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1. Introduction

Let G be a Lie group with g its Lie algebra and g the complexification of go. An action
of G on a symplectic manifold (M, w) is called symplectic if g*w = w for all g € G,
and a symplectic action is called Hamiltonian if there exists a smooth G-equivariant map
H: M — g satistying the condition (2.3) below, which is called a moment map, where g;; is
the dual vector space of go. We are concerned with the case where the symplectic manifold
is a real symplectic vector space (W, w). It was shown in [3] that when G = Sp(n,R), U(p, q)
and O*(2n), the canonical quantization of the moment map on W = R?", (CP*9)g and (C*")g,
with a choice of a Lagrangian subspace in each case, yields a representation of g that is
the differentiation of the oscillator (or Segal-Shale-Weil) representation of Mp(#n, R), U(p, ¢)
and O*(2n) respectively, where Mp(n,R) is the metaplectic group, i.e., the double cover of
Sp(n,R).

In this paper, we consider the case where W = (CP*9)g, the real vector space underlying
CP*4.

W = {z=x+iy|x,y eRPY1Y,
which we regard as a symplectic vector space equipped with a symplectic form w given by
w(z,w) =Im(z" I, gw) (z,w € W),
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and G = O(p, q), the indefinite orthogonal group defined by
O(p,q) = {g € GLp+q(R) | tglp,qg = p,q}

with I, , = [ tp 1, ] The action of G = O(p,q) on W defined by matrix multiplication
is symplectic and Hamiltonian. The O(p, g)-case we consider here is closely related to the
U(p, g)-case mentioned above. In fact, the symplectic vector space (W,w) for O(p, q) is
identical to the one for U(p, ¢), and the action of O(p, g) on W is the restriction of the action
of U(p, g) induced from the canonical embedding of O(p, ¢) into U(p, q). Furthermore, the
moment map for the O(p, g)-case is the real part of the one for the U(p, ¢)-case.

The canonical quantization of the moment map y : W = (CP*9)g — g for G = O(p, g),
with a choice of a Lagrangian subspace V of W, provides arepresentation i of g as in the cases
mentioned above, which is shown to be a partial Fourier transformation of the representation
n* of g obtained by differentiating the left regular representation of G on C®(V). Note that
if we restrict the operator 7#(X), X € g, to a subspace consisting of homogeneous functions
on V with respect to the multiplicative group R. ¢, then the restricted representation is the
degenerate principal series of G obtained by inducing up a one-dimensional representation
of a parabolic subgroup of G (see [6]).

In the influential paper [5], Howe showed that one can treat the classical invariant
theory from a unified viewpoint — the dual pair. In this paper, we focus our attention on
the dual pair (O(p, g), SL»(R)), both components of which are noncompact, and apply the
representation theory of sl, to cut out (g, K)-modules, which we denote by M*(m) and
M~(m), m = 0,1,2,..., where M*(m) (resp. M~ (m)) consists of all highest (resp. lowest)
weight vectors with respect to the slp-action (see Definition 4.1 below for details). Note
that M*(0) = M~(0) by definition. We will see that such weight vectors are given in terms
of harmonic polynomials and the Bessel functions of the first kind. Both M*(m) should
correspond to the (m + 1)-dimensional irreducible representation of sl under the Howe
duality, and in fact are isomorphic to each other. They were originally considered in [12]
without the condition of finite-dimensionality.

In the cases of the oscillator representations mentioned above, i.e., when G = Sp(n,R),
U(p,q) and O*(2n), we note that the counterpart G’ of G for the dual pair (G,G’) is
compact, hence, all its irreducible representations are finite-dimensional. Furthermore, the
oscillator representations give examples of the minimal representations (we refer to [7] and
the references therein for the definition of the minimal representation). When G = O(p, ),
its minimal representation is discussed e.g. in [1,7-11,16].

The main result of this paper is the K-type formula of M*(m) for nonnegative integers
m satisfying

+
m+3<¥ (1.1)

when p + ¢ is even, from which one can show that M*(m) are irreducible (g, K)-modules
if p,q > 2 (Theorem 4.1). The fact that the elements of M*(m) are described in terms of
the Bessel function plays a role in the proof of our main result. The K-type formula of
M™*(0) = M—(0), which is associated with the one-dimensional trivial representation of sls,
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shows that it corresponds to the (g, K )-module of the minimal representation of O(p, ¢). We
will see that the Gelfand-Kirillov dimension and the Bernstein degree of the irreducible
M=*(m), which we denote by Dim M*(m) and Deg M*(m) respectively, are given by
DimM*(m) =p+q -3,
dm+ 1)(p+ g —4)!
(p-2)g-2)!

Deg M*(m) =

(Corollary 4.1).

The rest of this paper is organized as follows. In §2, we calculate the moment map u
on W for G = O(p, q), and construct the representation 7 of g via canonical quantization of
. Then we show that & is a partial Fourier transform of the differential representation of
the left regular representation of G on C*(V). In §3, we give an sly-action that commutes
with 7, and find both highest weight vectors and lowest weight vectors with respect to the
slp-action. We remark that such weight vectors are given in terms of the Bessel functions of
the first kind. In §4, we introduce (g, K)-modules M*(m) and prove that M*(m) and M~ (m)
are isomorphic to each other for any nonnegative integer m. When p + ¢ is even, we find the
K-type formula of M*(m) for m satisfying (1.1) and show that they are irreducible if p, g
are > 2. As a corollary, we obtain the Gelfand-Kirillov dimension and the Bernstein degree
of M*(m).

Notation

Let N denote the set of nonnegative integers {0,1,2,...}, and [p] the set {1,2,...,p} for
a positive integer p. We write 7 := p + i for i € [g] for the sake of simplicity. Finally, for
a € Cand n € N, we denote the rising and the falling factorials by

n n
(@n =] [e+i=1) and (), =] [e=i+1),
i=1 i=1
respectively.

2. Moment Map and its Quantization
Let G be the indefinite orthogonal group O(p, ¢), which we realize by
O(p.q) = {8 € CLp+g(®) |"glp,q8 = Ip.q }

with I, ;, = [ ' 1, ] Let K be a maximal compact subgroup of G given by

SEE
We denote the Lie algebra of K and its complexification by ¥y and T respectively.
Let {Xl?:,.} be a basis for gy = 0(p, q) given by
Xi;=Eij=Epi  (jelp)
Xi;=Ej—Epp  (jelq) @.1)
Xij=Eij+Ei  (i€lpljelql.

a€O(p)de O(q)} = O(p) x O(q).
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which also forms a basis for g = 0,,.,, the complexification of 9o = 0(p, ). We often identify
g" with g via the invariant bilinear form B given by

B(X,Y) = %tr(XY) (X,Y €g),

where g* denotes the dual space of g. Finally, let ¢ = ¥ @ p be the complexified Cartan
decomposition of g with

t= Y CXje Y CX5  w= ) CXp.
i,j€lp] i.j€lql i€[pl.jelql
Let W be the real vector space (CP*9)g underlying the complex vector space CP*4:
W = {z = x+iy|x = 'X1, s Xpag) Yy = 'Olse - Ypag) € R”+q},
which is equipped with a symplectic form w given by
w(z,w) =Im(z"1, 4w) (z,w € W) (2.2)

Then G acts on (W,w) symplectically via z — gz (matrix multiplication) for z € W and
g € G. Furthermore, the action of G on (W, w) is Hamiltonian, i.e., there exists a moment
map u : W — g, whose definition we briefly recall: if, in general, a Lie group G acts on a
symplectic manifold (M, w) symplectically, a smooth G-equivariant map u : M — g that
satisfies

d{u, X) = (Xp)w for all X € gy, 2.3)

is called a moment map, where ¢ stands for the contraction and X, denotes the vector field
on M given by

exp(—tX).p (peM).
t=0

Xm(p) = d_ci

i
Under the identification that ¢; := ’(0,...,1,...,0) & dy, and ie; & 0y, fori =
1,2,...,p + g, the symplectic form w given in (2.2) can be rewritten as

ptq

a)ZZEidxi/\dyi

i=1

with g = 1 fori € [p] and €,,; = —1 fori € [q].

Proposition 2.1. The action of G = O(p, q) on (W, w) is Hamiltonian, and the moment map
W — g = gqis given by
i * I3 *
-3 (22" = "(2z2) Ip.q
=(=xy+yX)pq 2.4)
1ty rt..r Pt 1t

=Xy +y ‘'x’ x''y'—y‘'x

17 1\,7 "t as aswii

=Xy +y " ‘x x"'y" =y’ 'x

u(z) =
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orz=x+iy e Wwithx = '(x’,x”), y = {(y’,y"”) e R°*? and x',y’ ¢ RP,x",y"” e R4,
y y Y,y y y
Proof. Using the formula

(2. X) = 30(z,X2)

(see e.g. [2, Proposition 1.4.6]), which, in our case, can be written as

1
B(u(z),X) = EB((ZZ* -2'2)1p.4.X)
for all X € go, we obtain (2.4) immediately. |
Remark 2.1. Recall that the moment map uy : W — u(p,q)* =~ u(p,q) for the action of
U(p, g) on our symplectic vector space (W, w) is given by
pu(z) = —izz'l, 4 (z=x+iyeW)

where we identify u(p, g)* with u(p, ¢) via the invariant bilinear form B given by B(X,Y) =
(1/2) tr (XY). Therefore, the moment map w in the proposition is related to uy by

() = Hu(z) + pu(z)
H) = ———7——

Namely, one has ¢ = Re uy.
We define a Poisson bracket by
{f.8} = w(&g. &p),

where &; denotes the Hamiltonian vector field on W corresponding to f € C*(W), i.e. the
vector field that satisfies «({f)w = df. Then the Poisson bracket among the coordinate
functions are given by

{xi,y;} = —6: je&, {xi,x;} = {yiy;} =0
fori,j =1,2,...,p+ q. Dirac’s quantization conditions requires that
{fi. o} =f5 implies [fi. ] = -infs

for f; € C*(W) (see e.g. [15]). Thus, we quantize the coordinate functions as follows:

=
1l

Xi, y; = —ih0y., i=1,...,p),
o i G P 25)
7 = —ihdy,, Vi =Y G=1...,9),

where dy, and 0y denote d/0x; and 0/dy; respectively. In what follows, we set 72 = 1 for
brevity.
The quantization (2.5) corresponds to a Lagrangian subspace V of W given by

V=A(el,...,epieq,....ieg)n (2.6)

aMore precisely, one should denote x = *(“x’, “x”) etc.; we will use this abbreviated notation in what follows.
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in the sense that the quantized operators are realized in PD(V), the ring of polynomial
coefficient differential operators on V. Therefore, the quantized moment map /i is given by

(X" T0y — Oy 'x)  X''y" + O 'Oy
h= (=210 + 518)] — x x x’ Oy ,
H ( xXyty x) p.q ay” tax’ + y/l tx/ i(y” tay” _ ay” ty//)

where
£="1R1,.... %psg) = (X', =i 0yn),
$="01 . Iprg) = "(=10x,Y"),
and
x' = t(xl,...,x,,), Oy = ’(axl,...,ﬁxp),
' =015 9), Ayr = "Dy, .., 0y,).
Note that xi,...,Xp,¥{,...,Y5 are considered to be the coordinate functions on V with
respect to the basis ey, . . ep,ieq,.. . ieg.

Theorem 2.1. For X € g, set n(X) := i{4,X). Then n : ¢ — PD(V) is a Lie algebra
homomorphism. In terms of the basis (2.1), it is given by
—Xj0x; + xiaxj if X= X:JG
m(X) ==yl +yidy, i X=X'3 2.7)
i(xiy;+0x,0y;) if X= Xl_j

Proof. This is proved in the same manner as [3, Theorem 2.3] (or, one can verify the
commutation relations by direct calculation). O

There is another canonical quantization that corresponds to the same Lagrangian sub-
space V of W as given in (2.6). Namely, if we quantize the coordinate functions as
-fi = X, f}l‘ :._iax,w (l: 1’~-"p)’ (28)
X5 =5 Y7 =1idy,, G=1...,9),

then the quantized moment map, which we denote by /i, is given by
R TR W s v il |
where
£="R1 . Rpag) = (XY,
9="F1s- s 9prq) = (=idxnidyn).
Hence one obtains a representation g - PD(V) if one sets nﬁ(X) = i(,aﬁ,X ) for
X € g. Itis given in terms of the basis (2.1) by
—Xj0y; + %0y, if X = le:,.;
ﬂﬁ(X) =9-yi0y, +y10y, if X = X;’rj_;
—(x;0y; +y;0x,) if X = Xl‘j

2.9)
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Remark 2.2. (i) Comparing (2.8) with (2.5), one sees that 7# is related to 7 through the
partial Fourier transform on RP*9 with respect to the variables yj,...,y4. In fact, if we
denote the dual variable of y; by 17, j = 1,2,...,q, then m and P interchange with each
other under the correspondence

-0y, e—> 5 yye— 10y, G=1....9);

the former operators —i dy; and n; are the realizations of £7, while the latter operators y;
and i d;; are the realizations of J;.

(ii) Recall that one can obtain 7# by differentiating the left regular representation
of G = O(p,q) on C*(V), the space of complex-valued smooth functions on V, where
G acts on V by matrix multiplication under the identification of V with RP*4 given by
"(x',iy”) & (x',y") (seee.g. [6,12]). As one can see from (2.7) and (2.9), ﬂﬁ(X) coincides
with 7(X) for all X € f. Thus, the action 7 restricted to f lifts to the action of K on C*(V).

3. Dual Pair (O(p, q), s1>(RR))

Henceforth, let us denote x” = “(xi,...,xp) and y” = “(y1,...,y5) by

x='(x1,...,xp) and y="(y1,....yq)

respectively for the sake of simplicity if there exists no risk of confusion. Namely, we

regard (x1,...,xp) and (y1,...,yq) as the canonical coordinate functions on R” and on RY
respectively.

If we denote the Casimir element of g by €, then the corresponding Casimir operator
is given by

m(Qy) = (Ex — Ey)* + (p — q)(Ex — Ey) — 2(Ex + Ey)

(3.1)
_ (r)%ryz-i-r)%Ax +ry2Ay +AxAy) - pq,
where
E, = Z X;Ox;, r,% = Z xiz, A, = Z (9?1,,
i€lp] i i€lp] X i€lp] X 32)
Ey, = Z YOy, ry = Z Vi A, = Z 6yj.
Jje€lql Jje€lql Jje€lql

Now, taking account of the fact that our realization of the representation operators of g given
in (2.7) is a partial Fourier transform of the ones given in [6, 12] as we mentioned in Remark
2.2 (i) above, we define elements H, X", X~ of PD(V) by

B P q _ 1 2 -_1 s
H=-E, - 2 +Ey + % X+ = _E(Ax +ry), X = E(rx +Ay). 3.3)

Then, it is immediate to see that the commutation relations among them are given by
[H,x*]=2X*, [H,X"]=-2X", [X"X]=H.

Proposition 3.1. Let ¢’ := C-span{H,X",X"}. Then o’ is a Lie subalgebra of PD(V)?
isomorphic to sly (= s15(C)), where PD(V)8 denotes the commutant of g in PD(V).
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Proof. Note that n(Xl.f j), i,j € [p], span the Lie subalgebra isomorphic to 0, commuting
with Ey,A, and r2, and that 7r(X;,r J_), i,j € [q], span the Lie subalgebra isomorphic to o,
commuting with Ey, A, and ryz. Hence, it remains to show that each (X Iy j) commutes with
H,X" and X~ given in (3.3)

We will only show here that [IT(Xi_, j.), X*] = 0. The other cases can be shown similarly.
Now, one sees

~2i [7(X; ), X 1] = [xiyj + Ox, By, —Ax — 17 ]

P q
- Z [a)%k’xi]yf - Zax,« [Gyj,y,z]
k=1 1=1

P q
= Z 20k,i0x,yj — Z 20x,65.1y1
=1 =1

k
= Zaxiyj - 26xiyj =0.

This completes the proof. O

If one denotes the Casimir element of g” by Q, then the corresponding Casimir operator
that is defined by

a(Qy)=H?> +2(X*X™ + X" X*)
= H> - 2H +4X*X~
=H?+2H +4X X*
is concretely written in terms of the operators given by (3.2) as follows:
1(Qy) = (Ex = Ey)* + (p = q)(Ex — Ey) = 2(Ex + Ey)

1 (3.4
- (r)%ry2+r§Ax +ry2Ay +AxAy) + Z(p—q)z—(p+q).

It follows from (3.1) and (3.4) that

70 = 7(Q) = 3 (p+ 4V + (p+)

(see [4,12)).

In what follows, we denote by HH*(R") the space of homogeneous harmonic polynomials
on R" of degree k and set H(R") := EBZ;O HK¥(R™). Tt is well known that H*(R") is an
irreducible O(n)-module and its dimension is given by

k+n—-1 k+n-3
dimHrk@my = (F T (T
n-1 n-1
_(k+n-3)!
T k!'(n-2)!
if n > 2 and k € N, where (‘l’) denotes the binomial coefficient. Note that it can be further
rewritten as

Rk +n-2)

2k +n/2 - 1)

: kmny _
dim H*(R") = n=2)!

k+1)(k+2)---(k+n-3). (3.5



December 15,2020 13:0 WSPC/INSTRUCTION FILE minimal_rep314_ws-ijm

(g, K)-module of O(p,q) 9

Now, we will find a highest weight vector with respect to the g’-action (3.3), i.e. a
function f on V which satisfies

Hf=Af and X'f=0 3.6)

for some A € C. Taking account of the fact that the algebra of polynomial functions on V,
which we denote by P(V), can be written as

PV)=Clx1,...,xp]1 ® Cly1,...,¥4]

é (C[rﬁ] ® j{k(RP)) ® é (@[ryZ] ® g{z(Rq))
k=0

1=0

1

1R

P st ®r) & 7'®T) @ Cl2 2,
=0

tal

we will seek for a function that satisfies (3.6) of the form

F(xy) = h()ha(y)b(ra.rs), 3.7)

where h; € H*(RP),hy € H'(R?) are harmonic polynomials, and ¢(s,7) € C[[s,7]] is a
formal power series (Caution: we do not assume that ¢ is a polynomial). Namely, our
function f on V lives in the space € defined by

&= @ H*RP) ® H!(RY) ® C[[r2, ryz]] (algebraic direct sum). (3.8)
k,1=0

Recall that the action 7 of Ty lifts to the action of K on & as we mentioned in Remark 2.2
(ii), which we denote by the same letter 7.

Lemma3.l. LetA =", 6%, andr? = " xl.z. For a homogeneous harmonic polynomial
h = h(xy,...,xy) on R" of degree d and for a smooth function ¢(u) in a single variable u,
we have

A(hp(r?)) = (4d + 2n)he’ (r?) + drPhe (r?). 3.9)

Proof. Since dy, p(r?) = 2x;¢’(r?) and 6§i<p(r2) =2¢'(r?) + 4xl.2<p”(r2), one obtains
Ap(r?) = 2n¢’ (r?) + 4r2¢" ().
Thus,

Ahgr2) = )" (02 h - 9(r) + 205 - B, 0(r) + h - 06
i=1

= 4dh¢’(r?) + hA(r?)
= 4dhg' (%) + h (2ng' () + 4767 ()
= (4d + 2n)hg0’(r2) + 4r2h<,0"(r2).

This completes the proof. O
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For hy € HK(RP) (resp. hy € H'(RY)), we define its shifted degree by k. (h1) := k+p/2
(resp. k-(hy) := [ + q/2), which we denote just by «; (resp. «_) if there is no risk of
confusion.

It follows from Lemma 3.1 that if f is of the form in (3.7) then

1
X*f = =5 (Ac(hihag) + i hihag)

2
.
= =2 |13 (B3 3.r)) + K Bs)rory) + Gy

which shows that f = h;(x)ha(y)¢(ry, ry) satisfies X* f = 0 if and only if ¢ is a solution to
a differential equation

502¢ + k050 + Lo =0 (3.10)

with k; = k4 (h1) = k + p/2. Solving the differential equation (3.10) by power series, one
obtains that

o (=1 (st)"
1) = -, 3.11
Sy =ao ) oo (5 (3.11)
n=0
where ay is an arbitrary formal power series in z. Note that if one defines a power series ¥,
by
-n" iy u u? u’
W, (u) = = 5 - + - 3.12
() := Zn'(a) o 20a(a+1)  3lafa+ D@+2) G-12)

for @ € C\ (-N), then it converges on the whole C and is a unique solution to a differential
equation

uVy(u) + ¥, (u) + You) =0 (3.13)

that satisfies the initial condition ¥, (0) = 1.
In the sequel, we set

We=wle4) (neN) (3.14)

for brevity, where ‘Pg')(u) denotes the n-th derivative of W, (1) in u.

If, in addition, f satisfies that Hf = Af for some A € C, then the factor ag in (3.11) is
equal to #- up to a constant multiple, with u_ = (1/2)(1 + k4 — k=) € N, k; = k4 (h1) and
k- = k_(hy).

Thus, for given h; € HX(RP) and hy € H'(R?), if f = f(x,y) of the form (3.7) is a
highest weight vector with respect to the g’-action, i.e. it satisfies (3.6), then (b(r)%,ryz) is a
constant multiple of ryz" "y, , and the weight of f is given by

A=—ky + ko +2u- (u- € N). (3.15)

Similarly, for given h; € HX(R”) and hy € H'(R9), one can show that if f = f(x,y) of
the form (3.7) is a lowest weight vector with respect to the g’-action, i.e. it satisfies

Hf=Af and X f=0 (3.16)
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for some A € C, then ¢(r2, ry2) is a constant multiple of r?” “Yy_, and the weight of f is given
by

A=—ky+k-—2u;  (up €N). (3.17)
Let us summarize the above argument in the following.

Proposition 3.2. Given hy € H*(RP) and hy € H (RY), let f = f(x,y) be a function of the
form

f6y) = MOy (B03.ry) € Cllrg 1D (3.18)
If f given in (3.18) is a highest (resp. lowest) weight vector with respect to the §’-action,
i.e. it satisfies (3.6) (resp. (3.16)), then ¢(r)%,ry2) is a constant multiple of ry2” "W, (resp.
r,%”*lpk_) and the weight A of f is equal to —k; + k— + 2u_ (resp. —k4 + K- — 25).

Here ky = ki(h) =k +p/2, k- = k_(hy) =1+ q/2, py, u— € N, and ., is an element
ofC[[r)%,ryz]] given by (3.14) with a = k..

Taking account of the discussion so far, let us introduce the subspace & of & by

- p a
& := C-span {hl(x)hz(y)rfar)?bz//a et i € HRD), hy € TR, }

a,beN, e C\(-N)
Then one will find that € is stable under the action of (g, K) as well as that of g’ (see
Propositions 3.3 and 3.4 below).

Remark 3.1. (i) The function ¥, given in (3.12) can be written in terms of the Bessel
function J,, of the first kind of order v

ks (=" £\v+2n
h0 = nz:;) n!lT'(n+v+1) (5)

that solves the Bessel’s differential equation

dw  ldw V2
—+——+|1=-=|w=0 3.19
dt2+tdt+( t2)w (3-19)
(see e.g. [14]). Namely, one has
Y, (u) = T(a)u= @ D2, _ 1 (2u'?). (3.20)
Therefore,
Ixly \ —(@=1)
Vo =T@)(52)  Jami(ary).

Note that (3.13) corresponds to (3.19) under (3.20).

(ii) Recall that our representation r is related to 7% via the partial Fourier transform
with respect to yi,...,y4, as we mentioned in Remark 2.2 (i). Namely, one can obtain
7* by replacing —i dy; and y; in 7 by n7; and i0;,, j = 1,...,q, respectively. Under this
correspondence, one finds that H = —E, —p/2+E, +¢/2and X* = —%(Ax + ryz) transform,
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up to constant multiples, into the shifted degree operator E, , and the d’Alembertian 0O, ,
on RP*4 that are given by

Zp:xlﬁxl + 27716'71 + —

I
—_

7 Mm
Mm

respectively. Therefore, the highest weight vector f satisfying Hf = Af for some 1 € C
and X* f = 0 corresponds to a homogeneous solution £ to the equation Op.q f=o.

Note that ‘I—’((," ) is equal to W+, up to a constant multiple. In fact, differentiating both
sides of (3.13) n times, one obtains

WD) + (@ + )PV w) + P w) = 0. (3.21)
Since Yy+,, is a unique solution to (3.13) with @ replaced by @ + n that satisfies Wq1,(0) = 1,
it follows that LI’((,") = (=1)"/(@)p¥Yq+n. Thus, one obtains

m _ D"

C (@
In what follows, we set p, := r2/2 and Py = ry2 /2 for economy of space. Then, it follows
from (3.21) and (3.22) that

Yarn  (n€N). (3.22)

pxpyYa+2 = @+ DWar1 —Ya) (3.23)
for @ € C \ (=N). Furthermore, setting p := r>/2, one can rewrite (3.9) as
SAGg(o) = (d+ 5) ') + g (o) (3.24)
where h, A, r2 and @ are as in Lemma 3.1.
Proposition 3.3. For f = hlhgp)‘jply’wa € &, one has
H(hhopiplva) = (=ks + ko = 2a + 2b)hi o p p e, (3.25)
X* (i haplpiva) = hlhz(-a(K+ +a-1)p P + K “p;‘p’;“waﬂ), (3.26)
X~ (hihapplia) = hlhz(b(K, +b - 1)piph g — 2= "pﬁi“pi’dxw) (3.27)

In particular, the §’-action preserves the K-type of each element of €.

Proof. It is immediate to show (3.25), and we will only show (3.26) here; the other case
(3.27) can be shown similarly.
Setting ¢(u) := u*¥o(pyu), one sees
@'(u) = aua_l\ya(pyu) + ”apy\P(/y(pyu)
0" (u) = ala - l)u“_z‘l’a(pyu) + 2au“” py‘I’ (pyu) +u py‘{’"(pyu).
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Hence it follows from (3.24) that
1 —_ 7 7"
S0 pa) = alks + a= Dhips™ Wa + (ke + 200 pSpyiy + MpS U

=h (Q(K+ +a-—- 1)P§_1lﬁa + (K + 2a — @)pSpyry, — pzpylﬁa)

since pxpy¥), = —ay/, — Yo. Therefore, one obtains that

1
X*(mhaplpla) = =5 (Ax + 205) (I hapf o)

= —a(ky + a— Dhhyps™ powre = (k¢ +2a — )i hoplpl 'y,

which, by (3.22), equals the right-hand side of (3.26). This completes the proof. O

We conclude this section by calculating the action of p on &, i.e. ﬂ(Xi_j) f for X, €P
and f € €.
For a homogeneous polynomial P = P(xy,...,x,)on R" of degree d, set

- r?

P'=P-—— AP,
Ad+n/2-2)

where A = 37 82 and r? = ¥, x7. Note that if A>P = 0 then P is harmonic by Lemma
3.1, and that if & = h(xj,. .., x,) is harmonic then A(x;h) = 28y, h and A%(x;h) = 0.

Proposition 3.4. For f = h1h2p§p£lpa € &, one has
—in(X; ;) (hhap pva)

- b ( (kit+a-a)(k_+b-a) (@=1)(ks+k_+a+b—a-1)
—(ax,-hl)(ayjhl)pipy( . (;i—(f)(i,—l) = Yo + = (;’<<+_;;)(ch1_1) = 'pa—l)

+ (axihl)(yjh2)T(_%p?HPSWQH + %fﬁpﬁ“%) (3.28)
+ (x;h1)"(9y, hz)(——“},ﬁﬁfﬁ’ﬁ”piﬂ’y’”wau + —“(Kgf_bf”pi‘lpi’wa)
+ G (o) (= 22512 00 b1 + abpl ™! o8 )
where one regards dx, hy (ks — 1) (resp. dy, ha [ (k- — 1)) as zerowhen k,. = 1 (resp. k- = 1).
Proof. Since dx,Yo = pyxi, and Oy, Yo = pxy;i¥,, OnE obtains
—im(X;)f = (0x, By, + Xiy)) (i hapl poa)
= (0x, h1)(Oy, )P oW + (xih1)(Dy, ) (api‘lp’y’wa + pﬁ?p;’”d/;)

+ (0 1)y (bl + 03" )

+ (xih1)(yyho) (piply’wa +abp$ p) e + (a+ b+ 1D)plplyl, + p,‘i“pi’“w&') :
(3.29)
Now, by definition, one has
xihy = (xihy)T + B “Oh andyihy = (k) + Py s (3.30)
Ky — K —
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Substituting (3.30) into (3.29), and using the relations (3.22) and (3.23), one sees that the
coefficient of (dx, h1)(dy, h2) in (3.29) equals the one of (dx, h1)(dy, h2) in the right-hand
side of (3.28). One can verify that each coefficient of (dx, h1)(y;h2)", (xih1)(dy, h2) and
(xih1)"(y; hy)" in (3.29) equals the one of the corresponding terms in (3.28) similarly. This
completes the proof. O

4. (g9, K)-module associated with finite-dimensional s1>-module

Ifanonzero f € & satisfies Hf = Af, X*f =0and (X)) f = O(resp. Hf = Af, X f =
0 and (X*)™*! f = 0) for some m € N, then it follows from the representation theory of
g’ = sl that 2 = m (resp. A = —m). Thus, we introduce (g, K)-modules associated with
the finite-dimensional sl,-module F;,, of dimension m + 1 as follows, which are the main
objects of this paper.

Definition 4.1. Given m € N, we define (g, K)-modules M*(m) by
MYm):={fe&|Hf =mf.X*f=0,(X")"*f=0},
M (m):={f€&|Hf =-mf. X f=0,X")"1f=0}.
The modules M*(m) were originally introduced in [12] without the condition of finite

dimensionality. Note that M*(0) is identical to M~(0) by definition and that both M*(m)
should correspond to the sl,-module F;,, under the Howe duality (cf. [5]).

If M*(m) # {0} (resp. M—(m) # {0}), then one sees that p = ¢ mod 2; for, if one
takes a nonzero f = hihyply Y, € M*(m) (resp. f = hihypl" . € M~(m)) with hy €
HK(RP), hy € HY(R?) and . € N, then
P—4q

tm=—kKky + k- £2us = —k+1 - +2ur €2 “.1)

by (3.15) (resp. (3.17)). Hence one obtains (p — ¢q)/2 € Z. Therefore, we assume that p = ¢
mod 2 in the rest of this paper.

Lemma 4.1. For h; € H*(RP), hy € K (R?) and m € N, let
vt = hlhgp’;’zﬁbr eM*(m) and v = hihpi v € M (m), 4.2)

where p.,p_ € N such that u, + u_ = m. Then the §’-module generated by v* coincides
with the one generated by v™:

<V+>g’ = <V_>g’-

Proof. Both v* and (X*)"v™ (resp. v~ and (X~)"v*) are elements of & c & that are
highest (resp. lowest) weight vectors of weight m (resp. —m) under g’-action. Namely, they
are solutions in & to the differential equation

Hf =+mf and X*f=0.

As we mentioned in Proposition 3.2, they are respectively equal to each other up to a
constant multiple. This completes the proof. O
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Proposition 4.1. For m € N, M*(m) and M~ (m) are isomorphic to each other.

Proof. For h; € HK(RP) and hy € H'(RY), set
vt = hlthé,l_lﬂ,q eM*(m) and v = /’llth/;l,D,L € M~ (m).

with uy + p— = m as in (4.2). Then, (X*)™v~ (resp. (X~)™v*) is equal to v* (resp. v7) up
to a constant multiple as we saw in Lemma 4.1, and thus, (X*)™(X~)™v* is equal to v* up
to a constant multiple. In fact, (X*)™(X~)"v* = (m!)?>v*. Therefore,

(X7)™: M*(m) — M~ (m)

provides an isomorphism of (g, K)-module. This completes the proof. O

Now we prepare two lemmas to prove our main result. Note that Lemma 4.2 below is
just a special case of Proposition 3.4. However, we state it separately to highlight the role
of the relation (3.23).

Lemma 4.2. Let hy € HX(RP) and hy € HY(R?), and set k. = k + p/2, k- =1+ q/2.
(1) For a highest weight vector [ = hlhgpfy"lpk+ €€, n(X;j)f is given by

_ _—-1
—in(X; ) (ol de.) = %(%hl)(ayj h2) P e -1

+ (B ) i) o

Ky — Ko — fi_ ) 4.3)
m(xihl).r(ayjlfﬂ)p;‘ st
Ky —pu-—1 ~
+ +K—(Xih1)T(){jh2)TPl; Vi, +1-
+
(2) For a lowest weight vector f = hihapli e, ﬂ(Xifj)f is given by
. _ . Ky + e —1 .
—i (X ) (haph* v ) = %(@ﬁﬂ(%h% Vi -1
-
K- — Ky — .
+ S 0 ) Oh) o
K- = 1) y (4.4)
'*‘,U+(xih1)T((3‘y,hz),Dl;+ Vi -1

K_

— e —1
e () () .

Proof. We only show (4.3) here. The other formula (4.4) can be shown similarly.
Seta =0,b = pu_ and @ = k; in (3.28). Then, using the relation (3.23) with @ = «; — 1,
ie.
pxpylﬁlqﬂ = K (ks — 1)(¢K+ - lﬁkrl),
one sees that the coeflicient of (9, 1 )(yjhz)T equals
H-
ki = 1)

_—1
= ,u_p'; Yi,-1.

_ _—1
pxplyl Ui, +1 + ,u_p’; Ui,
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To show for the other coefficients is trivial and omitted. O

Lemma 4.3. Let hy € HX(RP) and hy € H(RY), and set ky = k + p/2, k- =1 + q/2.

(1) For a highest weight vector [ = hlth’y"l//K+ of weight A = —ky + k_ +2u_, one has

Y A+v=D)7(u) (ke +pu- -1 . .
(X—)Vf = hyhy Z (‘l’)( +v )1 (N(ZV)IV(K T U )V*l p;p;yl_—vﬂlﬁh” (4.5)
i=0 i

forv=0,1,2,....
(2) For a lowest weight vector f = hihypl* W, of weight A = —k, + k_ — 2u., one has

LNy = D) () (ke e = DT
(X+)Vf=(—1)yh1hzz()i/)( +v ), (,Ll )v—l(K +u )V—l p/;Jr v p;;l/’l(,ﬂ

— (Kk-)i

4.6)
forv=0,1,2,....

Proof. We only show (4.6) by induction on v here. The other case (4.5) can be shown
similarly.

It is trivial if v = 0, and it is nothing but Propostion 3.3 if v = 1. Assume that it is true
for v > 1, and apply X™ to the both sides of (4.6). Then, one sees that the right-hand side
equals

- (A+v =17 (ue),_ (ks + pe = 1),
(_1)vh h (V) i v—i v—i
IZZQz (k)i

il “A+i-2v

—Vv+i j+1
py’vl’K,+i + p}; Plf ¢K+i+1)

4.7

X(_(ﬂ+_V+i)(K++ﬂ+_V+i_1)P/; PR,

The coefficient of (—I)Vh]th’;*fﬂj*lp]y'zﬁk_ﬁ in (4.7), j =0,1,...,v + 1, equals

vy A+v - 1);(,U+);—j(K+ e 1);*1' i j
() ' Loy = v+ Pl =y 4= 1)

J (k-)j
N ( v )(/l +v- l)j_'—l(/’l+);—j+l(K+ + Uy - 1);—j+1 . —(/l + 2y —Jj+ 1)
j-1 Ta i1

:—{(Y)(/l+v—j)+(,y )(/l+2v—j+1)}
J Jj=1
(ﬂ+);_j+1(’<+ + py - 1);_j+1(/1 +v- l)j_l
8 (k-);
B v+ 1\ A+ V);(ﬂ+);_j+1(/<+ +uy - 1);_j+1
‘_( j) (k) '
This completes the proof. O

The following is our main result.
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Theorem 4.1. Assume thatp > 1, q > 1 and p + q € 2N. Let m € N be a nonnegative
integer satisfying m + 3 < (p + q)/2. Then one has the following.
The K-type formula of M*(m) is given by
MEm)|e = P HE)eH®R), (4.8)
k,I1>0
k—1+252en,,
where Ny, = {-m,—m + 2,—m + 4,...,m — 2,m}, the set of H-weights of F,;

(2) Suppose further that p,q > 2. Then M*(m) are irreducible (g, K)-modules.

Proof. It suffices to show the theorem for M*(m). Let f = hlth*y" Yk, # 0 be an element
of M*(m), where h; € H¥(RP), hy € H'(R?). Then by Lemma 4.3, one obtains

(k4 )i o

= (U (K e = D o™

ml (m + 1) O0); (U)o F e = 1)
i

(X—)m+lf — h]h2 Z P p;yl_fmf1+iwk++i
i=0

Thus, (X™)™*! f = 0 implies that (u_); .| = 0or (k- + u— — 1) ., = 0. Namely,
u-=0,1,...,m, or 4.9)
po=—k-+1,—k_+2,...,—kc+m+ 1. 4.10)

The assumption that m + 3 < (p + ¢)/2, however, implies that (4.10) is impossible; if it
holded true, then by (4.1), one would obtain

—-m+2< Kk +Kk- <m+2,

which contradicts k. + k- > (p + q)/2 > m + 3. Therefore, it follows from (4.9) that

pP—q

k—l+T =Ky —Ke=-m+2u_ € Ay,
which proves (1).
Let us consider a closed subset D,, ¢ R? (with respect to the Euclidean topology of R?)
given by
Dy ={(n.) eR?*| 11 > p/2.12 > q/2. |n — 12| <m}, (4.11)

and the set of integral points of D, given by

tl—p/2€N,t2—q/2€N,}

W=t eA, (4.12)

Zn = {(l‘l,tz) eD,,

Note that the sum in the right-hand side of (4.8) can be written as the one with (k. x_)
running over the set X,,,.
Now, applying (4.3) to f = hlth‘y" Yy, € M*(m), we denote the coefficient of

(Ox; )0y, 12),  (xih1)"(Dy, h2), By, m)(y;h2)T and  (xih1) (v;ha)'
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in the right-hand side of (4.3) by C__, C_, C_, and C,, respectively, where u_ = 0, 1,...,m.

Namely,
ke +u_—1 -
Ky — U— — K= Ky = p——1
C,_= LPI;:HI/’;@H, Ciy = o plyL‘//K++1'
Kki(k- — 1) Kt

(i) First, let us consider the case where (x4, k_) € X, is an interior point of D,,. Note then
that « and x_ are > 1 by the assumption that p, ¢ > 2. Then, one obtains u_ = 1,2,...,m—1
by (4.9). In particular, C_, # 0. Now, C__ = 0 would imply u_ = —«_+1, which contradicts
m+3 < (p+ q)/2 as we saw above. It also follows from (4.1) that k- — ky + u_ =m— pu_,
and C;_ # 0. Finally, C,; = 0 would imply that «; + k- = m + 2, which is absurd. Thus, all
the coeflicients in (4.3) never vanish.

(ii) Next, let us consider the case where (x4, k) € X, is in the boundary of D,,,. Then there
are three sub-cases:

(ii-a) p- =0,
(ii-b) p- =m,
(ii-c) O < pu_ <mandk =0orl =0.

In Case (ii-a), C_; = 0, and, C__, C;_ and C,, are nonzero by the same reason as Case
(i). In Case (ii-b), C._ = 0 since x; — k_ = m, and all the other coefficients are nonzero. In
Case (ii-c), all the coefficients are nonzero, but dy, h; = 0 or 6yj hy, =0.

Therefore, by applying 7(X), X € p, one can move from any K-type in M*(m) to any
other K-type in M*(m), while n(X), X € , preserves the K-type of each element of M*(m).
This completes the proof of (2), and of the theorem. O

Example 4.1. Figure 1 below illustrates D,, in (4.11) and %,,, in (4.12) in the case where
p =14, g = 12 and m = 4. The colored area and the dots sitting in the area indicates D,,
and X, respectively. Each K-type of M*(m) corresponds to a dot by the correspondence

HYRP) @ H(RY) — (k + p/2,1 + q/2).

Let us apply ﬂ(Xifj) to an element f of M*(m). Then, if the K-type of f corresponds to
a white dot o in Fig. 1, one can move to any adjacent dots in the north-east, north-west,
south-east, and south-west direction; if it corresponds to a black dot e in Fig. 1, one can
move only to adjacent dots in the interior or in the boundary of D,,,.

Now, let us briefly recall the definitions of the Gelfand-Kirillov dimension and the
Bernstein degree of a finitely generated U(g)-module M, where U(g) denotes the universal
enveloping algebra of g. Namely, we choose a finite-dimensional subspace Mj so that
M = U(g)My, and for each nonnegative integer n, we set M,, := U,(g)My, with U,(g)
denoting the subspace of U(g) spanned by products of at most n elements of g. Then there
exists a polynomial s (¢) € Q[z] of degree d — 1 such that

Yy (n) = dim(M,, /M,_) for all sufficiently large n.
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=
|
~

Ky —K—=-—m
ky —k-=0

Ky —K—=m

q/2

Ky

Fig. 1. Applying ”(Xi_j)’ one can move from o to dots in NE, NW, SE and SW directions, while from
e, only to dots in the interior or in the boundary.

Moreover, the leading term of s is of the form
Mm__d-1
(d-1)
for a positive integer m. We call d the Gelfand-Kirillov dimension of M, and m its Bernstein

degree, which we denote by Dim M and Deg M respectively (see [13] for more details).

Corollary 4.1. If p,q > 2,p+q € 2N and m + 3 < (p + q)/2, then the Gelfand-Kirillov
dimension and the Bernstein degree of M*(m) are given by

DimM*(m)=p+q -3, (4.13)
. _Am+1D(p+qg-4)!
Deg M*(m) = P =2)q-2) (4.14)

respectively.

Proof. Without loss of generality, one can assume that p > g. We will consider M*(m)
here. Then, let £(j) be a line in R? given by

(()={(t,n)eR* |ty +1r=j}
with j € N, and set

c:=min{j e N|#((HNZ,)=m+1}. (4.15)
As a generating (K-invariant) subspace of M*(m), we take
M= P H®) @ H R v (4.16)
(Ks k=) EZypy

K+t+K_<C
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where, in each summand, p_ is determined by pu- = (1/2)(ky — x- + m). If one sets
M, := Un(g)Mg (M_; := 0), then it follows from (4.8) and (3.5) that

dim(M,, /Mp,_1)

= Z dim (F"™H (RP) @ Hm=i+5" (RY))

j=0
n+j+5%-1 )

Z -2 m+j+)n+j+2)---(n+j+p-3)

n+m—-j+51+4 -1

éq—22)' n+m—j+ 5L+ Dn+m—j+ 5L +2)
n+m—j+ 5L +q-3)
4 1
:%n”*"‘4+(lower order terms in n) 4.17)

for all n € N, which implies (4.13). Furthermore, since the leading term of (4.17) can be
rewritten as

4(m+1) pigd _ Am+D(p+g-4! artat
S S e ) = ,
(r=2)g-2)! (P-2Ug-2)! (p+q-4!
one obtains (4.14). This completes the proof. O

Remark 4.1. One can show that the nonnegative integer c in (4.15) is in fact equal to
max{m + p,m + q}.

It is well known that the Gelfand-Kirillov dimension of the minimal representation of
O(p, q) is equal to p + g — 3 (cf. [8-10, 16]). The K-type formula (4.8) of M*(0) = M~(0) in
Theorem 4.1 shows that it corresponds to the (g, K)-module of the minimal representation
of O(p, q). However, as we have seen in Corollary 4.1, the Gelfand-Kirillov dimension of
M=(m) is equal to p + ¢ — 3 for any m € N satisfying m + 3 < (p + q)/2. The Bernstein
degree distinguishes the minimal representation from the others.
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