 0.4655 0.2469
Rate compared to the no uplift case (Case11) 1.000 0.530

Base shear (MN) 161.9 87.9
Rate compared to the no uplift case (Case11) 1.000 0.543

Uplift height (mm) --- 5.6 1.1 21.6 11.4 8.1
Uplift width (mm) --- 1400 1350 1450 1450 1400

Rate compared to Diameter (%) 1.88 1.81 1.95 1.95 1.88
Angular acceleration (rad/s2) --- -0.010 -0.003 -0.041 -0.024 -0.018

FE analysis (Case21)
Horizontal acceleration of tank (G) 0.4094
Natural period of tank (sec) 0.4740
Response acceleration (G) 0.2469 0.4088 0.4109

(m/s2) 2.4213 4.009 4.030
Maximum base shear (MN) 87.9 151.8 155.8
Maximum Uplift height (mm) 21.6 16.2 15.8
Uplift width (mm) 1450 774 1548

(%) 1.9% 1% 2%
Maximum angular acceleration Max. (rad/s2) 0.0286 0.0490 0.0480

Min. (rad/s2) -0.041

Okui' model (Case2)
0.4183
0.4980
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NOMENCLATURE 
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NOMENCLATURE

a: Length of bottom plate on elastic foundation 

pda :  Coefficient for optimization of the model
C:  Compressive axial force per unit width 
C1: 1st component of C
C2: 2nd component of C
Cf : Total of the compressive force 
D:  Tank diameter 
dr:  Coefficient for a supplemental bulge shape of subsidence of bottom plate 
du:  Coefficient expressing a ratio of uplift with against uplift height 
E:  Modulus of elasticity of steel 
Es:  Modulus of elasticity of the sidewall 
fr,:    Ratio of force couple of tensile side against total of force couple 
g:  Gravity acceleration 
H:  Tank height 
h:  Liquid height 
I:  Momentum of inertia for rectangular cross section beam 
k:  Reaction coefficient of tank bottom 
L:  Length from neutral axis to sidewall 
l:   Circular length of subsidence 
M:  Over turning moment 
M0: Moment of the bottom plate at the sidewall side 
M1: Moment at interface of beams 
Mx3, M : Moment at the sidewall 
Nx3, N : Membrane force at the sidewall 
P0: Static pressure 
Pd: Dynamic pressure on the bottom plate 

180bdbP : Dynamic pressure at 180 degrees due to bulging mode 
180bdrP : Dynamic pressure at 180 degrees due to rocking mode 

Pds1, Pds2: Dynamic pressure on the sidewall 
PT : Liquid pressure consists of static and dynamic pressure
Qx3, Q : Shear force at the sidewall 
q(x1), q(x2): Liquid pressure on the bottom plate along x1, x2 axis 
R: Tank radius 
r:   Distance from the tank center 
ref : Reduction factor for response acceleration under uplift condition 

against that of no-uplift condition
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S:  Subsidence depth at 0 degree 
Sr:   Distance from the meet point of extensions of the sidewall at 0 and 180 

degrees to the bottom plate 
T:  Tensile axial force per unit width at 180 degrees 
T1:  Component of T due to static liquid pressure act on the crescent shaped area 
T2:  Component of T due to static liquid pressure act on the annular shaped area 
Td1: Component of T due to dynamic liquid pressure act on the crescent shaped 

area
Td2: Component of T due to dynamic liquid pressure act on the annular shaped 

area
Tf:  Total of tensile force 
tb:  Thickness of the bottom plate (annular plate) 
ts:  Thickness of bottom of the sidewall 
tsa:   Average thickness of top and bottom of the sidewall 
U:  Uplift height at 180 degree 
u’0: Horizontal acceleration
V0:  Force of the bottom plate at the sidewall side 
V1: Force at interface of beams 
v1: Displacement of the bottom plate at uplift part 
v2: Displacement of the bottom plate at supported part 
v3: Bulging displacement of the sidewall 
v( ):  Uplift height of bottom plate due to horizontal displacement of the top of the 

sidewall at 180 degrees 
W:  Uplift width of bottom plate 
W’:  Assumed uplift width of bottom plate                            
W0:  Fundamental uplift width 
Wa:  Width of the bottom plate effected by annular plate 
Wb: Width of the annular plate 
w:  Effective width of bottom plate 
wb: Unit width of bottom plate 
wef:  Coefficient expressing of increase in axial force at the bottom of sidewall 

:  Angle indicating location of neutral axis 
:  Force couple of compressive side 
1:  1st component of 
2:  2nd  component of 
:   Horizontal displacement (difference in diameter from complete round) of the 

top of the side wall 
: Strain of circumferential direction of the sidewall 
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 b:   Angle from 0 degree to each point of the sidewall 
t:   Angle from the sidewall at 0 degree to each point of bottom plate 

:  Angle at the point of intersection of a line drawn as an extension to the 
sidewall at 180 degrees and a line drawn as an extension of the sidewall at 0 
degree

: Fluid density 
:  Force couple of tensile side 
1:  Component of  due to liquid pressure act on the crescent shaped area 
2:  Component of  due to liquid pressure act on the annular shaped area 
: Angle from acceleration direction 

Design procedure quoted in API620 Appendix L (Chapter 1) [1]  

D : Diameter of the tank 
M :  Overturning moment applied to the bottom of the tank shell 
WL :   Maximum weight of the tank contents that may be utilized to resist the shell 

overturning moment 
tb :  Thickness of bottom plate under the shell 
Fby :   Minimum specified yield strength of the bottom plate under the shell 
G :  Design specific gravity of the product to be stored, as specified by the 

Purchaser. 
H :  Maximum design product height 
b :  Maximum longitudinal shell compressive force of shell circumference. 
Wt :   Weight of the tank shell and the portion of the fixed roof and insulation, if 

any, supported by the shell of shell circumference. 

Design procedure quoted in Eurocode 8 (Chapter 1) [2] 

R :  Radius of the tank 
s :  Thickness of the base plate 
E :  Modulus of elasticity of tank material 
p : Pressure on the base 
 : 1-L/(2R)

L : Uplifted part of the base 
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Clough Model (Chapter 2) [3] 
 

R : Radius of container 
r : Radius of portion remains in contact 
h : Height of F
F : Effective lateral seismic force 
W : Total weight of shell and contents 
Ws : Reaction at the point of contact between shell and foundation  
Wf : Weight of contents within r
fmax : Peak compressive shell force 
k : Dimensionless constant 

Wozniak, Mitchell Model (Chapter 2) [1] 

Numax: The maximum tensile force 
Ncmax:  The maximum compressive force 

:  The start point of uplifting 

Taniguchi, Segawa Model (Chapter 3, 4) [4] 

p: Dynamic pressure 
: Fluid density 

0 : Angular acceleration of the sidewall 
2l: Tank length (= diameter) 
a: Start point of uplift 
h: Tank height 

Beam and Plate model general formula (Chapter 4) [5]

p: Uniformed distribution load 
Lbeam: Half length of beam 
a: Radius of ring 
b: Radius of inner edge guide 

beam-Max: Maximum displacement of beam 
plate-Max: Maximum displacement of plate 
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Ebeam: Modulus of elasticity of beam 
Eplate: Modulus of elasticity of ring 

Poisson’s ratio 
Wbeam: Width of beam 
tbr: Thickness of beam and ring 

APPENDIX B 

P:   Concentrated load 
v:   Displacement of infinite length elastic bearing beam 
k:   Reaction of the elastic bearing per unit length 
E:   Modulus of elasticity of beam 
I:   Momentum of inertia for rectangular cross section beam 
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